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Preface 


This book examines classical boundary value problems for differentia 
equations of mathematical physics. Instead of the traditional means of 
presentation, we use the concept of the generalized solution. Generalized 
solutions arise in solving integral equations of the local balance type and 
the calculation of these solutions leads to generalized formulations of the 
problems of mathematical physics. 

A precise definition of a generalized solution is “based on the concepts 
of a generalized derivative and a generalized function. A special chapter 
in this book is devoted to the theory of generalized functions since the 
apparatus of this theory is a convenient means of studying boundary value 
problems of mathematical physics in a generalized (and classical) formulation. 

The material is arranged in the following way: Chapter 1 presents the 
formulation and classification of boundary value problems of mathematical 
physics, as well as a few analytical facts necessary for further information. 
Chapter 2 contains the elements of the theory of generalized functions. 
Chapter 3 deals with the generalized Cauchy problem for the wave equation 
and the heat conduction equation; initial conditions are included in instan- 
taneously acting sources. Chapter 4 contains the theory of integral equations 
with a polar kernel, and the theorems of Fredholm, Hilbert and Schmidt, 
Jentsch, and Kellogg are proved. In Chapter 5 boundary value problems 
for elliptic equations are studied, and the theory of spherical functions is 
set out. Chapter 6 deals with the mixed problem for hyperbolic and 
parabolic equations and gives the basis of Fourier’s method. 


iii 


1v PREFACE 


Many sections contain problems for exercises. A number of problems 
are given in the form of theorems which are an important addition to 
the basic material. For further exercises we recommend the books of 
B. M. Budak et al. (1) and M. M. Smirnov (1). 

This book is a fuller version of the lectures which I have given over 
the years to the students of the Moscow Physical and Technical Institute. 
It is intended for students, physicists, and mathematicians who have already 
mastered the basis of mathematical analysis during the first two courses 
at university. 

I should like to use this opportunity to thank my fellow workers and 
students in the faculty of Higher Mathematics at the Moscow Physical 
and Technical Institute and in the Department of Quantum Field Theory 
at the Steklov Mathematical Institute of the Academy of Sciences of the 
USSR for a series of notes and conversations which have helped to improve 
this book. I am particularly grateful to N. N. Bogolyubov, S. L. Sobolev, 
V. P. Mikhailov, L. D. Kudriavtsev, B. M. Stepanov, K. K. Karimova, 
and J. N. Drozhinov. 

I should also like to thank N. J. Vladimirova, N. G. Dorokhina, and 
A. S. Stotskaya for their help in arranging the manuscript. 


V. S. VLADIMIROV 
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CHAPTER 
1 


Formulation of Boundary Value Problems 
in Mathematical Physics 


§ 1. Some Concepts and Propositions Concerning the Theory of Sets, the 
Theory of Functions, and the Theory of Operators 


Let A be an arbitrary set. If element a is contained (is not contained) 
in set A, we shall write it thus: a € A (a € A). Let B be another set. If A 
is contained in B we denote this by writing A c B: we denote by A = B 
the coincidence of A with B, by A U B the union of A and B, by AN B 
the intersection of A and B, by AN B the complement of B relative to A 
(Fig. 1), by A x B the product of A and B [the set of pairs (a, b), a € A, 
b € B]; @ denotes an empty set. 


AUB 


2 


Fig. 1 


1. Point Sets in R”. We shall denote an n-dimensional Euclidean space 
by R”, and its points by x = (X1, X2, ...; Xa), Y, € and so on, where x;, 
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i=1,2,...,n, are coordinates of the point x. We shall use the symbols 
(x, y) and | x| to denote, respectively, the scalar product and length (norm) 
in R” 

(x,y) = X1 Yı + Xa Ya + +++ + Xn Yn, 


|x| =V Gx) =y a H 


In this way, the number | x — y | is the Euclidean distance between points 
x and y. 

The set of points x belonging to R” satisfying the inequality | x — xo | < R 
is called an open sphere of radius R with its center at the point xọ. We 
shall denote this sphere by U(x); R); Ur = U(0; R) denotes the sphere 
of radius R centered on the origin. 

The sequence of points x, = (Xiks Xen, -<-s Xak) k = 1, 2, ..., is said 
to converge to the point x in R”, written x, > x as k > oo, if | x, — x| — 0 
as k — oo. The sequence x,, k = 1,2,..., is said to converge in itself 
in R” if | x, — x»| ~0 as k — œ, p> oo. 

The following proposition expresses the property of completeness of the 
space R” (Cauchy’s principle of convergence): In order that a sequence of 
points should converge in R”, it is necessary and sufficient that it should 
converge in itself in R”. 

A set is said to be bounded in R” if there is a sphere containing this set. 

The following proposition expresses the property of compactness of the 
space R” (Bolzano—Weierstrass theorem): It is possible to choose a converging 
sequence from every infinite bounded set in R”. 

The point x, is called an interior point of a set if there is a sphere U(x; R) 
contained in this set. A set is called open if all its points are interior. A set 
is called connected if any two of its points can be joined by an unbroken 
line lying in this set. A connected open set is called a region. The point xo 
is called a limit point of the set A if there is a sequence x,, k = 1,2,..., 
such that x, E A, x; —> Xo as k > oo. If we add all its limit points to the 
set A, the set obtained is called the closure of the set A and is denoted by 4; 
it is clear that A c A. If a set coincides with its closure; it is called closed. 
A closed bounded set is called a compactum. Each open set containing A is 
called a neighborhood of the set A; the union of the spheres U(x; £), when 
x ranges over A, written symbolically A. = Usea U(x; e), is called an 
e-neighborhood of the set A. 

The function y4(x), which is equal to 1 when x € A and to 0 when 
x € A, is called the characteristic function of the set A. 
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The following covering theorem is true (Heine-Borel lemma): If the com- 
pactum K is covered by a system of open spheres, then a finite subsystem 
covering K can be chosen from this covering. 

Let G be a region. The points of closure G not belonging to G form a 
closed set S, called the boundary of the region G, so that S = GN G. 
For instance, the spherical surface | x — xo | = R is the boundary of the 
open sphere U(x); R). We shall denote this spherical surface by S(x); R); 
Spr = S(0; R) denotes the spherical surface of radius R centered on the origin. 

We shall say that a surface S belongs to the class C?, p > 1, if in some 
neighborhood of each point x) € S it may be represented by the equation 
© (x) = 0, where grad w,,(x) 40, and the function w, (x) is continuous 
together with all its derivatives up to order p inclusive in the neighborhood 
referred to. A surface S is called piecewise, or sectionally smooth, if it 
consists of a finite number of surfaces of class C’. 

Henceforth we shall examine only regions with piecewise smooth bound- 
aries; we shall denote the unit vector along the external normal towards 
the boundary S at the point x € S by n = n,. Let the point x, lie on the 
piecewise smooth surface S. The connected part of the set S ^N U(x); R) 
which contains the point x, is called the neighborhood of the point x, on 
the surface S. 

The bounded region G’ is called a subregion, strictly lying in the region G, 
if G’ c G; in this connection it is written G’ Œ G. By virtue of the Heine- 
Borel lemma, there is a number ¢ > 0 such that G; € G. 


2. Classes of Functions C’(G) and CG). Let œ = (1, G, ...,&,) be 
a vector with integral nonnegative components a;. We shall signify by 
D*f(x) the derivative of the function f(x) of order | æ | = o,+a.+--+-+0,, 


A" f(xy, X2s ee. Xn) 


Df (x) z Ox Oxt ee Oxen 


» DF) =f(*) 


We shall also use the following abbreviations: 
XY == XUN «Xn, a! = a! da! ap! 


A set of (complex) functions f, continuous together with the derivatives 
D*f(x), |a| <p (0 <p < œ), forms in the region G a class of functions 
C?(G). Functions f of class C?(G), for which all the derivatives D*f(x), 
|a| <p, allow continuous extension onto the closure G, form a class of 
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functions C?(G). We also write 


CG) = O) CG), CG) = O C»(G). 


In this way the classes C°(G) and C°(G) are seen to be sets of continuous 
functions in G and on G, respectively. To abbreviate the notation we shall 
write 

C(G) = C%(G), C(G) = C%G) 


Sometimes the argument G or G associated with the class C” will be omitted. 

The classes of functions introduced are linear sets; that is, if the functions 
fand g belong to any of these classes, then any linear combination Af + ug, 
where A and yw are arbitrary complex numbers, also belongs to this class. 

Let y € C(R”). The closure of the set of those points for which g(x) 4 0 
is called the support (carrier) of the continuous function y; we denote 
this support by supp g. If supp ọ is a bounded set, the function o is said 
to have compaet support. 

We shall use 2 (G) to denote the set of functions with bounded support 
belonging to the class C°(G) which has compact support in the region G. 


3. Space of Continuous Functions C(T). Let T be a closed set—for 
instance, the closure G or the boundary S of region G. We shall denote by 
C(T) the class of continuous functions bounded on T. We shall provide 
the class C(T) with a norm by setting 


IF lle = max | f(x) |, fec(r) (1) 


With this we convert the class C(T) into a (linear) normed space. 
Norm (1) has the following three properties which are characteristic 
of norms: 
(a) If llc > 0; If lle = 0, if, and only if, f= 0; 
(b) || Af lle =] A] If lle, where å is any complex number; 
(c) If + 8 les Ilf lle + Ilg lle (triangle inequality). 


In general, each linear set provided with a norm which has properties 
(a)-(c) is called a linear normed space. 

The sequence of functions f,, k = 1,2, ..., belonging to C(T) is said 
to converge to the function f € C(T) in the space C(T), written fọ, — f as 
k > œ in C(T), if ||; —f lle ~0 as k > co. Obviously the convergence 
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fą—>f as k — co in C(T) is equivalent to the uniform convergence of the 
sequence of functions f;,(x), k = 1, 2, ..., to the function f(x) on the set T. 


fix) fa), k> 


The sequence of functions fy, k = 1,2, ..., belonging to C(T) is said to 
converge in itself in C(T) if || fz — fp llo — 0 as k > œ, p > 00, 

The following proposition expresses the property of completeness of the 
space C(T) (Cauchy’s theorem): In order that a sequence of functions belonging 
to C(T) should converge in C(T), it is necessary and sufficient that it should 
converge in itself in C(T). 

The following useful propositions are true. 


WEIERSTRASS THEOREM. If G is a bounded region, and f € C?(G), then 
for any ¢ > 0 there is a polynomial P such that 


|| Df— D*P |lc<e forall |e] <p 


Drini’s LemMA.* If a monotonic sequence of continuous functions on a 
compactum K converges at each point to a continuous function on K, it 
converges uniformly on K. 


The series composed of the functions u, € C(T) is said to be regularly 
convergent on T if the series of absolute values of | u,(x)| converges in C(T), 
that is, converges uniformly on T. 

A set æ c C(T) is said to be equicontinuous on T if for any «> 0 
there is a number ô, such that for all f e€ @ the inequality | f(x,) — f(x) | 
< e is satisfied whenever | x, — x,| < ô, x, x, E T. 

The function f € C(T) is said to be Hélder continuous on T if there are 
numbers C > 0, and a, O< œ <1, such that for all x, € T and x, € T 
the inequality 


| f(a) — f(x) | < C| Xi — Xa | 


is true; if æ = 1, the function f(x) is said to be Lipschitz continuous on T. 
4. The Lebesgue Integral. It is said that the set A c R” has measure 
zero if for any € > 0 it can be covered with open spheres of total volume 


less than e. 


* Compare, for instance, V. I. Smirnov (2, Chap. 1). 
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It follows from this definition that every subset of a set of measure zero 
also has measure zero, and a union of a no greater than countable number 
of sets of measure zero also has measure zero. For example, each count- 
able set and every piecewise smooth surface has measure zero. 

It is said that a certain property is realized almost everywhere in the region 
G c R” if the set of points of the region G which do not possess this prop- 
erty have measure zero; in this case instead of “almost everywhere in R””’ 
we shall say simply “almost everywhere.” 

We shall consider that all functions are defined in the whole space R”. 

A function f is said to be measurable if it coincides almost everywhere 
with the limit of an almost everywhere converging sequence of piecewise 
continuous functions. 

It follows from this definition: If the functions f and g are measurable, 
the functions f + g, fg, max( f, g), min( f, g), | f|, and fjg, if g 4 0, are also 
measurable; each function which coincides almost everywhere with the 
limit of an almost everywhere converging sequence of measurable functions 
is measurable. 

A set A c R” is said to be measurable if its characteristic function y4(x) 
(cf. Sec. 1.1) is measurable. 

Nonmeasurable functions (and sets) are arranged quite irregularly, and 
none of them are constructed in an explicit form; their existence can only 
be proved theoretically, using the so-called axiom of choice. This asserts 
that all the functions and sets which we can possibly encounter will be 
measurable. Therefore we shall suppose in future, without arguing it out 
every time, that all sets considered are measurable and functions are meas- 
urable and almost everywhere finite. 

Let f(x) be a piecewise continuous bounded function with compact 
support. An element of volume in R” will be denoted by dx = dx,dx,.-+-dXx,, 
so that the n-multiple Riemann integral of the function f in R” will be 
abbreviated in the form 


fA) dx =f f+ [foams <- Xn) AX, dX +++ AX, 


The nonnegative (measurable and almost everywhere finite) function f(x) 
is said to be Lebesgue integrable (summable) if it coincides almost everywhere 
with the limit of a nondecreasing sequence of piecewise continuous func- 
tions with compact support f(x), k = 1, 2, ..., possessing a bounded se- 
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quence of integrals f f,(x) dx, k = 1,2, .... The limit of the nondecreasing 
bounded sequence of these integrals is called the Lebesgue integral of the 
function f and is denoted by the symbol f f(x) dx, so that 


[ FŒ) dx = lim f f(x) dx 
koo 
First of all we shall prove that 
lim f fx) dx > 0 
koo 


For the proof we shall take an arbitrary € > 0. Let f,(x) = 0, | x| > R and 
f(x) > —M, so that f(x) > 0, | x| > R, and f(x) > —M,k =1,2,.... 
Let us construct the set 4, which consists of the points of discontinuity of 
all the functions fẹ, and of the points at which the sequence {fẹ} does 
not tend to f. The set Ay has measure zero, and hence can be covered with 
spheres, the sum of the volumes of which is less than ¢. On the set A, 
= RI'N Ao, f(x) > f(x) = 0 as k > o, and therefore for any point x € A, 
a number N = N, can be found such that fy(x) > —e«. However, the set A, 
consists of points of continuity of the functions f,, and therefore the in- 
equality fy(x') > —e is true even in a sphere U(x; r,). In this way, the 
compactum Up may be covered with a system of open spheres. According 
to the Heine-Borel lemma (cf. Sec. 1.1), from this covering we can extract 
a finite covering. Let Ny be the largest of the corresponding numbers N,. 
Then since the functions f, do not decrease, by virtue of the choice of the 
number No, 


fy) > NORS Ee %»EA, A OR 
Therefore, for all k > No, 
[Adee de> [ fo) dx > f fu) dx = — eM +f ax) 


from which the required inequality occurs. 


The Lebesgue integral of the function f > 0 does not depend on the sequence 
{Sab 


In fact, if {g,} is another such sequence, from the inequality 


im LAE) — ga] = f(x) — g(x) o (almost everywhere) 
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there follows the inequality 
lim | LA — 83@)] dx 
= lim | fe) dx — f g(x) dx = 0, JH 2p. 
k->oo 


and therefore 
lim | g(x) dx < lim | f(x) dx 
j> k-00 


Changing the roles of the sequences { f,} and {g,} reverses the inequality, 
and consequently the equation 


lim | ge(x) dx = tim | RO) dx = | fle) dx 


is true, as was to be shown. 


In order that the function f(x) > 0 be equal to zero almost everywhere, 
it is necessary and sufficient that f f(x) dx = 0. 


In fact if f(x) = 0 almost everywhere, when fy = 0 we obtain 
| fx) dx = lim f flx) dx =0 
k->00 


Conversely, if the function f(x) > 0 coincides almost everywhere with 
the limit of the nondecreasing sequence of piecewise continuous functions 
with compact support f,(x), k = 1,2,..., 


fi (x) = max( fy, 0) —> f(x)  k—oo (almost everywhere) 


and, consequently, 


lim f fi) dx = | fœ) dx =0 


From this, as f$(x) > 0, we deduce that f(x) = 0. 
Therefore f(x) = 0 almost everywhere, as was to be shown. 
Let f(x) be an arbitrary real (measurable) function. We shall introduce 
the nonnegative functions 
f*(x) = max[f(x), 0], f(x) = max[—f(*), 0] 
Evidently, 


fe) =f) -f-@), — [fG)| =f) +f) 
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A real function f(x) is said to be Lebesgue integrable (summable) if the 
functions f+(x) and f-(x) are Lebesgue integrable; the number 


Sf*(x) dx — f f(x) dx = J f(x) dx 


is called the Lebesgue integral of the function f. A complex function f(x) 
is said to be Lebesgue integrable if the functions Re f(x) and Im f(x) are 
Lebesgue integrable; the number 


J Re f(x) dx + i f Im f(x) dx = f f(x) dx 


is called the Lebesgue integral of the function f. 
We shall say that a function f(x) is Lebesgue integrable on the measurable 
set A if the function f(x)y,4(x) is Lebesgue integrable; the number 


[ Pena) dx = f SO) dx 


is called the Lebesgue integral of the function f over the set A. 

A function f(x) is said to be locally Lebesgue integrable in the region G 
if it is Lebesgue integrable over any subregion G’ € G. 

In correspondence with the definition, each piecewise continuous function 
with compact support is Lebesgue integrable, and its Riemann and Lebesgue 
integrals coincide. On the other hand, there are functions which are Lebesgue 
integrable but which are not Riemann integrable, for instance the Dirichlet 
function: 


0, x irrational 
Solx) = { 1, x rational 
The Lebesgue integral of the function f(x) over any finite interval (a, b) is 
equal to zero since it is possible to take f,(x) = 0. 
The following properties of the Lebesgue integral follow directly from 
these definitions. 


(a) The functions f and | f | are simultaneously Lebesgue integrable, more- 
over 


| S f(x) dx| < f | fx) | dx 


(b) The Lebesgue integral is linear with respect to f. If functions f and g 
are Lebesgue integrable, and å and u are complex numbers, then the func- 
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tion Af + ug is also Lebesgue integrable, and the equation 


J DA) + ug(x)] dx = A f f(x) dx + u J g(x) dx 


is true. . 

(c) Change of Variables in the Lebesgue Integral. Let the transformation 
x = x(y) be of the class C1(G); that is, x, = x4()1, Y2» -- -» Yn) fork = 1, 
2,..., N, Xp E C\(G), represents a one-to-one mapping of the region G 
onto the region G,, and let D(x/y) be the Jacobian of this transformation. 


In order that the function f(x) should be Lebesgue integrable over the region 
G, it is necessary and sufficient that the function f[x(y)]| D(x/y)| should be 
Lebesgue integrable over the region G,. When this is so the equation 


[a= | leon] 0(=) | a 
is true. 


This statement is true for piecewise continuous functions. For Lebesgue 
integrable functions, this result may be proved by employing piecewise 
continuous functions in conjunction with the definition of the Lebesgue 
integral. 

We shall accept the following properties of the Lebesgue integral without 
proof.* 


(d) If the functions f(x) and | f(x)| are Riemann integrable (possibly in 
an improper sense), then they are also Lebesgue integrable and both integrals 
coincide. 


Taking this property of the Lebesgue integral into account, we shall 
henceforth refer to Lebesgue integrable functions simply as integrable 
functions. 


(e) Lebesgue’s Theorem (passage to the limit under the Lebesgue integral 
sign). Let the sequence of (measurable) functions f(x), k =1,2,..., 
converge almost everywhere to the function f(x). If there is an integrable 
function g(x) such that for all k =1,2,..., 


(Ax) | < g(x) almost everywhere 


* Proofs of these statements can be found, for example, in the books of A. N. Kolmo- 
gorov and S. V. Fomin (Z, Vol. ID, F. Riesz and B. Sz. Nagy (1, Chap. 2), and G. E. 
Shilov (J). 
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then the function f(x) is also integrable and 
lim | fx) dx = f fx) dx 
k->oo 


Specifically, if the function g(x) is integrable, and | f(x) | < g(x) almost 
everywhere, the function f(x) is also integrable and the inequality 


S| fx) | dx < f g(x) dx 


is true. 
Hence it follows that each bounded measurable function is integrable 
over any bounded (measurable) set A. Specifically, the integral 


9 dx = faw dx 


exists; it is called the Lebesgue measure of the set A. Evidently the measure 
of a bounded region with a piecewise smooth boundary coincides with 
its volume. 

(f) Fubini’s Theorem (change of the order of integration). If a function 
f(x, y) defined in R"™, x e R”, y e R", is measurable, and there exists a 
repeated integral of the function | f(x, y) | 


J ES | fC, y) | dx] dy < 00 
then f(x, y) is integrable, and the integrals 
SI y) dx, JA, y)dy 
exist almost everywhere and are integrable, and the equations 
J fe, y) dx dy = J IS fx, y) dyl dx = J Lf fC, y) dx] dy 


are true. 


We note that if thè function f(x, y) is nonintegrable, the repeated integrals 
can either not exist or not be equal, e.g., 


(as eae py] dx = 


fol cine] 8 =~ 
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4. Remark. A Lebesgue integral over a piecewise smooth surface S 
may be constructed analogously. In this case the corresponding Fubini 
theorem exists for the functions f(x, y) defined on R” x S. 


5. The Space of Functions (G). -(G) will be used to denote the 
set of all functions f, for which the function | f(x) |? is integrable over the 
region G. 

The set of functions (G) is linear. 

In fact, if fe (G) and g € %(G), it follows from the inequality 


[Af + ug S21 4P FP + 21 eP lel? 


that any linear combination Af + ug also belongs to (G). 
We shall establish an important inequality (Cauchy—Buniakowski_ in- 
equality): If f and g € YG), then 





{forse ar| = (J, Vera) flw —@ 


In fact, when f and g € ¥(G), for all A, |f| + 4| g| € (G), and by 
virtue of this 


0< f I@H Alg) | ax 
= 2 T 2 2 
= f 1A) Pax + 2A f A0080) | dx + 2 f |80) |? ax 
Consequently the discriminant of this quadratic form is nonpositive, that is, 
2 
f pa í 2 2 
[f Ads] = f Idx [| eG d< 0 


The required inequality (2) follows directly from this. 
We shall note the discrete analog of the Cauchy-Buniakowski in- 
equality: If complex numbers a; and b}, k = 1,2, ..., are such that 


X lal? <0 and > [blè < oo 


then 





e T 


=1 =1 


co 
| © arb; 
fz 


§ 1. SOME CONCEPTS AND PROPOSITIONS 13 


If fe A(G) and G is a bounded region, the function f(x) is integrable 
over G. 

In fact, applying the Cauchy-Buniakowski inequality with g = 1, we 
obtain 


f [fel as (f [feo ax) "(fax)" <00 


On the set of functions “4(G) we shall introduce a scalar product and 
norm according to the formulas 


8) = | SOE) dx 
IFl= VED = (J lf tax) 


by which we convert “4(G) into a (linear) normed space. Here g(x) is the 
complex conjugate of g(x). 
Evidently, the scalar product introduced has the properties: 


D= ES), Oft ug, h) =f h) + weg, h) (5) 


(4) 


Moreover, in terms of the norm and scalar product the Cauchy-Buniakowski 
inequality assumes the form 


IASI SIFfilligh Le EZG) (6) 
From this inequality there follows the Minkowski inequality: 


If+eiSiflt+iglh seeZG) (7) 


In fact 


If+eP=(f+af+ng=AN+Kh94+@S/ 
+(e) IEH ADI ++I ENI + lle i? 
<+ IIg + g HAI + g e = AA+ Ig ID? 


In this way we see that the norm (4) satisfies conditions (a)-(c) of Sec. 1.3. 

The sequence of functions f,, k = 1, 2, ..., belonging to 24(G) is said 
to converge to the function f e Z(G) in the space A(G) (or to converge 
in the mean in G) if || f — f || — 0 as k — co; we shall write 


feof, k>o in ZG) 


14 1. FORMULATION OF BOUNDARY VALUE PROBLEMS 


The following proposition expresses the property of completeness of the 
space (G) (Riesz—Fischer theorem*): If the sequence of functions f;,, 
k =1,2,..., belonging to Z(G) converges in itself in Z(G), that is, if 
lfe — fp || ~ 0 as k— cœ, p— oo, then there is a function fe Z(G) 
such that || fy — f || > 0 as k > oo. The space (G) belongs to the class 
of so-called Hilbert spaces. 

A set of functions 4 c A(G) is called dense in (G) if for any 
f € Z(G) there is a sequence of functions belonging to æ which converges 
to f in (G). For instance, a set of polynomials is dense in Z(G) if G 
is a bounded region, by virtue of Weierstrass’s theorem (cf. Sec. 1.3). 


LEMMA. The set D(G) is dense in (G). 


Proof. Let fe (G) and « > 0 be any number. Then we can find a 
bounded region G} c G such that 


e 
zais Kai 
ih ee) ae 5 (8) 
Since the set of polynomials is dense in 2(G), there is a polynomial P 
such that 


fa [fe = P@) Pax <= (9) 


Now we shall choose a subregion G’ € G, which is sufficiently close to 
region G, (Fig. 2) that 


PP 


P(x) |? dx < A (10) 





O 


Fig. 2 


We now take the function 7 belonging to Z(G) such that 0 <7 <1, 
n(x) = 1, x € G’. (In Sec. 5.2 it will be shown that such functions exist.) 


* Compare, F. Riesz and B. Sz. Nagy (/, Chap. 2). 
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Then Py € AG) and, by virtue of inequalities (8)-(10), 
= Br cy 2 as a 2 
If — Pn lè = f 1f- Pa|? dx =f Pn |? dx 


+ fea Isla < $ + [(f 1r- Pea)” 


E2 


g a [P| — 4) dx) | <5 


1/272 2 2 
+(+(f,.,.1PRa&) [<4 e 
[5 1 


— e 
Here Minkowski’s inequality (7) has been used several times. The lemma is 
thus proved. 


6. Orthonormal Systems. Functions f and g belonging to %(G) are 
called orthogonal if (f, g) = 0; the function f belonging to (G) is said 
to be normalized if ||f || = 1. The system of functions {g,} belonging to 
Z(G) is said to be orthonormal in Z(G) if (p, pi) = ri, where Ôp; is the 
Kronecker delta symbol 6,;=0, k Æi, ôu = 1. 

An example of an orthonormal system in Y3(—2, z) is the trigonometrical 
system 





p(x) = etka, k=0, +1,... 


/ 2x 


Each orthonormal system {p+} consists of linearly independent functions. 


In fact, in the corresponding case involving a sequence of (complex) 
numbers {c,} of which only a finite number are distinct from zero, we have 
the equation $, cp, = 0, from which, by virtue of the orthonormality 
of the system {p+}, we obtain 


0= (£ CkPk >» p) = 3 (Cex pi) = py CuPE> Vi) = Ci 


Each system of linearly independent functions y,, Y2, ..., belonging to 
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Z(G) may be converted into an orthonormal system 9,, 92, ..., by the 
following Gram-Schmidt orthogonalization process: 





pı = Yı p: = Pa — (Po, P1)Pı 
. Il vr {I : Il Po — (Pe, Pr) || i i 
(11) 
pi Pr — (Pr, Pr-1)Pr- — 8° — (Vr, Pa 


a | Pi — (Prs Pr1)Pr-1 — + — Yer P) || ees 


Example. If in the space %(—1,1) we orthogonalize the powers 
1, x, x2, ..., by means of the Gram-Schmidt process, the system of nor- 
malized Legendre polynomials is obtained. 

Let a system of functions g, k = 1,2, ..., be orthonormal in (G) 
and let f e Z(G). Then the numbers (f, y;) are called Fourier coefficients 
and the formal series 


> S one (12) 


is called the Fourier series of the function f in terms of the system {p}. 
If a system of functions p, k = 1,2, ..., is orthonormal in (G), 
then the equation 


N 2 N 2 N 
|s- 2 apr || = |- È, CS, Ppr) + 2! (f, Pr) — 4% |? (13) 














is true for each f e A(G) and any (complex) numbers o,, a, ..., QN, 
NH 152, os 
In fact, writing 


N 
In =f - 2 CS, Pe) Pr> Ce = (J, Pr) — ar (14) 
we obtain when i= 1,2, ...,N 


N N 
(fy. ¢) = (r- > hovers pi) = (L) È Loe 99) =0 
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Consequently, 
N 2 N 2 
ka ye arpr || = |\fy + oy CEPR 




















N N 
= (i + È cpr, fy + È cue) = (fy, fy) 
= = 
N N N 
+ È, (JN Cpr) + 2, (crPr, fv) + pos (CkPr» Cipi) 
N N 
= || fy I? + Py CeCe» Vi) = | fw ||? + 2 | e|? 


from which, by virtue of (14), Eq. (13) follows. 
From Eq. (13) follows the inequality 


2 


(15) 








|z- È dorf < ||/- X av 








Further, supposing in (13) that a, = 0, k = 1,2, ..., N, we obtain the 
equation 


N 2 N 
|7- È Godal = IFP- Yeo (16) 








From Eq. (16) there then follows the inequality 
| (Foe) |? S IFIP (17) 


which is known as Bessel’s inequality. 

Moreover, from Eq. (16) and from the Riesz-Fischer theorem (cf. Sec. 
1.5) we obtain the following proposition: In order that the Fourier series 
(12) converge to the function f in Z(G), it is necessary and sufficient that 
Parseval’s equation (the equation of closure) be satisfied 


YI Geol ISI (18) 


7. Complete Orthonormal Systems. Let the system of functions g; , g2,..., 
be orthonormal in (G). If for any f € (G) its Fourier series in terms 
of the system {p,} converges to f in (G), then this system is said to be 
complete (closed) in (G). 
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The trigonometrical system serves as an example of a complete ortho- 
normal system in (0, 27). 


THEOREM. In order that the orthonormal system {p,} be complete in 
L(G), it is necessary and sufficient that each function f belonging to the set 
M, dense in Z(G), be capable of arbitrarily close approximation in Z(G) 
by linear combinations of functions of this system. 

The necessity of the condition is evident; we shall prove its sufficiency. 
Let f e Z(G) and e > 0 be any number. Then since æ is dense in (G), 
there is a function fy € Æ such that 


If — fo Il < 2/2 (19) 


According to the condition of the theorem, the function f may be ap- 
proximated arbitrarily closely in (G) by a linear combination of the 
functions of the system {y,}. Therefore numbers m, C1, Co, ...; Cm, can be 
found such that 


< e/2 








m 
dy » CEPr 
f= 








As a result, from (19), and by virtue of Minkowski’s inequality, we obtain 


<e/2+e¢2=e 














m 
|z — > Cpr 
k=1 








Zir- A+ h= È api 


However, by virtue of inequality (15) we have 


|7- È Gon <e Næm 








as was to be shown. 


CoROLLARY. If G is a bounded region, there exists in Z(G) a countable 
complete orthonormal system of polynomials. 

In fact, the set of polynomials is dense in (G) (cf. Sec. 1.5), countable, 
and can be made orthonormal, using the Gram-Schmidt orthogonalization 
process (cf. Sec. 1.6). 


Lemma. Let the regions G c R” and D c R™ be bounded, the system of 
functions »;(y), j = 1,2, ..., be orthonormal and complete in Z,(D), and 
for each j = 1,2, ..., the system of functions 9,;(x), k = 1, 2, ..., be ortho- 
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normal and complete in Z(G). Then the system of functions 
X(x, y) = Puey), k, j = 1, 2, tee (20) 


is orthonormal and complete in Z(G x D). 


Proof. The orthonormality of the system {y,;} in Z(G x D) is easily 
established as follows: 


(Xj Xej) = iw Xs Lees » dx dy 


=|, Pas Purge AX f PPr dy = (Pig Prrd, Pi) 
= (Pig > Rey" 3 ijt = (Prj , Prr) Ô; = Ôr O53 


We shall prove the completeness of this system in (G x D). Since 
C(G x D) is dense in -Z(G x D) (cf. Sec. 1.5), then according to the 
theorem of Sec. 1:7, it is sufficient to establish the truth of Parseval’s equa- 
tion for all fe C(G x D). Let fe C(G x D). Since the system {y,} is 
complete in GD), for each x €e G the Parseval equation (cf. Sec. 1.6) 
is true and 


Yael =f æd (21) 


where 
a;(x) = [ fe. yP) dy (22) 


By virtue of the boundedness of the region D, the functions y; are integrable 
over D (cf. Sec. 1.5) and therefore, since fe C(G x D), a; € C(G). Since 
for each j = 1, 2, ..., the system {y,;} is complete in 2(G), the Perseval 
equation (cf. Sec. 1.6) is true: 


Ži] ay |? = I, a,(x) |? dx (23) 
where, by virtue of (22), (20), and Fubini’s theorem (cf. Sec. 1.4), 
arj = (j, Prj) = f A A;Dy3 dx 
= | [S EBO) ay] Bio) ax 
= f SO DPO) dx dy 


= | fh dx dy = (S, 105) (24) 
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According to Dini’s lemma (cf. Sec. 1.3), the series (21) converges 
uniformly on G. Integrating this series term by term over the region G and 
using Eqs. (23) and (24), we obtain the desired Parseval equation for the 
function f 


X Slas X rd Jf, ndd = iP 


j:k=: 
The lemma is proved. 


Remark. All that has been said of the space (G) is true also of the 
spaces (G; o) and (S$) with the scalar products 


e)l = | eevee) dx, fee AG; o) 
(fg) = | feel) ds, fee ZS) 


where the weight function ọ € C(G), e(x) > 0, x € G, and S is a piecewise 
smooth surface. 


8. Linear Operators and Functionals. Let Æ and .” be linear sets. 
The operator L, transforming elements of set Æ into elements of set ./, 
is said to be linear if for any elements f and g belonging to <, and complex 
numbers A and uw the equation 


LOAF + ug) = ALf + uLg 


s true. In this case the set / = M, is called the domain of definition of the 
operator L. If Lf = f for all f € 4, the operator L is called an identity 
(unit) operator. We shall denote a unit operator by J. 

Let the convergence of the elements be defined on the linear sets. 4 and /. 
The linear operator L, mapping Æ into /, is said to be continuous from 
M to S if the convergence Lf, — Lf as k > co in Y follows from the 
convergence f, > f as k > co in M. 

Let Æ and_/ be linear normed spaces with the norms || ||_¢ and || || 7, 
respectively [e.g., 4 = C(T), 4 = Y&,(G)]. The linear operator L, mapping 
M into 4, is said to be bounded from .4 to.” if there is a number C > 0 
such that the inequality 

Lf llr SC lf lle (25) 
is true for any f € 4. 
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From these definitions it follows that if the linear operator L is bounded 
from æ to S, then it is continuous from Æ to S. 

In fact, if fp > f as k > œœ in Æ, that is, if || f — fy lle ~0 as k — oo, 
by virtue of the linearity and boundedness of the operator L, then 


Lie = Ble = Le A My SC Ife S le 


and therefore Lf, > Lf as k > co in”. This also means that the operator 
L is continuous from 4 to S. 

A set # of the linear normed space 4 is said to be bounded in M if 
there is a number A such that || f || ø < A whenever f € 2. 

Let the linear operator L map Æ into -% and the linear operator K 
map .% into ./. The linear operator 


KLf = K(Lf) 


mapping Æ into %, is called the product KL of the operators K and L; 
specifically, K®f = K(K?f) = K®(Kf), K! = K, K? = I. 

Linear functionals are a particular case of linear operators. If the linear 
operator / transforms the set of elements. into the set of complex numbers 
If, f € M, then lis said to be a linear functional on the set æ. We shall 
denote by (/,f) the effect of the functional / on element f—the complex 
number Jf. In this way, by the continuity of the linear functional / we mean 
the following: If fp > f as k > co in 4, then the sequence of complex 
numbers (I, fy) as k — co tends to (I, f). 

The linear functional 7 on the set > Æ is said to be a continuation of 
the linear functional / on Æ if 


CA) = (Lf), JEM 


EXAMPLES OF LINEAR OPERATORS AND FUNCTIONALS 


(a) The linear operator of the form 
Kf= | Xœ Yod, xec (26) 


is called the linear integral operator, and the function A(x, y) is its kernel. 
If the kernel % Ee A(G x G), 


| ag 2 V) |? dx dy = CŒ < 0 (27) 
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then the operator K is bounded (and, consequently, continuous) from 
LC) = A to LAOS. 

In fact, applying the Cauchy-Buniakowski inequality and the Fubini 
theorem (cf. Sec. 1.4) and using (27), for all f €e (G) we obtain the in- 
equality 


IK = f | [7 Yo) ay 
< f (f AEn ed f 1/0) Pay) de = e sie 


2 


dx 





that is, 
KFIS CIS SEG) (28) 


which also shows that the operator K is bounded in 4(G). 
(b) The linear operator of the form 
Lf= F aD), Z lalo m>0 29) 
lal sm lal=m 

is called the linear differential operator of order m, and the functions a,(x) 
are its coefficients. If the coefficients a,(x) are continuous functions in the 
region G c R”, the operator L maps C"(G) = æ into C(G) =./. How- 
ever, the operator L is not continuous from C™(G) to C(G). Indeed, the 
sequence 


f(x) = + erea +0, k> in C(G) 


as well as the sequence 


I= L aD) = E aaia keke 
l lalsm 


alsm 


has no limit in C(G). We remark in passing that the operator L is not 
defined on the whole space C(G), but only on a part of it—namely, on the 
set of functions C™(G). 

(c) The linear operator 


f= Y |f DAO) dy + aeDA] (30) 


lal<m 


is called the linear integrodifferential operator. 
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(d) An example of a linear continuous functional / on (G) is the scalar 
product (/,f) = (f, g), where g is a fixed function belonging to (G). 
The linearity of this functional is expressed by property (5), and, by virtue 
of the Cauchy-Buniakowski inequality (6), it is bounded, 


L\dA|=|(6a)| Sle lls 


and therefore it is continuous. 


9. Linear Equations. Let L be a linear operator with domain of defini- 
tion z. The equation 


Lu = F (31) 


is called a linear (inhomogeneous) equation. In Eq. (31) the element F is 
called the inhomogeneous term (free term, or right-hand side), and the un- 
known element u belonging to 4, is called the solution of this equation. If 
in Eq. (31) we assume that the inhomogeneous term F is equal to zero, then 
the equation obtained, 


Lu=0 (32) 


is called the linear homogeneous equation corresponding to Eq. (31). 

By virtue of the linearity of the operator L, the set of solutions of the 
homogeneous equation (32) forms a linear set; specifically, u = 0 is always 
a solution of this equation. 

Each solution u of the linear inhomogeneous equation (31) (if it exists) 
appears in the form of a sum of a particular solution uy of this equation and 
of the general solution & of the corresponding linear homogeneous equa- 
tion (32), 

u = U + ŭ (33) 


In fact, if u is an arbitrary solution of Eq. (31), Lu = F, u € 4, while 
uo is a particular solution of this equation, Luo = F, uo E z, then, by 
virtue of the linearity of operator L, their difference u — u = ŭ E€ M, 
also satisfies the homogeneous equation (32): 


Lù = L(u — w) = Lu — Ly = F-F=0 


This proves the representation equation (33) for the solution u. 
~ 
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It follows directly from this that: in order that the solution of Eq. (31) 
should be unique in M, it is necessary and sufficient that the corresponding 
homogeneous equation (32) have only a zero solution in 4, . 

Let the homogeneous equation (32) have only a zero solution in 4;. 
We shall denote by &, the range of values of the operator L, that is, the 
(linear) set of elements of the form {Lf} where f belongs to .4,. Then 
for any F € #,, Eq. (31) has a unique solution u €.4{; in this way there 
appears a certain operator associating with each element F belonging to 
Z, an element u belonging to z, the solution of Eq. (31). This operator 
is known as the inverse operator to the operator L and is denoted L~ so 
that 

u = LF (34) 


The operator L-+, evidently, is linear and transforms Zz onto Mz. It follows 
immediately from the definition of the operator L~1, and also from (31) 
and (34), that 


LLIF=F, Fe@,; Lolu=u, vem, 


that is, 
LL =I and LL =I 


Let us consider the linear homogeneous equation 
Lu = hu (35) 


where / is a complex parameter. This equation has a zero solution for all A. 
It can happen that for some A it has nonzero solutions belonging to .4,. 
Those complex values A for which Eq. (35) has nonzero solutions belonging 
to Mz, are called the eigenvalues or characteristic values of the operator L 
and the corresponding solutions are the eigenfunctions or the characteristic 
functions corresponding to this eigenvalue. The integral number r (1 <r 
< oo) of linearly independent eigenfunctions, corresponding to the given 
eigenvalue A, is called the multiplicity of this eigenvalue; if the multiplicity 
r = 1, then å is said to be a simple eigenvalue. 

If the multiplicity r of the eigenvalue å of the operator L is finite and 
Uy, Up, ..., Up are the corresponding linearly independent eigenfunctions, 
any linear combination of them 


Uo = Cith + Colla + +++ + Cylly (36) 
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is also an eigenfunction corresponding to this eigenvalue, and this combina- 
tion represents a general solution of Eq. (35). From this, and from formula 
(33), it follows: If a solution of the equation 


Lu = u+ f (37) 
exists, its general solution is given by the formula 
T 
u = u* + J, Cur (38) 
kz 
where u* is a particular solution of this equation and c,, k = 1,2, ..., r, 


are arbitrary constants. 


10. Hermitian Operators. The linear operator L mapping Mr c & 
into is said to be Hermitian (or self-adjoint in the Lagrangian sense) 
if for any f and g belonging to 4, it is true that 


(Lf, 8) = (J, Le) (39) 


The expressions (Lf, g) and (Lf,f) are called bilinear and quadratic 
forms, respectively, generated by the operator L. 

In order that the operator L should be Hermitian, it is necessary and 
sufficient that the quadratic. form (Lf, f), f E 41, generated by it should 
assume only real values. 

In fact, if the operator L is Hermitian, then by virtue of (5) and (39) 


LLD = If) = Eff) fem, 


so that the quadratic form (Lf,f) can assume only real values. 
Conversely, if the quadratic form (Lf, f) assumes only real values, for 
all f and g belonging to 4, we have 


Re[(Lg,f) — (Lf, g)] = Re + (Lf + ig), f + ig) — (LAS) — (Lg, g)]=0 
Im[(Lg,f) + (Lf, g)] = Im[(L(f + g), f+ 8) — (LAS) — (Lg, g) = 0 


and therefore, 


(Lf 8) = Re(Lf,g) + ilm(Ufg) OOOO 
= Re(Lg, f) — i Im(Lg, f) = (Lg, f) = (f Le) 


so that the operator L is Hermitian. 
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A linear operator is said to be positive if the quadratic form (Lf, f), 
f EM, generated by it assumes only nonnegative values. 

From the assertion which has been proved it follows that each positive 
operator is Hermitian. 


THEOREM. Zf the operator L is Hermitian (positive), all its eigenvalues 
are real (nonnegative) and its eigenfunctions, corresponding to different eigen- 
values, are orthogonal. 


Proof. Let A) be an eigenvalue and uọ a corresponding normalized 
eigenfunction of the Hermitian operator L, Lug = Aguy. Scalar multiplica- 
tion of this equation by u will give 


(Luo, Up) = (Aptos Uo) = oCo, Uo) = Ao || Mo |I? = Ao (40) 


But for an Hermitian (positive) operator the quadratic form (Lf, f) assumes 
only real (nonnegative) values, and consequently, by virtue of (40), A, is 
a real (nonnegative) number. 

We shall prove that any eigenfunctions u, and u,, corresponding to 
different eigenvalues 4, and A,, are orthogonal. In fact, from the results 


Lu = Aiii, Lu, — Agly 


and from the Hermitian property of the operator L we obtain the sequence 
of equations 


Ay(Uy, Ug) = (Ay, Uy) = (Luz, Ug) = (ty, Lup) = (uy, Agua) = AQ(uy, Uo) 


that is, 
Ay (Uy, Ua) = Ag(ty , Ue) 


From this, as A,  A,, it follows that (u, u>) = 0. The theorem is proved. 

We shall assume that a set of eigenfunctions of the Hermitian operator 
L is at most countable. We shall enumerate all its eigenvalues: 4,, As, ..., 
repeating A, as many times as its multiplicity. The corresponding eigen- 
functions will be denoted by u,, uz, ..., so that only one eigenfunction uz 
corresponds to each eigenvalue, 


Lu, = Aur, k= 1, 2, eee (41) 


The eigenfunctions corresponding to the same eigenvalue can be chosen 
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to be orthonormal by using the Gram-Schmidt orthogonalization process 
(cf. Sec. 1.6). As a consequence of this, eigenfunctions corresponding to 
the same eigenvalue are again obtained. According to the theorem of Sec. 
1.10, eigenfunctions corresponding to different eigenvalues are orthogonal. 

In this way, if a system of eigenfunctions {u,} of the Hermitian operator L 
is at most countable, it can be chosen so as to be orthonormal 


(Luz, uj) = Ay(up, Ui) = Ap Opi (42) 


§ 2. Basic Equations of Mathematical Physics 


The mathematical description of many physical processes leads to linear 
differential and integral equations, or even to integrodifferential second- 
order equations. A fairly wide class of physical problems may be reduced 
to linear second order differential equations (cf. Sec. 1.8) 


Bayle) gorge + È bux) Ge + eau = FO) (1) 
aoe Ox; Ox; 2 ix Ox, c(x)u = F(x 


In this section we shall consider typical physical problems leading to various 
equations of mathematical physics. 


1. Vibration Equations. Many problems of mechanics (vibration of 
strings, rods, membranes, and three-dimensional volumes) and of physics 
(electromagnetic waves) lead to a wave equation of the form 

3u 

oan = div(p grad u) — qu + F(x, t) (2) 

where the unknown function u(x, t) depends on n (n = 1, 2, 3), the spatial 

coordinates x = (x,, X,,...,X,), and the time t; coefficients 0, p, and q 

are defined as properties of the surrounding medium in which the vibration 

takes place; the inhomogeneous term F(x, t) expresses the intensity of the 

exterior perturbation or disturbance. In Eq. (2), in agreement with the 
definition of the operators div (divergence) and grad (gradient), 


. n @ a 
div(p grad u) = = ae (> in ) 


Let us demonstrate the meaning of Eq. (2) by using the example of small 
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transverse vibrations of a string. An elastic thread which does not resist 
flexion is called a string. 

Suppose that in the plane (x, u) the string performs small transverse 
vibrations around its state of equilibrium which coincides with the x axis. 
The magnitude of the string’s displacement from a state of equilibrium at 
point x at an instant of time ¢ is denoted by u(x, t), so that u = u(x, t) 
is the equation of the string at the instant of time ¢. Limiting ourselves to 
the consideration of small vibrations of the string, we shall ignore magni- 
tudes of order greater than tan a = Ou/Ox. 
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Fig. 3 


Since the string does not resist flexion, its tension T(x, t) at the point x 
at an instant of time ¢ is directed along the tangent to the string at the point x 
(Fig. 3). Any section of the string (a, b), after displacement from a state 
of equilibrium within the range of our approximation, does not change 


its length 
b V Ou \? 
=f 1+ (32) dxxb—a 


and therefore, in agreement with Hooke’s law, the magnitude of the tension 
| T(x, t)| will remain constant, depending neither on x nor on ¢, | T(x, £) | 
= To. We shall use F(x, t) to denote the magnitude of the external forces 
acting on the string at the point x at an instant of time ¢ and directed per- 
pendicular to the x axis. Finally, let o(x) be the linear density of the string 
at point x, so that o(x) dx is the mass of the element of the string (x, x+dx). 

We now construct an equation of motion for the element (x, x + dx) of 
the string. The tension force T(x + dx, t), —T(x, t) (Fig. 3) and the external 
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force, the sum of which, according to Newton’s laws, must be equal to the 
product of the mass of the element and its acceleration, are acting upon the 
element(x, x + dx). Projecting this vector equation onto the u axis, on 
account of all that has been said, we obtain the equation 


: y u(x, 
To Sin @ |s+as — To sin æ |s + F(x, t) dx = o(x) dx n (3) 
However, within the range of our approximation 


. tan a Ou 
sin a = —————_ = tan a = —— 
x 


yy 1 + tan? a Y 


and therefore from (3) we have 


u(x,t) 1 f Ou(x + dx, t) ous t) 
erga lige ge ae | 
that is, ie ji 
u u 
eae T = Toa Ox? T (4) 


This is indeed the equation of small transverse vibrations of a string. 
If the density 0 is constant, o(x) = ọ, the equation of vibration of the 
string assumes the form 


Pu =, wu 
oe 8 oe tS (a 


where we have set a? = T)/o (constant), f = F/o. We shall also call Eq. (5) 
the one-dimensional wave equation. 

From physical considerations it follows that to give a unique description 
of the process of vibration of a string it is necessary, in addition, to specify 
the magnitude of the displacement u and the velocity Ou/Ot of the string 
at the initial instant of time (initial conditions), and also the behavior at 
the ends of the string (boundary conditions). Examples of boundary condi- 
tions are: u|,_,, = 0, if the end of the string x is fixed; (@u/Ax) |,_., = 0, 
if the end x, is free, by virtue of the equation a(xp, t) = 0. 

An equation of the form (2) also describes small longitudinal vibrations 
of an elastic rod 

gu ð ( Ou 


0S Se = (ES | + F(x, 1) (6) 
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where S(x) is the area of cross section of the rod and E(x) is Young’s 
modulus at the point x. 

The equation of small transverse vibrations of a membrane may be derived 
analogously 


u 3u u 
e -ge =T Ja wa) + F 


If the density ọ is constant, the equation of the vibrations of a membrane 
assumes the form 








u —s«s ( Ou Ou 2 Do mee a 
ar = * (ge + Gx) +h a = E f= 0 (8) 
We shall call Eq. (8) the two-dimensional wave equation. 
The three-dimensional wave equation 
o?u »( Ou o?u 3u 
an ( Ox? + 0x2 i zT) +f ©) 


describes the processes of propagation of sound in homogeneous me- 
dia and also of electromagnetic waves in homogeneous nonconducting 
media. The density of a gas, its pressure and velocity potential, and also 
the components of electric and magnetic field strength and corresponding 
potentials satisfy this equation (cf. Sec. 2.6). 

We shall express the wave equations (5), (8), and (9) by the single for- 
mula: > 


Cau =f (10) 


where [], is the wave operator (D’Alembert’s operator) 


2 


ð 
Q= A (=O) 





and A is Laplace’s operator 


02 02 oO? 
A= ae tag PO hae 


2. Diffusion Equation. The process of heat diffusion or the diffusion 
of particles in a medium are described by the following general diffusion 
equation: F 

e S = div(p grad u) — qu + F(x, t) (11) 
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We shall deduce the equation of heat diffusion. We shall use u(x, t) to 
denote the temperature of the medium at the point x = (x,, X2, X3) at 
an instant of time t. We shall consider the medium to be isotropic and shall 
denote its density by (x), its specific heat by c(x), and its coefficient of 
thermal conductivity at point x by k(x). F(x, t) denotes the intensity of 
heat sources at the point x at the instant of time t. We shall calculate the 
balance of heat in an arbitrary volume V during the time interval (t, t + dt). 
The boundary of V is denoted by S and n is the external normal to it. In 
agreement with Fourier’s law, an amount of heat 


Q, = I, kt ds dt = I, (k grad u, n) dS dt 
equal, by virtue of the Gauss—Ostrogradski formula, to 
0,= f , div(k grad u) dx dt 


enters volume V through surface S. 
An amount of heat 


Q, = [Fe t) dx dt 
arises in volume V as a result of heat sources. Since the temperature in the 
volume V during the interval of time (t, t + dt) has increased in magnitude 
by 
Ou 
u(x, t + dt) — u(x, t) x a dt 


it follows that for this it is necessary to expend an amount of heat 
Ou 
Q3 = f, ce grid 
On the other hand, Q, = Q, + Q,, and thus 
Í, |div grad u) + F — co = | dx dt = 0 


from which, since volume V is arbitrary, we obtain the equation of heat 
diffusion 


co a = div(k grad u) + F(x, t) (12) 
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If the medium is homogeneous, that is, if c, ọ, and k are constants, Eq. (12) 


assumes the form 


du si, 


where 


k F 
+ ree = — 
err, f a 


Equation (13) is called the heat conduction equation. The number n of spatial 
variables x3, X2, ..., X„ in this equation can be arbitrary. 

As in the case of the wave equation, it is necessary to give the initial 
distribution of the temperature u in the medium (initial condition) and the 
behavior at the boundary of this medium (boundary condition) so as to 
obtain a compłete description of the process of heat diffusion. 


EXAMPLES OF BOUNDARY CONDITIONS 


(a) Ifa given temperature distribution uo is maintained over the boundary 
S, then 
u |s = u (14) 


(b) If a given flux of heat u, is maintained over S, 


-k ðu 


ôn = w (15) 


S 





(c) If heat exchange in agreement with Newton’s law takes place over S, 


Ou 
a + h(u — u) 





=0 (16) 
s 


where h is the heat transfer coefficient and uy is the temperature of the 
surrounding medium. 


A diffusion equation for particles may be deduced analogously. In this 
case, instead of Fourier’s law it is necessary to use Nernst’s law for the 
flux of particles through an element of surface dS during a unit time: 
dQ = —D(du/0n) dS, where D(x) is the diffusion coefficient and u(x, t) 
is the density of the particles at the point x at an instant of time t. The 
equation for the density u will have the form shown in (11), where @ now 
denotes the porosity coefficient, p = D, and q characterizes the absorption 
of the medium. 
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3. Steady State Equation. For steady state processes F(x, t) = F(x), 
u(x, t) = u(x), and both the wave equation (2) and the diffusion equation 
(11) assume the form 


—div(p grad u) + qu = F(x) (17) 


When p = const and g = 0, Eq. (17) is called Poisson’s equation 
Au=-f, f=— (18) 


when f = 0, Eq. (18) is called Laplace’s equation 
Au =0 (19) 


In the wave equation (10), let the external disturbance f(x, t) be periodic 
with frequency w and amplitude f(x), 


Sx, t) = fx) 


If we seek periodic solutions u(x, t) with the same frequency and unknown 
amplitude u(x), 
u(x, t) = up(x)et 


then for the function u(x) we obtain the equation 


2 
Aus + Ky = — _ k= > (20) 


called the Helmholtz equation. 


4. Transport Equation. If the mean free path of the particles is sig- 
nificantly greater than their dimensions, the process of particle propaga- 
tion may be described by a more accurate equation than the diffusion equa- 
tion: namely, by the so-called transport equation (kinetic equation). We 
shall cite the transport equation subject to the following assumptions: 
(1) The speed of all particles is the same, and is equal to v. (2) Collisions 
among the particles themselves may be ignored. (3) Particles collide with 
motionless nuclei of the medium; /(x) is the mean free path at the point x. 
(4) When the particles collide with a motionless nucleus at point x, one of 
the three following accidental events occurs: (a) with probability p,(x) 
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the particle is scattered by the nucleus, bouncing away from it like an 
elastic ball; (b) with probability p(x) the particle is captured by the 
nucleus; (c) with probability p = 1 — pı — p, the particle divides the 
nucleus, as a result of which v(x) > 1 such particles appear (in this case 
it is considered that the particle which has divided the nucleus disappears). 
(5) The distribution of particles with respect to direction is isotropic after 
scattering as well as after division. 

We shall denote by n(x, s, t) the density of particles at the point x, moving 
in the direction s = (s,, S2, 53), | s| = 1, at an instant of time t, and by 
F(x, s, t) the density of the sources. Then the function y = vn—the flux of 
particles—satisfies the following integrodifferential equation: 

+ we + (s, grad y) + ay = = he p(x, s', t) ds' + F (21) 
where a = 1/1, h = p, + vpz. This is the one-velocity transport equation 
for processes with isotropic scattering. More general transport equations 
and related research can be found in G. I. Marchuk (1) and V. S. Vladi- 
mirov (1). 

If the transport process is stationary, then 


F(x, s, t) = F(x, s) p(x, s, t) = y(x, s) 


when the transport equation (21) assumes the form 
Genie) EE f (x, s’) ds’ + F (22) 
»& yp y= An Si YX, 


For a complete description of the process of particle transport it is 
necessary to give the initial distribution of the flux of particles y in the 
medium (initial conditions) and the behavior on the boundary of this 
medium (boundary conditions). For example, if the region G, where the 
transport process is taking place, is convex, a boundary condition of the 
form 

p(x, s,t)=0, xe, (s, n,) < 0 (23) 


expresses the absence of a flux of particles incident on the region G from 
the outside (Fig. 4). 

Finally we remark that the transport equation describes the processes 
of the transport of neutrons in a nuclear reactor, the transfer of radiant 
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energy, the passage of y quanta through matter, the movement of gases, 
and other processes. 


$s 
ee s 
(8,n,)<O 


Fig. 4 


5. Hydrodynamic Equations. We shall consider the movement of an 
ideal liquid (gas); that is, a liquid in which viscosity forces are absent. 
Let V(x, t) = (v1, V2, V3) be the velocity vector of the liquid, o(x, t) be 
its density, p(x, t) its pressure, f(x, t) the strength of sources, and F(x, t) 
= (F,, F,, F3) the strength of the body forces. Then these magnitudes 
satisfy the following (nonlinear) system of equations, which are called the 
hydrodynamic equations: 


ðo 
3 + div(eV) =f (24) 
xe + (V, grad) V + Z grad p=F (25) 


Equations (24) and (25) are called the continuity equation and Euler’s 
equation of motion, respectively. In order to close this system of equations, 
it is also necessary to give the connection between the pressure and density: 


P(p, e) = 0 (26) 


the so-called equation of state. For instance, for an incompressible liquid 
the equation of state has the form ọ = const, while for adiabatic gas motion 


EDRN — &p 
po™ = const, x = — 
Cy 


where c, and c, are the specific heats of the gas at constant pressure and 
constant volume, respectively. 
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Specifically, if a liquid is incompressible (9 = const) and has a velocity 
potential (V = —grad u), it follows from the continuity equation (24) 
that the velocity potential u satisfies Poisson’s equation (18). 


6. Maxwell’s Equations. Let there be a variable electromagnetic field 
in a certain medium. Let E(x, t) = (£,, Ez, Ez) be the electric field strength; 
H(x, t) = (Hı, H,, Hz) be the magnetic field strength; o(x) be the density 
of charges; € be the dielectric constant of the medium; u be the coefficient 
of magnetic permeability of the medium; and I(x, t) = (4, i, Js) be the 
conduction current. Then these magnitudes satisfy the following (linear) 
system of differential equations, called Maxwell’s equations: 





div(cE) = 4x0, div(uH) = 0 (27) 
_ _ 1 d(H) 
curl E = a -a (28) 
_ 1 OE) 4n 
curl H = PAET + Er I (29) 


where c = 3 - 101° cm/sec is the speed of light in a vacuum. 

Equation (28) expresses Faraday’s law, and Eq. (29) expresses Ampere’s 
law (Bio-Savart law). 

We shall note particular cases of Maxwell’s equations. 


(a) o = 0; £ = const; u = const; and I = AE (Ohm’s law), A = const. 
Applying the operator curl to Eqs. (28) and (29) and using Eqs. (27), 
we obtain for the components of vectors E and H the so-called telegrapher’s 
equation. 


4nd Ou c 
Uu +- = 0, a= 





(30) 


(b) I= 0; = const; and u = const. Introducing a four-component 
electromagnetic potential (Yo, P), P = (P1, P2, Ys), We may present the 
solution of Maxwell’s equations in the form 

1 dep 1 
= mb, eae =— 31 
E = grad po z Ir’ 7 curl ~p (31) 


From this it follows that the components of the electromagnetic potential 
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must satisfy the wave equations 





4nc* 
Chapo = EO Q, Clap =0 (32) 
u 
and the Lorentz condition 
TE E E, (33) 
c Ot 


(c) If the process is stationary, Maxwell’s equations are transformed into 
the equations of electrostatics 


div(eE) = 40, curl E = 0 (34) 
and into the equations of magnetostatics 


div(wH)=0, curl H = sei I (35) 


When « = const, the electrostatic potential pọ satisfies, by virtue of (32), 
Poisson’s equation (18) with f = —(4z/e)o. 


When transforming Maxwell’s equations we made use of the following 
formulas of vector analysis: 
div grad = A, curl curl = grad div — A 


(36) 
curl grad = 0, div curl = 0 


7. Schrédinger’s Equation. Let a quantum particle of mass m move in 
an external force field with potential V(x). We shall denote by p(x, t) the 
wave function of this particle, so that | y(x, t) |? dx is the probability that 
the particle will be in a neighborhood d(x) of the point x at an instant of 
time t; here dx is the volume of d(x). Then the function y satisfies Schré- 
dinger’s equation 


Op P 


where fi = 1.054 - 10-?’ erg sec is Planck’s constant [cf. L. D. Landau 
and E. M. Lifschitz (1, Chap. III)]. 
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8. Klein-Gordon Equation and Dirac’s Equation. The wave function 
(Xo, X), Xo = ct, x = (X1, X2, X3) (Where c = 3 - 10% cm/sec is the speed 
of light), describing a free relativistic (pseudo) scalar particle of mass m, 
satisfies the Klein-Gordon equation 


O +m = 0 (38) 


To describe a free relativistic particle of mass m with spin 4 (electron, 
proton, neutron, neutrino, etc.) a four-component wave function (spinor) 


P (xo, X) = (P1, Pas Ya» Ya) 


is used. It satisfies Dirac’s equation, a system of four linear differential equa- 
tions of first order: 


(i È rg — mI) P(x) = 0 (39) 
where J is a unit matrix and y* are Dirac’s matrices, 
10 0 0 0 001 
o/10 1 0 0 ees 0 010 
“lo 0-1 of 7| 0 -1 0 0 
00 0 -i —1 00 0 
000 ~i 00 1 0 
so 00 i 0 Bes 000 -1 
=| oio o? ”T7|-io0o0 o 
—i 00 0 010 0 


Dirac’s matrices satisfy the conditions 


[cf. N. N. Bogolyubov and D. V. Shirkov (1, Sec. 6)]. 


§ 3. Classification of Linear (Second-Order) Differential Equations 


Before formulating mathematically the solution of various physical 
problems leading to linear second-order differential equations, it is necessary 
to classify these equations. 
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1. Classification of Equations at a Point. Let us consider the second- 
order differential equation 


n 


2 a,;(x) = = = + G(x, u, grad u) = 0 (1) 


ij=1 


with continuous coefficients a;;(x). We shall first of all make clear by what 
laws the coefficients a,; are transformed as a result of an arbitrary change 
of independent variables y = y(x), that is, 


Yi = V(X, X2, <- - Xn) L= 1,2,...,n 
1 = yX, Xe a i (2) 
2 1929 otas In 
mS Ss p(t.) 4.0 
Since D + 0, in a certain neighborhood it is possible to express the variables 


x in terms of the variables y, writing x = x(y). We shall set u(x(y)) = ai(y); 
then i(y(x)) = u(x). We have 


ðu 2% Oi dy, 
Ox; fA Oy, Ox; 














3 
u a ( Ou ot Ou dy, Oy, n Oi dy, 6) 
Ox, Ox; 7 Ox; Ox; Z k,l=1 Oy, OY; Ox, Ox; Izi Oy, Ox; Ox; 
Substituting expressions (3) into Eq. (1), we obtain 
n oü n Oy, OY, n n Oy, 
ai aij = 
Oe re re ome re 9 AE 
+ D*(y, ü, grad i) = 0 (4) 
Denoting now by ã the new coefficients of the second derivatives 
3 _< Oy, Oy, 
Guy) —< 2 ay(x) =— Ox; Ox; (5) 
we rewrite Eq. (4) in the form (1): 
B(y, ü, grad ñ) = 0 6 
oy any) > a. + DQ, ii, grad i) = (6) 


We shall fix the point xy and write yp = y(xo), &u = (OV)(%))/Ox;. 
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Then formula (5) at the point x) can be written in the form 


n 

õn) = D aij (Xo) naky (7) 
WI= 

This transformation formula for the coefficients a,; at the point x» coincides 

with the transformation formula for the coefficients of the quadratic form 


n 


py aij(xo)PiP; (8) 
i j=1 
subject to the nonsingular linear transformation 
n 
Pi = 2 91,  det(æy) #0 (9) 


transforming form (8) into form 


n 


YD õud (10) 
Kiet 


So, in order to simplify Eq. (1) at the point x) by means of a change of 
variables (2), it is sufficient to simplify the quadratic form (8) by means of 
a nonsingular linear transformation (9). But it is proved in courses on linear 
algebra that there is always a nonsingular transformation (9) which can 
make the quadratic form (8) assume the following canonical form: 


r m 


l=1 l=r+1 

Moreover, by virtue of the law of inertia of quadratic forms, the integers 
rand m do not depend on the transformation (9).* This allows us to classify 
differential equations (1) according to the significance of the coefficients 
ay at the point xo. 

If in the quadratic form (11) m =n and all the terms are of one sign 
(i.e., either r = m or 0), Eq. (1) is called an equation of elliptic type; if 
m =n but there are terms of various signs (i.e, 1 <r <n — 1), Eq. (1) 
is of the hyperbolic type (when r = 1 orn — 1 it is of the normally hyperbolic 
type); lastly, if m < n, Eq. (1) is of the parabolic type (when r= 1 or 
n — 1 it is of the normally parabolic type). 


* Compare, for instance, A. I. Maltsev (7, Chap. 6). 
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We must stress that this classification depends on the point xy, since the 
numbers r and m depend on x. For instance, Tricomi’s equation 


8u 3u 
ae toe T Ca 
is of mixed type: when y < 0 it is of hyperbolic type; when y > 0 it is of 
elliptic type; and when y = 0 it is of parabolic type. 

Let the coefficients a;; in Eq. (1) be constant, that is, independent of x, 
and let the transformation (9) reduce the quadratic form (8) to a canonical 
form (11). Then the linear change of independent variables 


n 
Y= X AX; 
t=1 


transforms Eq. (1) into the following canonical form: 


Ete ae Õ( da) =0 13) 
iene , a, grad Z) = 

Lae ôy? l ao J l 4 S ( 

Examples. Laplace’s equation is of elliptic type; the wave equation is 

of hyperbolic type; and the equation of heat conduction is of parabolic 


type. 


2. Expression of Laplace’s Operator in Spherical and Cylindrical Co- 
ordinates. To illustrate the transformations of Sec. 3.1 we shall find the 
expression of the three-dimensional Laplace operator (n = 3, ay = Ôj, 
@® = 0) in spherical and cylindrical coordinates. 


N, 


CEET R 





X2 N 
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(a) Spherical coordinates (Fig. 5) 























xı = r sin l cos g, x, = r sin 0 sing, X = r cos 0 
We have 

EEE E E E E 

Ox; r r 

00 cos cosg 00  cosð sing 

Ox, r : OX, r 

06 sin __cosé 

Ox, r > ~ sin 8 

Op sin Q Op _ cosg dp = 
Ox, — rsinb’ Ox,  rsinb ’ Ox, pt, Say 


Substituting these expressions into formula (4) with n = 3, ay = 6,;, and 
® = 0, and collecting similar terms, we obtain 


o 1 ð/,ð 1 3 f. , 9 1 9? 
dase a (a) + amo ao (0 ae) + ae eM 


(b) Cylindrical (polar) coordinates (Fig. 6) 
x, = r cos Q, X = r sin p, l= z 


Deriving an analogous result we obtain 


(15) 
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3. Characteristic Surfaces (Characteristics). Let the function w(x), 
x = (X1, X2, -<-s Xn), n © 2, of the class C! be such that on the surface 
w(x) = 0, grad w(x) 40 and 


> a(x) me i =e oe 








Then the surface w(x) = 0 is called a characteristic surface of the differen- 
tial equation (1), while Eq. (16) is called a characteristic equation. When 
n = 2 the characteristic surface is called a characteristic curve. 

Let us suppose that each surface of the family w(x) — C=0,a<C<b, 
is a characteristic of Eq. (1). Insofar as on each characteristic grad w Æ 0, 
this family fills a certain, sufficiently small, region G, through each point 
of which passes one and only one characteristic. Let œw € C?(G). Then if 
in transformation (2) we take y, = w(x), by virtue of (5) and (16), the 
coefficient ıı becomes zero in the corresponding region. Therefore the 
knowledge of one or several families of characteristics of a differential 
equation makes it possible to reduce this equation to a simpler form. 


EXAMPLES OF CHARACTERISTICS 
(a) Wave Equation [cf. Eq. (10), Sec. 2.1]. Its characteristic equation 


has the form 
Ow \? 26 [00 \ 
ar) = * Blas) = 


a(t — to)? — | x — xo |? =0 (17) 





The surface 


called a characteristic cone, with its vertex at the point (xo, to), is a charac- 
teristic of a wave equation. 
The characteristic cone (17) is the boundary of the cones 


I'+(Xxo, to) = [a(t — to) >| x — xo |] 


and 
T-(xo, to) = [—alt — to) > | x — xo |] 


which are called, respectively, the future and past light cones with vertex 
at the point (xo, to) (Fig. 7). We shall write r+ = T +(0, 0). 
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THa, ta) 





Fig. 7 


A wave equation has another family of characteristic surfaces—a family 
of tangent planes to the characteristic cones 


at + (x, b)=c (18) 


where b = (b4, bz, ..., bn), bz and c are any real numbers, and | b| = 1. 
(b) Equation of Heat Conduction [cf. Eq. (13), Sec. 2.2]. Its charac- 
teristics, evidently, are the family of planes t = C. 
(c) Poisson’s Equation [cf. Eq. (18), Sec. 2.3]. It has no (real) charac- 
teristics, since from the characteristic equation 


n Ow 2 
$ (ae) =° on w=0 





it follows that grad w = 0 on w = 0, which is impossible. 


4. Canonical Form of Equations with Two Independent Variables. In 
Sec. 3.1 we considered the means of reducing a second-order differential 
equation to canonical form at each separate point at which the equation is 
specified. The question then arises: Is it possible to use a single trans- 
formation (2) to reduce Eq. (1) to canonical form (13) in a sufficiently small 
neighborhood of each point? To make this reduction for any equation, 
it is necessary that the number of conditions 


ay, = 0, lÆk, Lk=1,2,...,n 


Õu = Eð, l= 2,3, ..., A; ayn Æ 0 
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where s; = 0, +1, should not be greater than the number of unknown 
functions y,, /=1,2,...,n: 
n(n 


TOD tn -i<n, that is n<2 


We shall show that for n = 2 (and, obviously, for n = 1) it is always possible 
to make this reduction. 


Let us consider a second-order differential equation with two independent 
variables 


a2” ôu Ou 
Fx ana Ox Oy ae 8ye 





ĝu Ou 
+ O(x, Yh “Fes ee) = 0 (19) 


where we shall suppose that the coefficients a, b, and c belong to class C? 
in a certain neighborhood and do not become zero simultaneously any- 
where in this neighborhood. For definiteness we consider that a Æ 0 in 
this neighborhood. In fact, in other circumstances it may happen that 
c 0. But then, by reversing the roles of x and y, we obtain an equation 
in which a 40. If then a and c become zero simultaneously at a point, then 
b Æ 0 in the neighborhood of this point. In this case the change of variables 
x =x+y, y'= x — y leads to an equation in which a0. 


By using the new variables 


E= Elx, y) n=nx,y), EEC, nec p(t) #0 (20) 





x,y 
we reduce Eq. (19) to the form 
„ Pi 2 G Ki > Oa OH 
aon +2 ” FE On + -gr z + Ö(E n -gF i) = 0 (21) 


where, by virtue of (5), 


ee ae Ne 3E s ðE 

asda] ba 3 te da) 

z__ 3E On ðE a ðE On ðE â 
oon gy “Ox. Gee o- a ra Sete a (22) 
s_n Y dn ôn On 

e= afge) +D- ax a a ar) 
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We shall require that the functions (x, y) and n(x, y) make the coefficients 
ã and č vanish, that is, by virtue of (22), they should satisfy the equations 


alge) aay an 


On On = 
a( 3 L) + 2b 5h ar +B) =o 


Since a 0, Eqs. (23) are equivalent to the linear equations 


(23) 


ðE ðE ôn ðn _ 
gx T A Taam ae Ale, YG - = 0 (24) 


where 

POM Re „n DAN 

1 a > 2 a (25) 
n-as tE, N 


According to the classification set out in Sec. 3.1, the following three types 
of Eq. (19) are possible: 


I. Hyperbolic type, if d > 0. 
II. Parabolic type, if d = 0. 
III. Elliptic type, if d < 0. 


We shall consider the three separately. 


I. HYPERBOLIC Type, d > 0. In this case Eq. (19) reduces to the canon- 


ical form 
oü 
ðE On 





+6=0 (26) 


We remark that the change of variables 0 = € + n, o =  — n reduces 
Eq. (19) to another, equivalent, canonical form 
Ou, Ou, 


ðo? Jo +9, =0 (27) 





To prove form (26) we establish the existence of at least one pair of solu- 
tions £, 7 of Eqs. (24) which satisfy the conditions (20). We first establish 
the connection of these solutions with the characteristics of Eq. (19). 
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We shall suppose there to be solutions of Eqs. (24) such that grad é 40 
and grad 7 0 in the neighborhood we are considering. Then, according 
to the definition (cf. Sec. 3.3), the curves 


E(x, y) = C, n(x, y) a C, (28) 


define two families of characteristics of Eq. (19). 
For further progress we shall need the following lemma. 


Lemma. Let the function w(x, y) of class C! be such that 0w/dy Æ 0. 
In order that the family of curves w(x, y) = C be the characteristics of Eq. 
(19), it is necessary and sufficient that the expression w(x, y) = C be the 
general integral of one of the ordinary differential equations 


dy _ dy a? 
ie A(x, y), act A(x, y) (29) 


Equations (29) are called the differential equations of the characteristics 
of Eq. (19). 


Proof. Let w(x, y) = C be a family of characteristics of Eq. (19). From 
the condition 0w/dy Æ 0 it follows that the curves w(x, y) = C fill the 
whole neighborhood under consideration. Therefore in this neighborhood 
the function w satisfies one of the equations (24), for instance the equation 


Ow Ow i 
ae TAA S (24') 


Further, on each characteristic w(x, y) = C the result 


Ow Ow dy 

“By F “Oy dx E (30) 
is true. From this, and from (24’), we conclude, by virtue of condition 
ðw/ðy 40, that w(x, y) = C is the general integral of the first of the 
equations (29). 

Conversely, if w(x, y) = C is the general integral of one of the equations 
(29), for instance the equation y’ = A,(x, y), then, by virtue of (30), on 
each line w(x, y) = C result (24’) is satisfied. However, according to the 
theorem of existence and uniqueness for ordinary differential equations, 
one integral curve w(x, y) = C of the equation y'= A, passes through 
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each point of the neighborhood we are considering. Therefore Eq. (24’) 
is satisfied at all points of this neighborhood. We conclude, since w e€ C}, 
ðw/ðy Æ 0, that the curves w(x, y) = C are characteristics of Eq. (19). 
The lemma is proved. 


On the basis of the lemma we have just proved, the general integrals of 
Eqs. (29), &(x, y) = C, and n(x, y) = C,, that are such that € and 7 € C}, 
0é/0y ~ 0 and 0n/dy Æ 0 define two families of characteristics of Eq. (19). 
As follows from the general theory of ordinary differential equations*, 
such integrals exist in, possibly, a smaller neighborhood. Using this result, 
insofar as A; € C?, then € and y € C? and, by virtue of (29) and (25), 


En\  0& On  O& On _ ðE ðn _ 
p| ot) = ôx Oy Oy ôx dy ð (A — Ay) 
_ ve Of am 
= hg ae a ee (31) 


In this way, the family of characteristics (28) forms a family of coordinate 
lines (Fig. 8) and the functions &(x, y) and (x, y) can be taken as new 





Fig. 8 


variables. Using this in Eq. (21) gives @ = č = 0 and, by virtue of (22) 
and (29), 

z w OE On __ 2d OE OH 

b = [a,A, Co ae ead er ty ~ a Oy Oy 


Dividing Eq. (21) by the coefficient 26 4 0, we obtain an equation in the 
canonical form (26). 


* See, for instance, L. S. Pontryagin (/, Chap. 4). 
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II. PARABOLIC TYPE, d=0. Let d=0 in a certain neighborhood. 
Then Eq. (19) leads to the canonical form 





-~+6=0 (32) 


In this case, by virtue of (25), A, = A, = b/a, so that the two differential 
equations (24) coincide and yield the single equation 


ðE b ðE 
TAE are =0 (33) 
Therefore, there is one family &(x, y) = C, of characteristics of Eq. (19), 
definable, by virtue of the lemma, in terms of a general integral of the 
equation y' = b/a such that dé/dy Æ 0; and e C?. We shall select 
straight lines x = C, as the second family of coordinate lines. As a result 
of the change of variables 


=œ) g=x D(L) -=- s ERT 


we find, by virtue of (22) and (33), that 


n = 


Qe 
I 
oO 


Dividing Eq. (21) by the coefficient = a0, we obtain an equation in 
the canonical form (32). 


Ill. ELLIPTIC TYPE, d< 0. Let the coefficients a, b, and c of Eq. (19) 
be analytic functions of the variables (x, y) in a neighborhood of a certain 
point (cf. Sec. 4.7). Then this equation is reducible to the canonical form. 


Pü oe 

In this case, by virtue of (25), the coefficients 2, and A, of Eqs. (24) 
are analytic functions, and with real (x, y), A, = A,. It follows from Ko- 
walewski’s theorem (cf. Sec. 4.7) that in a sufficiently small neighborhood 
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there is an analytic solution w(x, y) of the equation* 


ð ð 
Fe tA NZ =0 (24’) 
satisfying the condition 0w/dy 40. Let us suppose 
w(x, @(x, x, y) — Bx, 
Bi wh y+ Oy)», MER 2 (x, y) (35) 


where © = & — in is the complex function conjugate to œ = ¢ + in; 
it satisfies the second of (24): 


Functions & and 7 € C® have, by virtue of (35) and (31), a nonzero Jaco- 
bian: 


a "tna 7) 


Vi do ð _ _ v-d] Ow 


7? a Oy oy a 


2 


ve £0 











Therefore the functions ¢ and 7 may be taken as new variables. Let us see 
what form Eq. (19) will take in these variables. According to this the func- 
tion w satisfies the equation 


Ow \? ðw dw Ow 
age) hae ay ay) 


Separating the real and the imaginary parts and using (35), we obtain 


(Hf a Ze Hf af Sy mo MB) 


Ox Ox Oy Oy Ox Ox Oy oy 
7 ðE On (5E ân AE, ðE 31.) oe: 0& On _ 
ôx Ox Ox Oy | Oy Ox dy Oy 


Taking formulas (22) into account, we conclude from this that in terms of 


* This assertion is true even without postulating the analyticity of the coefficients a, b, 
and c [cf. I. N. Vekua (/)]. The assumption of the analyticity of the coefficients allows 
us to use Kowalewski’s theorem about the solubility of Eq. (24’) with complex coefficients 
(when d < 0 this equation is called Beltrami’s equation). 
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the variables &, ņ we have @= č and 6 = 0. Further, since d < 0 and 
0é/dy Æ 0, then ã = č Æ 0. Dividing Eq. (21) by ã = €0, we reduce 
it to the canonical form (34). 


5. Example. Tricomi’s Equation. As was mentioned in Sec. 3.1, Tri- 
comi’s equation (12) 
O*u ðu 
X JE + oF 0 (12) 


belongs to the mixed type: when y < 0 it is of hyperbolic type, but when 
y > 0 it is of elliptic type, since d = —y. Tricomi’s equation is of interest 
in gas dynamics. 

y 





Fig. 9 


With y <0 the equations of the characteristics (29) assume the form 
y= +1 —y. Therefore the curves (Fig. 9) 


x+y HY =G, X-V HP =C 


are characteristics of Tricomi’s equation. The transformation 
E=8x +V Z, n=b-V-y¥ 
reduces Tricomi’s equation to the canonical form 
ü 1 (Ae j 
atn 6l — n) \ OE On j 
If y > 0, then in agreement with the theory of Sec. 3.4, œ = §x — iV y’? 
and insertion into (35) to give 


& = Ex, n=-vVy 


E> 
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reduces Tricomi’s equation to the canonical form 


gü ü 1 Ot 0 <0 

og On? 3n On ý 

§ 4. Formulation of Boundary Value Problems for Linear Second-Order 
Differential Equations 


1. Classification of Boundary Value Problems. As was shown in Sec. 2.2, 
the second-order linear differential equation 


Ou 
ot? 





e = div(p grad u) — qu + F(x, t) (1) 


describes the processes of vibration, equation 


Ou 


ET div(p grad u) — qu + F(x, t) (2) 


describes the processes of diffusion, and lastly, equation 
—div(p grad u) + qu = F(x) (3) 


describes the corresponding steady state processes. 

Let G c R” be the region in which the process is taking place, and S be 
its boundary, which we shall consider to be a piecewise smooth surface. 
In this way, G is the region over which the argument x in Eq. (3) varies— the 
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region of definition of Eq. (3). The region of definition of Eqs. (1) and (2) 
will be a cylinder Hp = G x (0, T) of height T and with base G. Its bound- 
ary consists of a side surface S x [0, T] and two bases, a lower G x {0} 
and an upper G x {T} (Fig. 10). 

We shall suppose that the coefficients 0, p, and q of Eqs. (1)-(3) do not 
depend on the time ¢; further, in agreement with their physical sense, we 
shall suppose that e(x) > 0, p(x) > 0, q(x) > 0, x e G. Finally, in agree- 
ment with the mathematical meaning of Eqs. (1)-(3), it is necessary to 
consider that @ € C(G), p € C\(G), and q € C(G). 

With these suppositions, according to the classification of Sec. 3, the 
equation of vibration (1) is of hyperbolic type, the equation of diffusion (2) 
is of parabolic type, and the steady state form of Eq. (3) is of elliptic type. 
In this way the difference in type of the equations we are considering is 
closely linked with the difference in the physical processes which they 
describe. 

As mentioned in Sec. 2, it is necessary, for a full description of a physical 
process, to give not only the equation which describes this process, but 
also to give the initial state of this process (initial conditions) and the be- 
havior on the boundary of the region in which the process is taking place 
(boundary conditions). Mathematically this is linked with the nonuniqueness 
of the solution of a differential equation. In fact, even for ordinary differ- 
ential equations of nth order the general solution depends on n arbitrary 
constants. For equations involving partial derivatives the solution, generally 
speaking, depends on arbitrary functions; for instance, the general solution 
of the equation (0?u/0x Oy) = 0 has the form u(x, y) = f(x) + g(y), where 
fand g are arbitrary functions belonging to the class C?. Therefore, to isolate 
a particular solution describing a real physical process, it is necessary to 
give additional conditions. These additional conditions are boundary value 
conditions: or initial and boundary conditions. The corresponding problem is 
called a boundary value problem. In this way, the following three basic types 
of boundary value problems for differential equations may be distinguished. 


(a) Cauchy’s problem for equations of hyperbolic and parabolic type: 
Initial conditions are given, the region G coincides with the whole space 
R” and boundary conditions are absent. 

(b) A boundary value problem for equations of elliptic type: Boundary 
conditions on the boundary S are given, the initial conditions, naturally, 
are absent. 
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(c) A mixed problem for equations of hyperbolic and parabolic type: 
Initial and boundary conditions are given,-G Æ R". 


We now describe in more detail the formulation of each of the boundary 
value problems enumerated here for Eqs. (1)-(3). 


2. Cauchy’s Problem. For the vibration equation (1) (hyperbolic type) 
Cauchy’s problem is formulated in the following way: to find the function 
u(x, t) of class C?(t > 0) A Cl(t > 0) satisfying Eq. (1) in the half-space 
t > 0 and the initial conditions when ¢ = 0: 

u | 1-40 = U(x), aw = u(x) (4) 
t=+0 


With this it is necessary that 
F e C(t > 0), Uy E CIR”), u € C(R”) 


For the diffusion equation (2) (parabolic type) Cauchy’s problem is 
formulated thus: to find the function u(x, t) of class C?(t > 0) A C(t > 0) 
satisfying Eq. (2) in the half-space ¢ > 0 and the initial condition with 
t= +0: 

u |t=+0 = u(x) (5) 


With this, it is necessary that F € C(t > 0), uo € C(R”). 
This formulation of Cauchy’s problem permits the following generaliza- 
tion. Let the second-order differential equation 


=> je n u 
T= Ses ” Ox, Ox, in a 2 fio Ox, Ot 


Ou ðu Ou 
+ (x, t, ar Free sn Geo Fe 


the piecewise smooth surface X = [t = o(x)], and the functions u and u 
on 2 (Cauchy data) be given. Cauchy’s problem for Eq. (6) consists of 
finding, in a certain part of the region t > o(x), adjoining the surface 2, 
a solution u(x, t) satisfying on % the boundary value conditions 


0 
u |s = Up, a |= (7) 


(6) 


where n is the normal to 2 in the direction of increasing t (Fig. 11). 
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Fig. 11 


3. The Role of Characteristics in Formulating Cauchy’s Problem. Let us 
suppose that the surface 2’ belongs to the class C? (cf. Sec. 1.1) and that at 
no point does it touch the characteristic surface (cf. Sec. 3.3) of Eq. (6); 
that is, on È the inequality 

n n 
o = Ise >a aij Pete “Ox; = 40 FS K 7 #0 (8) 
is fulfilled. 

Let us transform the Cauchy problem (6)-(7) to the Cauchy problem in 
which the Cauchy data are given on the plane t = 0. For this, instead of 
the variable t, we shall introduce a new variable t = t — o(x). With this 
change of variable, Eq. (6) for the function 





(x, T) = u(x, t + o(x)) (9) 
in the neighborhood of the surface X assumes the form (cf. Sec. 3.1) 
Oi 1 2 4 Oui n ü 
T T =È Waa tð O 


insofar as, by virtue of (8), ão z 0 on X. Because of this the surface 2 
maps into the plane t = 0, and the boundary value conditions (7), by 
virtue of (9), assume the form 

Ou 


ui Ber =u |z = u(x), Jr 


Ou 








It remains to find 0u/Ot on X. Differentiating the first of the boundary value 
conditions (7), u(x) = u(x, o(x)), along x;, we obtain the n results on 2 


Ou, _ ðu ðo Ou cs 
Oe OE Oe, Om? i=1,2,...,n (12) 
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Differentiating the function u(x, t) along the normal 
=(3 ue rad a) A =4 1 + | grado |? 
n = A’ A 8 $ Ta gra 


and taking into account the second of the boundary value conditions (7), 
we obtain one further result on 2: 
ou 1 1 & Ou dc 
Ge eR a hah tee oy eta ee, 13 
“= oF I A # Ox, Ox; 
The system of linear algebraic equations (12)—(13) has a unique solution as 
regards the magnitudes of 0u/Ox;, i = 1,2, ..., n, and Ou/0t, at each point 
of the surface 2, since the determinant 


ðo 
N 1 es ° 


=(-1)"440 


— —— —— ss. — 


4. Boundary Value Problem for Equations of Elliptic Type. A boundary 
value problem for Eq. (3) (elliptic type) consists of finding the function 
u(x) of class C?(G) ^ C1(G), satisfying, in the region G, Eq. (3) together 
with a boundary condition on S of the form 


au + B-| =v (14) 


where a, p, and v are given continuous functions on S, with a > 0, B > 0, 


a+ßp>0. 
The following types of boundary conditions (14) are distinguished : 


Boundary condition of the first kind (2 = 1, 6 = 0) 
u |s = Up (15) 
Boundary condition of the second kind (œ = 0, B = 1) 


Ou 
aa s =u (16) 
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Boundary condition of the third kind (6 = 1, œ > 0) 


Ou 
aa + au : = Uy (17) 
The corresponding boundary value problems are called boundary value 
problems of the first, second, and third kinds. 
For the equations of Laplace and Poisson (cf. Sec. 2.3) the boundary 
value problem of the first kind 


Au = —f, u |s = uo (18) 


is called Dirichlet’s problem; a boundary value problem of the second kind 


Ou 


ABET an 


uy (19) 


is called Neumann’s problem. 


5. Mixed Problem. For the vibration equation (1) (hyperbolic type) 
a mixed problem is posed in the following way: to find the function u(x, t) 
of class C?(I[p) O C(I) satisfying Eq. (1) in the cylinder Ip, the initial 
conditions (4) when t = 0, x € G (on the lower base of the cylinder Hp), 
and the boundary conditions (14) where x € S, O< t< T (on the side 
surface of the cylinder Zr). In addition to this it is necessary that the 
smoothness condition 


Fe Cr), Up E CG), u E C(G), vE cS x [0, T)) 


and the consistency condition 


ô 
uy + B r gn Pleo 





be satisfied. 

Analogously, for the diffusion equation (2) (parabolic type) a mixed 
problem is posed thus: to find the function u(x, t) of class C?(IIp) © Cp), 
grad, u € C(I],), satisfying Eq. (2) in Hp, the initial condition (5), and 
the boundary condition (14). 


Note. The solutions of the boundary value problems just formulated 
with smoothness C! up to the boundary of the region of definition of the 
problem do not always exist. Therefore we sometimes cannot insist on 
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such smoothness, but we can require, for example, that the solution only 
be continuous up to the boundary of the region. This formulation is natural 
in problems which do not contain first derivatives in the boundary value 
conditions, e.g., for Eqs. (2) and (3) with boundary conditions of the first 
kind. If first derivatives enter into boundary value conditions, in each 
particular situation it is necessary to show the sense in which these boundary 
value conditions must be fulfilled. For example, for a mixed problem for 
Eq. (1), the fulfillment of the second of the initial conditions (4) may be 
required in the sense Y(G): 


| 


Ot 
For Neumann’s problem for the Laplace equation the fulfillment of 
boundary condition (16) may be required in the following sense 


u || > 0, t>+0 (20) 











DS a(x), xi>x, x 6G, x'e—-n, (21) 





6. The Correctness of Formulation of Problems of Mathematical Physics. 
Insofar as problems of mathematical physics describe real physical processes, 
the mathematical formulation of these problems must satisfy the following 
natural requirements: 


(a) The solution must exist within a certain class of functions .4,. 

(b) The solution must be unique within a certain class of functions 4. 

(c) The solution must depend continuously on the data of the problem 
(initial and boundary data, inhomogeneous term, coefficients of the equa- 
tion, etc.). The continuous dependence of the solution u on the data of 
the problem @ signifies the following: 

Let the sequence of data #,, k = 1,2, ..., in some sense tend toward 
ñ and let u,, k = 1,2, ..., and u be the corresponding solutions of the 
problem; then u, — u, k — coin a manner of convergence properly chosen. 
For example, let the problem lead to the equation Lu = F, where L is 
the linear operator mapping 4 into./, where æ and_/ are linear normed 
spaces. In this way the continuous dependence of the solution u on the 
inhomogeneous term F will be guaranteed if the operator L~! exists and is 
bounded from.” into æ (cf. Secs. 1.8 and 1.9). The continuous dependence 
of the solution is necessary, because as a rule the data of a physical problem 
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are defined from experiment, approximately, and so one must be sure that the 
solution of the problem is not essentially dependent on errors in measurement. 


A problem which satisfies the requirements (a)—(c) listed above is called 
correctly posed, and the corresponding set of functions .4, N 4, is called 
the correctness class. 

Finding the correct formulations for problems of mathematical physics 
and methods of constructing their solutions (exact or approximate) is the 
main content of the study of the equations of mathematical physics. 


7. Kowalewski’s Theorem. At this point we shall select a fairly general 
class of Cauchy problems for which a solution exists and is unique. First 
of all we shall introduce two definitions.* 


(1) The system of N differential equations with N unknown functions 
Uy, Ug, ...,Uy 
O*u, Ox 
Gee = B(x t1, Ma, say «os Gree Dis.) (22) 
i=1,2,...,N 


is called normal with respect to the variable t if the right-hand sides ®; 
do not contain derivatives of an order higher than k; or derivatives in £t of 
an order higher than k; — 1; that is, 


a +a + e + ar Ski, oS k;— 1 


For example, the wave equation, Laplace’s equation, and the equation of 
heat conduction are normal with respect to each variable x; the wave 
equation, moreover, is normal with respect to t. 

(2) A function f(x), x = (x1, X2, . . -, Xn), is called analytic at the point 
Xo if in a certain neighborhood of this point it can be represented in the 
form of a uniformly converging power series 


fe) = Yate — my = YE Go = ayy 


la] 20 læ: =0 


(the point x, can also be complex). If a function f(x) is analytic at each 
point of some region G, then it is said to be analytic in the region G. 


* The notation used below was introduced in Sec. 1.2. 
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For a system of equations (22), normal with respect to ¢, we shall for- 
mulate the following Cauchy problem: to find the solution u,, ug, ..., uy 
of this system, satisfying the initial conditions when t = tọ: 


0 ku; 


D |p, 7PC k=0,1,...,4; —1, i=1,2,...,.N (23) 


where g;,(x) are the given functions in a certain region G c R”. 


THEOREM OF KOWALEWSKI. [Jf all the functions 9j(x) are analytic in a 
certain neighborhood of the points x, and all the functions ®,(x, t, ..., 
Ujaya4...%,9 ++) are analytic in a certain neighborhood of the point 


(Xo, los sess D*Pjx4(Xo)s oe .) 


then Cauchy’s problem (22)-(23) has an analytic solution in a certain neigh- 
borhood of the point (xo, ty) and is, moreover, unique in the class of analytic 
functions. 


To prove this theorem, a solution u, uz, ..., uy in the neighborhood of 
a point (xo, fo) is sought in the form of a power series 


(0%0/01%)Du;(Xo» to) 


& 20.la| 20 Oo !a! 


u(x, t) = (t — to — xo) (24) 

From the initial conditions (23) and from Eqs. (22), all the derivatives 
(0°/0t~)D2u; at the point (xo, to) may be successively determined. The 
uniform convergence of the series (24) in a certain neighborhood of the 
point (xo, to) may be proved by the method of majorants. The uniqueness 
of this solution constructed in the class of analytic functions follows from 
the theory of uniqueness for analytic functions. 

Detailed proofs of Kowalewski’s theorem are contained, for instance, 
in the books of I. G. Petrovsky (/), R. Courant (/), and G. N. Polozhy (7). 


8. Hadamard’s Example. Kowalewski’s theorem, in spite of its general 
character, does not fully answer the question of the correctness of formula- 
tion of Cauchy’s problem for a normal system of differential equations. 
In fact, this theorem guarantees the existence and uniqueness of the solu- 
tion only in a sufficiently small neighborhood or, as it is said, in the small; 
usually these facts need to be established in preassigned (and not at all 
small) regions or, as it is said, in the large. Further, the initial data and the 
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inhomogeneous term of the equation, as a rule, are nonanalytic functions. 

Finally, there may not be continuous dependence of the solution on the 

initial data. This is shown by an example first constructed by Hadamard. 
The solution of the Cauchy problem 











a 
U| tno = 0, | apn 
for Laplace’s equation 
Pu Ou 
ðe —s x? 
is 
u(x, t) = sine sin kx 


If k— +00, then (1/k) sin kx — 0 for all x; nevertheless, when x + jz, 
jJ=O+1,..., 


u(x, t) = sm Ki sin kx + 0, k — co 





In this way, the Cauchy problem for Laplace’s equation is incorrectly posed 
(in the sense of the definition of Sec. 4.6). Nevertheless, correct formulations 
of this problem are possible. For instance, in a class of functions bounded 
by a fixed constant, this problem is correctly posed under the condition 
that its solution exists (the latter requirement leads to fully defined restric- 
tions on a set of permissible initial data uo and u,). 

For correct formulation of Cauchy’s problem for Laplace’s equation 
and methods of solution, see M. M. Lavrentiev (7). 


9. Classical and Generalized Solutions. The formulations of boundary 
value problems which have been set out in the previous pages are charac- 
terized by the fact that their solutions are assumed to be sufficiently smooth 
and to satisfy the equation at each point inside the region of definition of 
these problems. We shall call such solutions classical and the formulation 
of the corresponding boundary value problem will be a classical formulation. 
In this way, the classical formulation of a problem assumes, for instance, 
the smoothness of the right-hand side of an equation within its region of 
definition. However, in the most interesting problems these right-hand sides 
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(let us note that they characterize the intensity of the external perturbations) 
have fairly marked singularities. Therefore, for problems such as these, 
classical formulations are not sufficient. To formulate these problems, one 
must refrain (partially or completely) from insisting on the smoothness of 
the solution inside the region, and introduce so-called generalized solutions. 
But then the question arises: Which functions can be called the solutions 
of the equation? In order to answer this, it is necessary, in essence, to 
generalize the idea of a derivative and the idea of a function; that is, to 
introduce so-called generalized functions. We devote the following chapter 
to the study of this question. 


CHAPTER 
2 


Generalized Functions 


Generalized functions were first introduced into science as a result of 
Dirac’s research into quantum mechanics, where he systematically uses 
the 6 function. The foundations of the mathematical theory of generalized 
functions were laid by S. L. Sobolev (2, 1936) and L. Schwartz (2, 1950- 
1951). Later the theory of generalized functions was developed intensively 
by many mathematicians; its rapid development was stimulated mainly 
by the requirements of mathematical physics and especially by the theory 
of differential equations and the quantum field theory. At the present time 
the theory of generalized functions is far advanced and has numerous 
applications in physics and mathematics; it is becoming an essential tool 
for the physicist, the mathematician, and the engineer. 


§ 5. Test and Generalized Functions 


1. Introduction. A generalized function is a generalization of the classical 
concept of a function. This generalization, on one hand, allows us to express 
in mathematical form idealized concepts such as, for instance, the density 
of a material point, the strength of a point charge or dipole, the density of 
a simple or double layer, the strength of an instantaneous point source, 
the intensity of a force applied at a point, and so on. On the other hand, we 
find in the concept of a generalized function a reflection of the fact that it 
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is really impossible, for instance, to measure the density of a material at a 
point; we can only measure its average density in a sufficiently small neigh- 
borhood of this point and call this the density at a given point. Roughly 
speaking, a generalized function is defined by its “average values” in the 
neighborhood of each point. 

To clarify what has just been said, we shall examine in more detail the 
question of the density created by a material point of mass 1. We shall 
consider that this point coincides with the origin of the coordinates. We 
shall denote this density by (x). 

To define the density we shall distribute (or, as it is said, spread) the unit 
mass uniformly inside the sphere U,. As a result we shall obtain the average 
density 

3 


Ho) =| 4ne* ’ 
0, |x| >e 


|x| <e 


We shall first take as the density d(x) the point limit of the sequence 
of average densities f,(x), that is, 


B(x) = tim f(x) = { i amy (1) 


It is naturally required that the integral of the density 6 over any volume 
G should give the mass of this volume, that is, 


1, if OEG 
POLEST if 0EG 


But, by virtue of (1), the left-hand side of this equation is always equal to 
zero if the integral is taken to be improper. The contradiction here shows 
that the point limit of the sequence f,(x) as e — 0 cannot be taken as the 
density ô(x). 

We shall now calculate the weak limit of the sequence of functions 
f(x) as e — 0, that is, for any continuous function we shall find the limit 
of the numerical sequence f fip dx when e— 0. 

We show that 


lim | F.C) p(x) dx = 9) 


In fact, on account of the continuity of function v(x) for any 4 > 0 
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there is a £ > 0 such that | p(x) — (0) | < n whenever | x| < £o. From 
this, for all € < £, we obtain 





| [rea de — 9) |= 325] be) — oO] dx 


3 
=o Pres | p(x) — p(0) | dx 


3 
=n 4re? ain ” 


as was to be shown. 

In this way, the weak limit of the sequence of functions f,(x) as € — 0 
is the functional g(0), assigning to each continuous function g(x) the 
number ¢(0)—its value at the point x = 0. It is this functional which is 
taken as the definition of the density 6(x), and this is the well-known Dirac 
6 function. 

So f.(x) > 6(x) as e > 0, in the sense that for any continuous function 
g(x) the limiting result 


S Ap) dx (6,9), > 0 


is valid, where the symbol (ô, œ) denotes the number y(0)—the value of 
the functional ô acting on function 9. 

To recover the complete mass, it is necessary to act with the functional 
(density) 6(x) on the function (x) = 1, (ô, 1) = 1. 

If the mass m is concentrated at the point x = 0, the corresponding density 
must be considered equal to mô(x). If mass m is concentrated at the point 
Xo, its density is naturally considered equal to mô(x — xo), where (mô(x 
— Xo), p) = my(xo). In general, if masses m, are concentrated at different 
points x}, k = 1,2, ..., N, the corresponding density is equal to 


N 
5 mô(x — xz) 
kz 


2. The Space of Test Functions 2. This example of the 6 function shows 
that it is defined by means of continuous functions as a linear continuous 
functional over these functions (cf. Sec. 1.8). The continuous functions are 
said to be test functions for the 6 function. This point of view is also taken 
as the basis of definition of an arbitrary generalized function as a linear 
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continuous functional over a space of sufficiently “good” (test) functions. 
It is clear that the narrower the space of test functions, the more linear 
continuous functionals there are over it. On the other hand, the supply 
of test functions must be sufficiently large. In this subsection we introduce 
an important space of test functions 2. We first give some definitions. 

Let us relate to the set of test functions D = D(R") all the infinitely differ- 
entiable functions in R” with compact support. We shall define convergence 
in 2 as follows: The sequence of functions 9,, P2, ..., from D converges 
to the function g (belonging to 2) if: (a) there is a number R > 0 such 
that supp p = Up; (b) for each a = (a, G, ..., Gp) 


Dep) ==> Dlx),  k— o 


In this case we shall write: p > p as k > œ in 2. 

Evidently 2 is a linear space (cf. Sec. 1.2). 

The operation of differentiation D®p(x) is continuous from D into D 
(cf. Sec. 1.8). In fact, from the definition of convergence in 2 it follows that 
if p, > ọ as k — œ in 2, then D'p, — D®°y as k > œ in 2. 

Analogously, the operations of nonsingular linear change of variable 
g(Ay + b) and multiplication by a function a e C°(R"), a(x)p(x), are 
continuous from 2 into Z. 

The set of test functions, the supports of which are contained in the given 
region G, is denoted by 2 (G) (cf. Sec. 1.2); in this way 


BG) < OR") =D 


The question then arises: Are there test functions distinct from being 
identically zero? It is clear that such functions cannot be analytic in R” 
(cf. Sec. 4.7). As an example of a test function distinct from a zero function, 
there is the ‘“‘cap-shaped function” (Fig. 12) 


E? 
TE c |x|se 
0, |x| > e 


We shall choose a constant C, so that 


J o,(x) dx = 1 
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Fig. 12 
that is, 
Ce" | exp(— <3: dé=1 
Odo i-T 
The following lemma gives numerous other examples of test functions. 


Lemma 1. For any region G and any number e > 0 there is a function 
n E€ C®@(R") such that 


O<; n&)=1, xEG; n(x)=0, xE G; 


Proof. Let x(x) be the characteristic function of the set G}: y(x) = 1 
for x € Ga; x(x) = 0 for x € G,,. Then the function 


n(x) = f x)o,(x — y) dy 
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has the required properties. In fact, since œ, € D, 0 < ,(x), supp w, = ŪU,, 
J @,(x) dx = 1, then (Fig. 13) 


n(x) = J we — y) dy € C(RY) 
0< n(x) < f w(x — y) dy = f oE) dé = 1 


n(x) = fi Mode — y) dy 


Us 


{! w(x — y)dy = [oE dE =1, x€G, 
— U (ae) 

0, x E Gg 
The lemma is proved. 


It follows from the lemma just proved: (a) If the region G is bounded, 
there is a function 7 € 2 such that y(x) = 1, for x e G,. (b) If G’ EG, 
there is a function n € D(G) such that n(x) = 1 for x e€ G’. 


Lemma 2 (expansion of the unit function). Let the support of the test 
function ọ be covered with a finite number of neighborhoods U(xy; rx), 
k= 1,2, ..., N. Then there will be functions ph, € D such that 


N 

p(x) = E pah) 
t= 

(2) 

supp phy, < U(xr; rx) 


Proof. Let us take the diminished neighborhoods U(x,;; rj), ri < rz; 
k = 1,2, ..., N, covering the compactum supp ¢ (Fig. 14). According to 
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Lemma 1 of Sec. 5.2 there are test functions e,(x) such that 
e (x) =1, x E€U(xr; re), supper c U(xr; re) 


We shall set 





X ex(X) 
h x)= elx), h x)= k 
According to the construction A(x) > 1, ©, h(x) = 1 in the neighbor- 
hood of supp 9, and therefore ph, € D, supp ghy < U(x;z; r4), and Eq. (2) 
is true. The lemma is proved. 


3. The Space of Generalized Functions 2’. Each linear continuous func- 
tional over the space of test functions 2 is known as a generalized function 
in the Sobolev-Schwartz sense. In correspondence with the notation of Sec. 
1.8, we shall denote by (f, p) the effect of the functional (generalized func- 
tion) f over the test function y. We shall also formally denote the gener- 
alized function f by f(x), with the understanding that x is the argument of 
the test functions on which the functional f acts. 

Let us interpret the definition of the generalized function f. 


(1) The generalized function fis a functional over 2 ; that is, a (complex) 
number (f, p) is associated with each y € 2. 

(2) The generalized function f is a linear function over 2; that is, if 
p E2, y €Y, and A, u are complex numbers, then 


(f Ap + uy) = MAY) + MSY) 


(3) The generalized function fis a continuous functional over 2; that is, 
if p, > y as k — œ in 2, then 


(Ao —> (49), k>o 


We shall denote the set of all generalized functions by D’ = D’(R"). 

The set Z’ is linear if the linear combination Af + mg of generalized 
functions f and g is defined as a functional acting in accordance with the 
formula 


Af+ ug p) =f p) + up) veD 


We shall verify that the functional Af + ug is linear and continuous over 
2; that is, that it belongs to Z’. In fact, if p €e Z, y € Z, and a, B are 


70 2. GENERALIZED FUNCTIONS 


any complex numbers, then, according to the definition, 


(f+ ug, ap + By) = ACS, ap + By) + ule, ap + By) 
= afA( fp) + ele, p)] + BACS, Y) + ulg, y) 
= a(Af + ug, p) + POf + ug, y) 


and so this functional is linear. Its continuity follows from the continuity 
of the functionals f and g: If p —>ọ as k > œ in 2, then 


(Af + ug, pr) = ACS, Pr) + ule, Pe) > AC p) + ule, p) = f+ ug, p) 


We shall define convergence in Z’ in the following way: The sequence 
of generalized functions fi, fz, ..., belonging to BD’ converges to the 
generalized function f € &’ if, for any py € 2, (fr, p)—> (Jf, p) as k — œ. 
In this case we shall write f, > f as k— oœ in 2'. This convergence is 
called weak convergence. The linear set Z’ with the convergence which has 
been introduced into it is known as the space of generalized functions D'. 


Note. The space BD’ is complete; that is, if the sequence f, fz, ..., 
belonging to Z’ is such that for any test function g € 2 there is a limit 
of the numerical sequence (fi, P), (J2, P), ..., then there will be a gener- 
alized function (obviously unique) f €e B’, such that 


tim (p) = (Fp) vpEeD 


Proof of this theorem may be found, for instance, in the book of G. E. 
Shilov (2, Sec. 9). In future, the completeness of the space 2’ will not be 
used. 


4. The Support of a Generalized Function. It is clear from the definition 
that generalized functions, roughly speaking, have no values at separate 
points. Nonetheless it is possible to say that a generalized function becomes 
zero in a region. 

The generalized function f becomes zero in the region G if ( f, p) = 0 for 
all p e Z(G). We shall write this fact thus: f = 0 for x € G. In correspon- 
dence with this definition, generalized functions f and g are said to be equal 
in the region G if f — g = 0 for x e G; in this case we write f = g for 
x € G. Specifically, the generalized functions f and g are said to be equal, 


f= g, if for all g E€ 2, (f, p) = (g, p). 
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We shall say that the generalized function f belongs to the class C?(G) 
if in the region G it coincides with the function f(x) of the class C?(G); 
that is, for any pg € Z(G) 


(4.9) = J HOE) dx (3) 


Lemma. Let the space R” be covered with a countable system of neighbor- 
hoods U(x,; rz), k = 1,2, ..., and in each neighborhood U(x,; rz) let the 
generalized function f coincide with the generalized function fy. Then f is 
defined in a one-to-one manner by its local elements fy. 


Proof. Let e Z. According to the Heine-Borel lemma (cf. Sec. 1.1), 
the compactum supp¢ is covered by a finite number of neighborhoods 
U(x; ry), k = 1,2, ..., N, N = N(p). According to Lemma 2 of Sec. 5.2, 
there are functions p, € Z such that 


N 
p(x) = L P(x), — Supp Pr € U(xy; rx) 
Consequently, 


N N 
(4,9) = = (Ff, Px) = È (Se Px) (4) 


that is, the generalized function f is defined by its local elements fọ. We 
shall prove the uniqueness of f. Let there be another generalized function g 
with the same local elements f}. Then, by virtue of (4), for any y € 2 


Ans > (fest) = (9) 


and therefore f = g. The lemma is proved. 


It follows from the lemma which has just been proved: In order that the 
generalized function f should become zero in the region G, it is necessary and 
sufficient that it become zero in the neighborhood of each point of this region. 

The set of all those points such that in no neighborhood of each point of 
this set does fÆ 0 is known as the support of the generalized function f. 
We shall denote the support of f by supp f. It is evident that supp f is a 
closed set. If supp f is a bounded set, the generalized function f is said 
to have compact support. 
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It follows that in any region lying outside supp f, the generalized function 
f becomes zero, that is, 


(f£,~9)=0, ~pED,  suppfNA supe = Ø (5) 


In fact, if the point x) € supp f, there will be a neighborhood of this 
point such that f = 0 in this neighborhood. As a corollary to the lemma of 
Sec. 5.4, f = 0 also in any region consisting of such neighborhoods. 


5. Regular Generalized Functions. The simplest example of a generalized 
function is the functional generated by the function f(x) locally integrable 
in R”: 


(4,9) = [Spd pe? (6) 


From the property of linearity of the integral follows the linearity of this 
functional: 


(F Ap + my) = S Ipla) + uylx)] dx 
=A J fp) dx + u f SOW) dx = AK) + HY) 


and from the theorem which concerns proceeding to the limit under the 
integral sign follows the continuity of this functional over 2: 


(Lon) = f Soop) de> | fe) dx = p) k +00 


if p > p as k > oo in 2. In this way the functional (6) defines a generalized 
function belonging to Z’. 

Generalized functions which are definable in terms of functions locally 
integrable in R” according to formula (6) are said to be regular generalized 
functions. The remaining generalized functions are said to be singular gener- 
alized functions. 


Lemma (Du Bois Reymond). Jn order that the function f(x), locally 
integrable in G, should become zero in the region G in the sense of generalized 
functions, it is necessary and sufficient that f(x) = 0 almost everywhere in G. 


Proof. The sufficiency of the condition is evident. Let us prove its 
necessity. Let a be an arbitrary point of the region G. There will be a closed 
sphere O(a; e) which is wholly contained in the region G and in which, 
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consequently, f= 0 in the sense of Sec. 5.4. Since for each k = (ky, kz, 
. -< kn) the function 


i 
vu) = exp[ — k, xot — a) 
where œ, is a “cap-shaped function” (cf. Sec. 5.2), belongs to 2 (G), then 
(Lvs) = f Aol — a) exp| (k, x)| dx = 0 


In this way, all the Fourier coefficients corresponding to the trigonometric 
system {exp[(i/e)(k, x)]} of the function /(x)w,(x — a), which is integrable 
over the sphere U(a; £), are equal to zero. It follows* that this function is 
equal to zero almost everywhere and, consequently, f(x) = 0 almost every- 
where in this sphere. Since a is an arbitrary point of the region G, then 
f(x) = 0 almost everywhere in G. The lemma is proved. 


Each function locally integrable in R” defines, according to formula (6), 
a regular generalized function. It follows from Du Bois Reymond’s lemma 
that each regular generalized function is defined by a unique’ function 
locally integrable in R”. Consequently, there is a mutual one-to-one cor- 
respondence between the functions locally integrable in R” and regular 
generalized functions. Therefore we shall identify a locally integrable func- 
tion f(x) and the generalized function generated by it according to formula 
(6)— the functional (f, p). In this sense the “usual,” that is, locally integrable 
functions in R”, are (regular) generalized functions. 

It follows also from Du Bois Reymond’s lemma that both definitions of 
the support of a continuous function given in Secs. 1.2 and 5.4 coincide. 


Finally, we remark that if the sequence f,(x) for k = 1,2, ..., of func- 
tions locally integrable in R” converges uniformly over each compactum to 
a function f(x), then it converges to f(x) in D’(R”). 

In fact, for any p € 2 we have 


(Fes) = SAP) dx > J Spa) dx = (fy), k— o 


* Compare, for instance, G. M. Fichtengolz (1, Vol. III, Chap. XX), and G. E. Shilov 
(J, Chap. VID). 
+ With an accuracy as far as the values on a set of measure zero. 
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6. Singular Generalized Functions. By the definition we have just given, 
it is impossible to identify a singular generalized function with any locally 
integrable function. The simplest example of a singular generalized function 
is the Dirac ô function (cf. Sec. 5.1) 


(ô, p) =p0) yveD 


Evidently, ô e BD’, ô(x) = 0 for x 40, so that supp 6 = {0}. We shall 
prove that ô(x) is a singular generalized function. Let there be, on the 
other hand, a function f(x) locally integrable in R” such that for any func- 
tion pe D 

SIOP) dx = p0) (7) 


Since x,9(x) € 2 if p € 2, then it follows from (7) that 
S fxg) dx = x19(X) |e- = 0 = OL) 


for all p € Z; here x, is the first coordinate of x. In this way, the function 
x, f(x), locally integrable in R”, is equal to zero in the sense of generalized 
functions. According to Du Bois Reymond’s lemma, x, f(x) = 0 almost 
everywhere and therefore f(x) = 0 almost everywhere. But this contradicts 
Eq. (7). The contradiction obtained proves the singularity of the 6 function. 

Let w,(x) be a “‘cap-shaped function” (cf. Sec. 5.2). We shall prove that 


w,(x) > 6(x), e>+0 in & (8) 


In fact, according to the definition of convergence in 2', Eq. (8) is equiv- 
alent to the equality 


lim | op) dx = 90), pe? 
e>+0 


On account of the continuity of the function y(x) for any 7 > 0 there is 
an & > 0 such that | g(x) — (0)| < y if and only if | x| < £. From 
this, using the properties of the “‘cap-shaped function” w,(x), for all £ < £, 
we obtain 


| J oap) dx — pO) | < J ox) | oO) — g0) | dx < n f ox) dx = n 


as was to be shown. 
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A simple layer over a surface is a generalization of the ô function. Let S 
be a piecewise smooth surface and u(x) be a continuous function defined 
over S. We shall introduce the generalized function uôs, acting according 
to the rule: 


(uðs, p) = i up) dS, pe? 


It is evident that uôs € D’; uôs(x) = 0 for x € S so that supp uôs € S. 
The generalized function uôs is said to be a simple layer over the surface S, 
with density u. 


Note. Locally integrable functions and ô functions describe the distribu- 
tions (densities) of masses, charges, forces, and so on (cf. Sec. 5.1). There- 
fore, generalized functions are also known as distributions [cf. L. Schwartz 
(1, 2)]. If, for example, the generalized function f is the density of masses 
or charges, then the expression (f, 1) is a complete mass or a charge, 
respectively (if f acts on a function identically equal to 1; this function does 
not belong to D!). Specifically, (6,1) = 1; (f, 1) = J f(x) dx if f is an 
absolutely integrable function over R”. 


7. Sokhotsky’s Formulas. We shall introduce a linear functional.7(1/x), 
acting according to the formula 


(25o) = Pv f 22 a = tim (f=, + 7) Pe ax, p E2 


e>+0 


Since for any y € 2, g(x) = 0 for | x| > R, the inequality x! (x) Ô 


(ob) |= [oj 22 





Po f” PO) + EE) a| 


-R x 





R 
< | | g'(x") | dx < 2R max | g'(x) |, x’ € (—R, R) 
-R zeR! 


is true, then P(1/x) e D’. The generalized function (1/x) coincides (in 
the sense of Sec. 5.4) with the function 1/x when x 4 0. It is said to be the 
finite part (partie finie) or the principal value of the integral of 1/x. 

We shall now establish the equation 


PO) wi p) 
an Í Aie dx = ixp(0) + Pf EA dx, pE 2D (9) 
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In fact, if p(x) = 0 when | x| > R, then 


lim | Pee 20) dx = lim i 


p 
e>+0 e>+0 ” -ZR ae re e 


(x) dx 


= (0) lim le Eee 


e>+0 


+ lim ie lp) — p(0)] dx 


e>+0 er H 2 


— 2ip(0) ve arc tan — 


ane le LE) — 9) pO) jx 


= —inp(0) + Po | sto, dx 


Equation (9) shows that there is a continuous limit of the sequence 
1/(x + ie), e— +0 in 2’ which we denote by 1/(x + i0) and this limit is 
equal to —izò(x) + A(1/x). So, 

1 ; 1 
PEAT —in6(x) P (10) 


Analogously, 


1 , 1 ' 


Formulas (10) and (10’) are known as Sokhotsky’s formulas and are used 


in quantum physics. 


8. Linear Change of Variables in Generalized Functions. Let f(x) be 
a function locally integrable in R” and let x = Ay + b with det A40 
be a nonsingular linear transformation of the space R” onto itself. Then for 
any y € 2 we obtain 


(Ay + b), p) = | Ady + DPO) dy 


= qarap [OAE = D) ae 


= qarap Ple — DD 


We shall take this equation as the definition of the generalized function 
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f(4y + b) for any f(x) € Z': 


_ (p PAE — b) ) 
(May +b. 9)—= (LETT), ge® D 
Since the operation p[A~1(x — b)] is linear and continuous from 2 into 2 
(cf. Sec. 5.2), the functional f(Ay + b), defined by the right-hand side of 
Eq. (11), belongs to 2”. 

Specifically, if A is a rotation, that is, if A’ = A-1, and b = 0, then 


(f(Ay), p) = (J, p(x) 


if A is a dilatation (or reflection), A = cI, and b = 0, then 


(ey) 9) = ei (4-9(=)) 


c 
if A = J, then 
(O + 5), p) = (f.p — b) 


The generalized function f(x + b) is called the translation of the gener- 
alized function f(x) by the vector b. For instance, 6(x — xo) is the transla- 
tion of ô(x) by the vector —xo, and it acts according to the formula 


(ÔC — xo), p) = (ô, p(x + xo)) = p(xo) 


These equations allow us to define spherically symmetrical, centrally 
symmetrical, homogeneous, translation invariants with respect to displace- 
ments, Lorentz invariants, and so on, and other generalized functions. 


9. Multiplication of Generalized Functions. Let f(x) be a function locally 
integrable in R” and a(x) e C°(R”). Then for any p € 2 the equation 


(afp) = (f ap) vpeD (12) 


is true. We take Eq. (12) as the definition of the product af for any 
fe®2'. Since the operation of multiplication by the function a € C®(R”) 
is linear and continuous from 2 into 2 (cf. Sec. 5.2), then the functional 
af, definable by the right-hand side of Eq. (12), belongs to 2’. 

If f €D', then the equation 


f=nf (13) 
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is true, where n is any function of the class C°(R") equal to 1 in the neighbor- 
hood of the support of f. 

In fact, for any y € 2 the supports of fand (1 — y)ọ do not have common 
points, and therefore, by virtue of (5), 


(f — nf.) = (fF,  — np) = 0 


Examples. 
(a) a(x)6(x) = a(0)6(x), since for all pe 2 


(aô, p) = (6, ap) = a(0)p(0) = (a(0)ô, p) 


(b) xP (1/x) = 1, since for all p € Z (R!) 
(x220) = (24) = Pr | 2O ay = [e@) d= (1, ¢) 


We may then ask: can we not define the product of generalized functions 
as another generalized function? The product of locally integrable functions 
need not be locally integrable [for instance (| x|-”?)? =|x|-! in R4], 
and this holds true for generalized functions: L. Schwartz has shown that 
it is impossible to define the kind of product that would be associative and 
commutative. In fact, if it were to exist, then, using Examples (a) and (b), 
we should obtain the following contradictory sequence of equations: 


0=0F L = iP - = (6(x)x)P + bes (x =) 16) 


To define the product of generalized functions f and g, they must have the 
following properties: insofar as f is “nonregular” in the neighborhood of 
an arbitrary point, so must g be “regular’’ in this neighborhood. For ex- 
ample, 6(x — a)ô(x — b) = 0, if ab. 


10. Exercises. (a) Prove that the functions 





tend to d(x) when € > +0. 


§ 6. DIFFERENTIATION OF GENERALIZED FUNCTIONS 79 


(b) Using Sokhotsky’s formula, prove the following limits when t-> +00: 


emt anid e~% 
zon 7) goo? 

e% ene ' 
PEN 0, xo” —2nid(x) 


§ 6. Differentiation of Generalized Functions 


Generalized functions have a number of convenient properties. For in- 
stance, with the proper generalization of the concept of a derivative, any 
generalized function is infinitely differentiable, and converging series of 
generalized functions can be differentiated term by term an infinite number 
of times. 


1. Derivatives of Generalized Functions. Let f e C?(R”). Then whenever 
a, | a| < p, and y € 2 the formula for integration by parts, 


(Df, p) = J Def(x)p(x) dx = (—1)'"' f SOD) dx = (—1) (f, Dp) 


is valid. 
We shall also take this equation as the definition of the (generalized) 
derivative D*f of the generalized function f € D’: 


(DF, p) = (-1)*"(f, Dy), pe? (1) 


We shall check that Df e D’. In fact, since f €e D’, the functional D*f, 
definable by the right-hand side of Eq. (1), is linear: 


(Def, Ap + uy) = (1) (f, Dep + uy)) 
= (—1)"( f, AD*p + wD*y) 
= A(—1)( f, Dp) + u(— 1) (f, D*y) 
= A(D*f, p) + uD, y) 
and continuous: 


(DF, px) = (—1)'""(f, Depr) > (—1)'"(f, Dp) = (Df, p) 


for, if gy, > gp as k— oœ in 2, then also Dy, > D*p as k—> oœ in 2 
(cf. Sec. 5.2). 

We shall denote by {D*f(x)} the classical derivative (where it exists). 
It follows from the definition of the generalized derivative that if the gener- 
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alized function f € C?(G), then 
Def = {D¥(x)}, xeG, |al<p 


according to the definition of Sec. 5.4. 


2. Properties of Generalized Derivatives. The following properties of 
the operation of differentiation of generalized functions are true. 


(a) Any generalized function is infinitely differentiable. 

In fact, if fe’, then Offox; E D’; in its turn (0/0x,)(Of/Ox;) E BD; 
and so on. 

(b) The result of differentiation does not depend on the order of differentia- 
tion; for example, 


2 (Z) ERLA 2) = pof (2) 


Ox, \ Ox, OX 


In fact, for any py €e Z we obtain 


wpe) = (tare) = (ae (ae) ”) = (Ger (Ge)9) 


from which Eq. (2) (cf. Sec. 5.4) follows. 
In general, 














De*8f = D*(D8f) = D®(D*f) (3) 


(c) If feD' and a e CR"), then Leibnitz? formula for differentiation 
of the product af (cf. Sec. 5.9) is valid. For example: 


alaf) _ ða of 
Pa ae oe (4) 





In fact, if pọ is any basic function, then 
alaf) [p POD dy 
(tae) 7 (ae) > (42a) 


OB Bn) 1 RB) «(cB 


($s) (Ene) = (oa) + (Br 
= (a i + sah p) 


from which Eq. (4) (cf. Sec. 5.4) follows. 
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(d) If the generalized function f = 0 for x e G, then also D*f = 0 for 
x € G, so that supp D*f c supp f. 
In fact, if p e D(G) then D*p € D(G) and so 


(Df, p) = (—1)""(f Dy) =0, =p € DG) 


which shows that D*f= 0 for x e G (cf. Sec. 5.4). 

(e) The operation of differentiation is continuous from D' into BD", that is, 
if fe > f as k > œ in D, then D*fy, > D*f as k > co in DB". 

Indeed, according to the definition of convergence in the space D’ 
(cf. Sec. 5.3), for all p € D we have 


(Dfe, P) = (1) fr, Dp) > (—D)"(f, Dy) = (DY, p), 
k — œ 


which shows that D*f, — D*f as k > œ in Z”. 
(f) If the series 
X u(x) = Sx) 
f= 
composed of locally integrable functions u;(x) converges uniformly over each 
compactum, then it can be differentiated term by term any number of times 
and the series obtained will converge inD'. 
In fact, since for any R > 0, 


p 
. S= X u) EF Sx), poo 


then Sp — S as p — co in’ (cf. Sec. 5.5). But then, by virtue of (e), 


Dp 
DS, = X, Duu,—> DS, poo in B 


k=1 


as was to be shown. 
It follows specifically from this: If 


|ar| <A|k|” +B (5) 
then the trigonometric series 
2 ape? (6) 
converges in D’(R'). 
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Indeed, by virtue of (5), the series 
agxmt? 


(m+ 2)! +2 Resa 


converges uniformly in R!; ee its derivative of order m + 2 
converges in D’(R') and coincides with series (6). 


3. Examples, n = 1. (a) Let the function f(x) be such that fe C\(x< xo) 
and fe C! (x > xo). We shall show that 


F= O + [71,0 — xo) (7) 


where we write [f] = /(%o + 0) — f(%o — 0). 
In fact, if p e 2, then 


p) = —(L') = — SAE E) dx 

LA + 0) — f — Olp) + S LF’) ep) dx 
= {Lfl ð — xo) HE'E 9) 

Specifically, 6’(x) = ô(x), where 6 is Heaviside’s function: 


O(x) = 1, x>0; 0(x) = 0, x<0 


If then the function f(x) has isolated discontinuities of the first kind at 
the points {x+}, then formula (7) may be naturally generalized to give 


F=} + » Llr — xx) (8) 


Specifically, if fo(x) = 4 — (x/22) for x e [0, 27] is a 2x-periodic function 
(Fig. 15), then 


K=- + $ d(x — 2kr) (9) 


fo(x) 
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It is convenient to obtain formula (8) locally, in the neighborhood of 
each point x, by using formula (7). 
In this way, roughly speaking, generalized and classical derivatives do 


not coincide. 
(b) We shall calculate the density of charges corresponding to a dipole 
with electric moment +1 at the point x = 0 on a straight line. 


The density of charges 


1 1 
= 8 e) — = 6), e>0 


approximately corresponds to this dipole. Proceeding to the limit when 
e—> +0 


(=a - 9) - 90,9) = + © — pO] gO 
= (6, g’) = = (ô, p) 


we conclude that the density sought is equal to — 6’(x). 
We shall make certain that the complete charge of the dipole is equal to 0: 


(— 6’, 1) = (ô, 1’) = (6,0) = 0 
and that its moment is equal to 1: 
(— 0’, x) = (ô, x’) = (6,1) = 1 


(c) We shall prove the formula 


l S ike — S ano 
2a. eike — 2 d(x — 2kx) (10) 


=—00 


For this we expand the 2x-periodic function fa(x) = 4 — (x/2z) [cf. 
Sec. 6.3, (a)] in the Fourier series 
M=- S pee 
o o 27 k=—00 k 


k#0 


By virtue of the results of Sec. 6.2, (f), this series can be differentiated term 
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by term in Z’ any number of times. Taking (9) into consideration we 
obtain 
f= --—+ S (x — 2kn) = -— 3 eke 
ars 
as was to be shown. 
(d) We shall show that the general solution of the equation 


xy = 0 (11) 


in D’(R) is given by the formula 


w= "> 4d (x) (12) 
k 


=0 


where c, are arbitrary constants. 
Since for all p € Z and k = 0, 1,...,m— 1 


(x), p) = (6), xp) = (18, (x™@)) = (Drp) ® eo = 0 


then 
x(x) = 0, k=0,1,...,m—1 


and, consequently, the generalized function (12) satisfies Eq. (11). 

We shall prove that formula (12) gives a general solution of this equation 
in Z’. Let n(x) be a test function, equal to 1 in the neighborhood of the 
point x = 0. (According to Lemma 1 of Sec. 5.2 such a function ee 


Then for any pọ € 2 the function T 
m—1 p” an 
: E” ae hey 


Ff 
v(x) = [pe - ne 2 aay 


ijn 





Consequently, if u e D’ is the solution of Eq. (11), then 


(u, p) = (u, n(x) 2 ro oa) + (u, x™p(x)) 
E m—1 g% © 





(u, n(x)x*) + (xu, y) 


m—1 m—1 
= È, (—1)cp™ (0) = & c.(d, p) 
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as was to be shown. Here 


(=) 


k 
Ck = k! (u, nx*) 





are arbitrary constants. 


Note. The result obtained follows directly from the more general asser- 
tion that each generalized function whose support is a point appears in the 
form of a linear combination of the ô function and its derivatives at this 
point (cf. Sec. 8.4). 

Let us remark that, in the class of locally integrable functions, Eq. (11) 
has the unique solution u = 0. 


(e) The general solution of the differential equation u™ = 0 in 2'(R®) 
is an arbitrary polynomial of degree m — 1. 

It is sufficient to prove this assertion for m = 1: If the generalized func- 
tion u satisfies the condition 


(ug')=0, pE? (14) 
then u = const. 
In fact, let w(x) be a “cap-shaped function.” Then for any pọ € 2 the 
function 


ve) = f [0O — a f oE) dë) are 2 
and, consequently, by virtue of (14), 
0 = (u, y') = (u, p — w, J pE) dE) = (u, p) — (u, a) J pE) dé 
From this, writing (u, œ) = C, we obtain 
(u, p) = C f (6) dé = (C, p) 


as was to be shown. 
(£) We shall check that the function Z(t) = 6(t)Z(t), where Z(t) is the 
solution of the homogeneous differential equation 


LZ=Z™ + a(t)Z™) + -> + ay(t)Z = 0 


satisfying the conditions 
ZO) =Z2'0)=--- =Z™2)O0)=0, Z"00)=1 


satisfies the equation LY = 6(t). 
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In fact, using formula (7), we obtain 
F(t) = OAZ (E), Bess Fmt) = OZP (t) 
Sm (t) = ôl) + O(2)Z™(t) 


from which 
LE = 0(t)LZ + 6(t) = ô(t) 


4. Exercises. (a) Prove that 
d 1 d 1 1 
Gene gi Set ee oe 


See eee 
dx x +i0 


(7-9) = Py | PO O gy 


(b) Show that the generalized functions displayed on the right are generalized solu- 
tions in D'(R?) of the equations: 


= Find'(x) -2 


where 


xu =l, u = c, + ¢,0(x) + In| x| 


; 1 1 
xu Sr u= c + ebx) —P — 





xu = 1, u = cı + Cb (x) + c36(x) -21 
xu = sgn x, u= c00) +P 
where 
1 p(x) — pO) p(x) 
Pus ) eh A Gg d 
( Sue a ee 


Let us note that the classical solutions of first-order differential equations contain only 
one arbitrary constant! 


5. Examples, n > 2. (a) Let the region G be bounded by the piecewise 
smooth surface S and let the function f €e C\(G) ^ C1(G,), where G, 
= R"\ G. Then 


= {A} + ppscostmr)ds, i= (3) 


Ox; | Ox; 
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where n = n, is the external normal to S at the point x € S and [/f]s is 
the jump of the function f across the surface S: 


lim f(@’)— lim f) = [fl xes 
s'na eG 


a! >a,z' eG, 


To obtain formula (15) we shall use Green’s formula and the definition 
of a simple layer (cf. Sec. 5.6): 


E-A- feo 
= J {FO hove ae f, Lfs) eostmryp(a) ds 


= (Ea + [f]s cos(nx;)ds, p), pE? 








(b) The double layer over a surface is the generalization — ô'(x). Let S 
be a piecewise smooth double-sided surface, let n be the normal to S, and 
v(x) a continuous function defined over S. We shall introduce the gen- 
eralized function —(0/On)(vd5), acting according to the rule 





0 ô 
(- ET (vôs), p) = I, v(x) Be) dS, p E D 
Evidently, 


ô $ ô 
Ga Ja (vôs) eg 5: supp| — Ja (v3s)| ES 


The generalized function — (ô/ðn)(vôs) is said to be the double layer over the 
surface S with the density v(x) directed along the normal n. This generalized 
function describes the density of the charges corresponding to a distribution 
of dipoles over the surface S with a surface density of moment v(x) and 
directed along a given direction of the normal n to S [cf. Secs. 6.3, (b) 
and 5.6]. 

(c) Let the function f € C?(G) n C?(G,) be that defined in Example (a). 
Then 


nk = Ta F e (ls costaxi)ðs) + [{ 21] costm)8s (16) 


To obtain formula (16) we shall differentiate Eq. (15) with respect to 
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x, and, in differentiating the function {0f(x)/0x;}, we shall use formula (15): 


i fea lan} + [arf], oes 


Supposing in (16) that i = j, and summing with respect toi = 1, 2, ...,n, 
we obtain 


Af= {Af} + È (Ns costaxyss) + È [E] costan)ds 7) 











Taking into account the equations 


n 


$ Gx, (lls cos(nx;)ds) = =— o (Lss0s) (18) 


seee 
we rewrite Eq. (17) in the form 
Ap= {4} [E] 85+ $ ldo) (20) 
We now prove Eq. (18). For all p € 2 we have 
(È go Uls cos(nx)ðs) p) = — È (LAs costars, 3) 
= ae [fls cos(nx) 3 ds 


n ô 
= — J, [ls È -ge ooslnxi) as 


- | L-E as = (-Ẹ (Usés) o) 


Formula (19) is established analogously. 
Supposing in formula (20) that f = 0 for x € G,, we obtain 


= (473 -L ds- FZ (765) @1) 


This is Green’s second formula, written in terms of generalized functions. 
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Applying both sides of Eq. (21) to the test function gy, we obtain this 
formula in the usual notation: 


[149 —Afeyax=f (sZ2-9 Fas 2) 


If G is a bounded region, then formula (22) is valid whenever œ € C2(G). 


(d) Let n = 2. We shall calculate 4 In| x|. The function In| x| is 
locally integrable in R®. If x 4 0, then In| x | € C”, and therefore D” In | x | 
= {D* In| x|} (cf. Sec. 6.1). Consequently, changing to polar coordinates 
[cf. Eq. (15), Sec. 3.2], we obtain 


An|x|=+ fa) ( Olnr 


= Iy) =0. eae (23) 
Let »y € 2, supp gy c Ur. Then 
(in| x|,9) = (n| x|, 4p) = f n| x| Ap(x) dx 
= Died EAA 


Applying formula (22) when f = In | x| and G = [e < | x| < R] (Fig. 16) 
and taking (23) into account, we obtain, further, 


(A In| x|,9) = lim | f Aln|x| dx 


e<lzi<R 


+(f, +f, Jeter) 


lim f ta In| x| JE ae HTT) dS 


e>+0 








= lim =f gy dS 


e>+0 E 


lim {= f, (9G) — p01 dS + 29(0)} = 22900) 
= (276, p) 


In this way, 
Aln| x| = 2n6(x) (24) 
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R 


Fig. 16 


Analogously, when n > 3, we obtain 


A T = —(n — 2)o„ô(x) (25) 


where o, is the area of the surface of a unit sphere in R”, 
20/2 
On = f rs T(n/2) 
here J’ is a Eulerian integral of the first kind. 
re) = [7 er dt 
0 


(e) We shall check that when n = 3 the functions 


etklzl e7 thal 
ON E 2G) aaa (26) 
satisfy the equation 
AF + KF = 8(x) (27) 


In fact, since the functions cos k | x| and | x|-! sin k| x | are infinitely 
differentiable, when differentiating the function | x |-1e'#! we may use 
Leibnitz? formula [cf. Sec. 6.2, (c)]. Taking into account the equation 




















ô 1 SORE, Xj 
dx; |x| [xf 
cikizi — 2G giki! 
Ox; |x] 
Aeżkiz! — ( 2ik oe paeta 
|x| 
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and using formula (25) when n = 3, we obtain the equation 
(A + k?) 1 etkizl — etkizl 4 1 + 2( grad ethic! grad 1 ) 
| x| |x| | x| 
1 : k2 i 
+ | x] Aet#izl + | | ekial ee —4me*#l#! §(x) 
2ik 2ik k? k? \, 
+ (- + =n + Jest 
xP fxP fxi [x] 
= —4nô(x) 
as was to be shown. 
(£) Let 
g(x ERR O exp(— | I") 
> 2 
(2av/ nt) aa 
We shall prove that 
n — @AF = 6(x, t) (28) 


The function 2 (x, t) is locally integrable in R”+!, since Z = 0 for t < 0; 
g >0 for t >0 and when t > 0 





Í g(x, t) dx = a exp(— mak ) dx 


n ] poo 
= [] — J exp(-€)) déi = 1 (29) 
EVE l 


If t > 0, then & e C”, and therefore 
OF (|x|? n 
Se = (Gear F)? 








OF x; E / x 1 

ôx  2æt A, Ox? = (as at je 
OF ; _ {|x| n afl n E 
ge oa = (ara 2t ) (asa 2t )z Sey 
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Let p e D(R™). Taking (30) into account, we obtain 
fs ss eet Oy ; 
(Sr a AB, p) = (e. ta Ay) 


ee ie Oy 
= fy [#e ne + a 4p) dx dt 


= — lim [ee -+ a Ap) dx dt 


e>+0 


Aim | | Fe op, e) dx 


e>+0 
+ FT (5 — aè 4 )p dx d| 
= lim f F(x, e)p(x, 0) dx 
e>+0 
+ lim | F(x, e)lp(x, €) — p(x, 0)] dx 
e>+0 


= lim f F(x, e)p(x, 0) dx (31) 


e>+0 


since, by virtue of (29), 
| J Z (x, e)[p(x, £) — p(x, 0)] dx | < Ke f| Z (x, €) dx = Ke 


We shall now prove the result 


2 





1 | x . ; 
g(x, t) = nary exp(— 4at = 6(x), t —> +0 in 2 (R”) (32) 
In fact, let p(x) e Z. Then, taking into consideration that 


f g(x, ipx) — p(0)] dx| < Tery J €x7(- at | x | dx 








Ko, co r? 
= Gna Í o exp( — 4a*t )e g 
= Rt eu du = Crv/t 
due to (29) we obtain as t— +0 the result (32): 


(F (x, Dp) = J F(x, He(x) dx = p0) | F(x, t) dx 
+ S F(x, Dip) — p0)] dx > p0) = (ô, p) 
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Formula (28) follows from results (31) and (32). 
(g) Let 
1 
F(x, t) = x Oat — | x|), x=xX, 


We shall prove that 
Oa% = d(x, t) (33) 


The function % is locally integrable in R? and becomes zero outside 
the closure of the future light cone [+ (Fig. 17). Let y € Z. Then 


(05> p) = (Zi CaP) = f F(x, tap, t) dx dt 


= 1 f% pœ Op _ œ pat Op 
~ Qa = J Ial/a “Or grax -T i= “Ox? aad 


1 pe óp (| x|/a)) y 
2a J -co ôt 


ea sp go. a t) ap at, t) |a 


_1l p> TH t) „_ 1 pe dp(—at, t) 
mae dt a zh dt 


= 4900, 0) + 4p(0, 0) = (ô, p) 
which proves Eq. (33). 


at = -x at=x 


(0) 


Fig. 17 


(h) Let ôs, be a simple layer on the spherical surface | x| = r (cf. Sec. 
5.6). We shall establish the validity of the result (Pizetti’s formula) 
T) - ô) > 4 r>0 in 9 (34) 

o, Sr 2n ”’ 


r? ret 
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In fact, for all y €e Z when r— 0 we have 
1 1 
(on bs, — a Ô p) 


Ta J roas -2O = r f totes) — pO ds 














a opr" Cpr? 
1 z wO, r? & 80) 
a Onr? fal Sı P> Uae ae OX), OX; Sei F ocr)| as 


1 
ae Pa Ag(0) = 5 (46, p) 
since 
On 
[g Sk ds = 0, iz SeSi ds = Oni k st ds = as Oni 


i E si dS = Oni f sin”—2 0 cos? 6 dð = on_, i (1 — py 4/ u du 
_ (+ oe es ) _ 2a- (n — 1)/2 (3/2) 

© "EN 2 7 2) Tia- D22 + 1) 
Here B is the Eulerian integral (beta function) of the second kind, 


B(p, q) = f (1 — A-r- dt = poe 


6. 
n 


(i) Let n = 2, z = x + iy, Z = x — iy, dz = dx + i dy. The differential 
operator 
TAER (4 of iz) 
ôz 2 ~ \ Ox oy 
is known as the Cauchy—Riemann operator. Let f € C1(G) and f(x, y) = 0 
for z e G,. Using Eq. (15), we shall deduce 
0, 0, : 
r = {ar} = £ [cos(nx) + i cos(ny)]ôs (35) 


Applying both sides of Eq. (35) to the test function g, we obtain a formula 
analogous to formula (22): 


a a +2 me f ,feleos(nx) + i cos(ny)] 45 


=5 f| Po- id=- | fod: 
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that is, 
f me (fp) dx dy = — a fp dz (36) 
a ðZ 2 Js 
(j) We shall prove that 
ô 1 
aa VaR (37) 
The function 1/z is locally integrable in R®. Therefore, using formula 


(36) when f= 1/z and G = [e<|z|<R] (Fig. 16), for all p€Q, 
supp g = Up, we obtain 


0 1 zef Ered 1 207 

(+ 1e) = (+ p) bora de dy 
; 1 dp 

— 1 

bee ER- z Of 


Se ô 1 = p 

E ye Una” ‘OZ Zz Zo dy vam nthe i z a| 

Coa aN dz S a i i ae 20 
zim l aO = z van if, y(ee) do 


= mp0) = (xô, p) 


as was to be shown. 


dx dy 


§ 7. The Direct Product and Convolution of Generalized Functions 


1. Definition of the Direct Product. Let f(x) and g(y) be locally integrable 
functions in the spaces R” and R”, respectively. The function f(x)g(y) also 
will be locally integrable in R"+™. It defines the (regular) generalized func- 
tion, acting on the test functions (x, y) € 2, according to the formulas 


(Fg), p) = SAC) J soe, y) dy dx 


= (f(x), (0), p(x, y))) (1) 
EOV, p) = J 0) Sf) eC, y) dx dy 
= (g(y), (JŒ), px, y))) a’) 


These equations express Fubini’s theorem (cf. Sec. 1.4) concerning the 
equality of a repeated and a multiple integral. We shall take Eq. (1) as the 
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definition of the direct product f(x) - g(y) of the generalized functions f(x) 
e D'(R") and g(y) € D’(R”): 

(S) « g(y), p) = (S), (8), PY), p EPR) (2) 


We shall check that this definition is correct, that is, that the right-hand 
side of Eq. (2) defines a linear continuous functional over D(R**”). 
We shall first prove the following lemma. 


LEMMA. For any g € D’(R™) and » € D(R"”) the function 
v(x) = (80), p, y)) € F(R") 
moreover, for all a, ' 
D(x) = (0), Div, y)) (3) 
Further, if p, —ọ as k— œ in D(R™™), then 
PE) = (80), Pl y) > E) k> in BR") 


Proof. Since for each x e R”, p(x, y) e€ D(R™), the function p(x) is 
defined in R”. We shall prove that it is continuous in R”. Let us fix a point x, 
y 





Fig. 18 
and let x,— x as k — œo. Then 
Pr y) + 9%, y) k—->oo in DR”) (4) 


since, by virtue of p e D(R"*™), the supports of y(x;, y) are bounded in 
R™ independently of k (Fig. 18) and for all 8 


Dip y) ==> Dipl, y), kK 00 
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As the functional g(y) is continuous over Z (R), the continuity of the 
function p(x) at the point x follows from (4): 


Pr) = BO): Pr, »)) > (8), p, y)) = YO), xx 
We shall now prove formula (3). Let us fix a point x and write 


hy = (0, ...,h, ...,0) 
——$—$——” 


Then 
wO) = 7 [px + hi, y) — p, y)]—> oe 2 
h—0 in 2 (R”) 


Since, by virtue of p € Z(R”+m), the supports of y® are bounded in R™ 
independently of h and for all 8 


i 1 E. 0 X, 
DAO) = + DoE + hi, y) — Dip, yy] SE Ds PCY 
Xi 
h— 0 
Since g € Z'(R™), then, using (5), we obtain 


Peet hi) = vO) 2 + KEO), ox + hi, »)) — (EO), p, y))] 


= (so, p(x + hi, ») — ¥(, y) 


x, 
= (g, xe) z (so). T 3 2 a), h->0 
from which it follows that Eq. (3) is valid when «œ = (0,..., 1, ..., 0): 
ye 
t 
HO — (e0), a FEP), ed EE 


When we apply these arguments once more to the formula we have obtained, 
we establish the validity of formula (3) for all œ. Since, together with 9, 
Dp € D(R™™), we conclude from formula (3), by virtue of what has 
been proved, that D*p(x) is a continuous function in R” for all œ. In this 
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way, y E€ C~(R"). Further, the function y(x) has compact support in 
R” since g(x, y) = 0 for | x| > R (Fig. 18), and thus p(x) = (g, 0) = 0 
for these values of x. Consequently, y € D(R"). 

Let p(x, y) > p(x, y) as k—> œo in D(R™"), We shall prove that 
p(x) > p(x) as k->0o in DR"). Since the supports of p,(x, y) are 
bounded in R”+™ independently of k, then, as we have seen earlier, the 
supports of y(x) are also bounded in R” independently of k. Therefore 
it remains to prove that for all a, 

D*[y(x) — p => 0, k +00 

Suppose that this is false. Then there will be numbers £, > 0, an index 

æo, and a sequence of points x, such that 


| De[p(xz) — pl] Se, k=1,2,... (6) 


Since the supports of y — y, are bounded in R” independently of k, it 
then follows from (6) that the sequence x,, k = 1,2, ..., is also bounded 
in R”. Therefore, according to the Bolzano—Weierstrass theorem, it is possi- 
ble to choose from it a converging subsequence x;,,—> X) as i—> oo. But 
then Dp, (x;,, y) > D%(Xo, y) as ico in D(R™). As a result, since 
the functional g is continuous in D(R™), from formula (3) we obtain 


Dy, (Xr) = (EO), DEPr (Xr Y)) 
TA (e0), Depo, y)) = Dry (xo), i—oo 


which contradicts the inequalities (6). This contradiction proves the lemma. 


Let us return to the definition of the direct product. According to the 
lemma just proved, y(x) = (g(y), p(x, y)) € Z (R”) for all p e D(R™”). 
Consequently, the right-hand side of Eq. (2), equal to (f, y), is defined for 
any generalized functions f and g, and so defines the functional over D(R"™*”),. 
Moreover, the linearity of this functional follows from the linearity of the 
functionals f and g. 

We shall prove that the functional we have constructed is continuous over 
D(R™™), Let p > p as k + œo in 2 (R”+m), Then, according to the lemma, 


(O), u(x, y) > EO) p, y),  k—œo in DR") 


and therefore, by virtue of the continuity of the functional f in D(R*), 
(FŒ), (0), Px, ))) > (F), (8), px, y))) as k — 00, which shows the 
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continuity in DR") of the linear functional displayed on the right-hand 
side of Eq. (2). 

In this way, the functional f(x) - g(y) € D’(R"*”), that is, it is a general- 
ized function. 


2. The Commutativity of the Direct Product. Let the generalized func- 
tions f €e D’(R") and g e D'(R™) be given. Side by side with the direct 
product f(x)» g(y), in agreement with formula (2), the direct product 
g(y) - f(x) is defined as: 

EO) - A(x), P) = (0), (4), 9»), p © DR) e) 


It follows that 
f(x) 20) = 20) S) (7) 


that is, the direct product operation is commutative. 
In fact, over the test functions p € 2 (R"+™) of the form 


N 


(x,y) = D u(x)r(y), uwEeD(R), vı € Z(R") (8) 
Eq. (7) follows from definitions (2) and (2’): 


N N 
(fle) + 0), 9) = (s © ug, v) =¥ (Sug, v) 


=1 


= (s, A vif u)) = EO) + A6), 9) 


In order to extend Eq. (7) over any test functions, we shall prove a 
lemma to the effect that the set of test functions of the form (8) is dense 
in D(R™*™) (cf. Sec. 1.5). 


LEMMA. For any function p e D(R™*™) there is a sequence of test 
functions ;,(x, y), k = 1,2, ..., of the form (8), converging to ọ in D(R*™), 


Proof. Let the support of (x, y) be contained in the sphere Up (Fig. 
19). According to Weierstrass’s theorem (cf. Sec. 1.3), there are polynomials 
P(x, y), k = 1,2, ..., such that 
| Dp — DP,| <4 for all jal<k and |x[*+|yP<8R* (0) 


Let e(x) and h(y) be test functions, equal to 1 in a sphere of radius R and 
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hly)=1 





o R 2R 2/2R Ixl 
Fig. 19 
to 0 outside a sphere of radius 2R centered at the origin. Then the 
sequence of test functions 


P(x, y) = e(x)A(Q) Pix, y), =k =1,2,... 


possesses the required properties. In fact, p has form (8), their supports 
are contained in the sphere | x |? + | y|? < 8R?, and by virtue of (9), for 
any « and k >| a| 


| Dep — D*p,| = | Dp — D*(ehP;)| < 
|x|? + |y |? < 8R? 
where C, are numbers not depending on k. This means that p, > y as k — 00 
in Z (R”+m), The lemma is proved. 


Let y be an arbitrary test function belonging to M(R**™), By virtue of 
the lemma we have just proved there is a sequence 9,, 92, ..., of test 
functions of the form (8) converging to p in 2 (R”+™). From this, using the 
continuity over D(R"*”) of the functionals f(x) - g(y) and g(y) - f(x) 
(cf. Sec. 7.1), and using Eq. (7) over the functions of the form (8), we 
shall obtain Eq. (7) in the general case: 


(JŒ) - 8), 9) = im (Œ) - 80), pr) 
= am EO) SO), Px) = (8) - FX), p) 


C, 
k 





3. Further Properties of the Direct Product 


(a) THE CONTINUITY OF THE DirEcT PropuctT. If f,—/ as k— oo in 
D'(R"), then falx) - g(y) > f) - g) as k > co in DR"). 
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In fact, if p e D(R"™), then, according to the lemma of Sec. 7.1, y(x) 
= (g(v), p(x, y)) € D(R"), and therefore 


(fix) - g(v), p) = (A), (8), YO, Y))) 
= (frs YV) —> (4 ») = (FO), (80), px, Y))) 
= (fœ): 20) p) ko 


(b) ASSOCIATIVITY OF THE DIRECT Propuct. Iff e 2'(R”), g e D’'(R”), 
and h e D’(R*), then 


Sœ) + 0) + A)) = (FŒ) - 80)) - h) (10) 
In fact, if p e D(R**"+*), then 


(f(x) + E) - AZ), p) = FO), (60) - h), p)) 
= (fŒ), (8), AG), p))) 
= (fŒ) - 80), AE), P) = (7) - 8) - AE), p) 


(c) DIFFERENTIATION OF THE DIRECT PRODUCT 
Di( f(x) - g(v)) = D*f(x) - 80) (11) 
In fact, if p e D(R"*”), then 


(DC) - 2O), p) = (CIE) - 20), Dip) 
= (-1)*"(g(7), (fŒ), Dp (Œ, y))) 
= (g(y), (DF), p)) = (DF) - (y). p) 


(d) MULTIPLICATION OF THE DrrecT Propuct. If a € C®(R”), then 
aN FE) - 8OY) = NE) - 8) (12) 
In fact, if p e D(R"*™), then 
UNIE) - 20)), p) = (FŒ) - 8), ap) 
= (fx), (g), apx, y))) 
= (fx), a(x)(g(y), pŒ, y))) 


= (ax), (e0), g(x, y))) 
= (GV) - g0), p) 
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(e) TRANSLATION OF THE DIRECT PRODUCT 
(f+ g(x +h, y) = f(x + h) - g0) (13) 
In fact, if ¢ e D(R™™), then 
(CF: DE + h, y), p) = S) + 80), pœ — h, y)) 
= (0), (JŒ), pœ — h, y))) 


= (fŒ + h) - g0), p) 


(f) It is said that the generalized function of the form f(x) - 1(y) does not 
depend on y. It acts according to the rule: If p € D(R™*), then 


(f(x) - 107), p) = (SF), J op, y)dy) = 0O) - FO), p) 
= f (SO), pŒ, y)) dy 


Specifically, we obtain the equation 
(F(x), So, y) dy) = J (SF, p, y)) dy (14) 
valid for all f e D’(R") and y € A(R”), 
4. Convolution of Generalized Functions. Let f(x) and g(x) be functions 
locally integrable in R”, where the function 
A(x) = J | sof — y) | dy 
is also locally integrable in R”. The function 
(F* DE) = SI — y) dy 
= f ef — y) dy = (8 * Px) (15) 


is known as the convolution f » g of these functions. Function (15) is locally 
integrable in R” and therefore defines a (regular) generalized function, 
acting on the test functions ¢ € M(R") according to the rule: 


(f* 8, p) = J (F* EPE) dé 
= f [S ZOVE — y) dlp dé 
= f e0) IJAE — VPE) dë] dy 
= f 20) S Sp + y) dx] dy 
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(by virtue of Fubini’s theorem), that is, 
(f* 2,9) = [S0 + y)dx dy, p € D(R") (16) 


We shall note three cases in which the condition of local integrability 
of the function A(x) is satisfied and so the convolution f» g exists and is 
defined by formula (15). 


(1) One of the functions f or g has compact support, for instance supp 
g& < UR,: 


Jog O de = fy, 180 fy gle — 9) | dx ay 
< fon EOI 4 | opi, [MEI dE < 20 
(2) The functions f and g become zero when x < 0 (n= 1): 
[i neo axe = [Fl 80) | [fee — ») | dy ax 
=f" yl f IAE- »)| dx dy 
Y 
<["|80)|& [IN dë < co 


(3) The functions f and g are integrable over R”: 


f A(x) dx = f| g0) | f |S — y) | dx dy 
= f| 20) | dy J |E) | dE < œœ 


In this case the convolution f* g is integrable over R”. 


We shall say that the sequence {n,} of test functions belonging to 
@(R") converges to 1 in R” if for any compactum K there is a number 
N such that n(x) = 1 when x € K, k > N, and the n, are uniformly 
bounded in R” together with all their derivatives | D*n,(x)| < c, for 
xe R", k=1,2,.... 

We note that such sequences always exist: for example, n(x) = n(x/k), 
where 7 € 2, n(x) = 1 in U. 

We shall prove that Eq. (16) may be written in the form 


(f* 8,9) = lim COO) nyp y)) vED(R") (16) 
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where n(x; y) for k = 1,2, ..., is any sequence converging to 1 in R”. 
In fact, according to what has been proved, the function 


co | fop + ¥) | 
is integrable over R?” and 


[SOO mE: vO + ¥)| < col So)E~)~& + ¥)| 
k= 1, 2h 48 
Further, 
Sogo mE; vp + vy) >So + y) 
k — œ almost everywhere in R?” 


Applying Lebesgue’s theorem (cf. Sec. 1.4), we obtain the equation 
[AOE + y) dx dy = tim | fogom; yp + y) dx dy 


which, by virtue of (16), is equivalent to Eq. (16°). 

With Eqs. (16) and (16’) as points of departure, we shall define a convolu- 
tion in the following way. Let a pair of generalized functions f and g be- 
longing to D’(R”) be such that their direct product f(x) - g(y) allows the 
extension (cf. Sec. 1.8) (/(x)- g), p(x + y)) over functions of the 
form g(x + y), where g is any function belonging to 2 (R”), in the following 
sense: Whatever might be the sequence {y+} of functions belonging to 
F(R") converging to 1 in R?”, there is a limit of the numerical sequence 


lim (f(x) - 20), nex; Vpl + y)) = (EŒ) - 80), P& + Y)) 


and this limit does not depend on the sequence {7,}. We note that for each 
k, n(x; y)p(x + y) € D(R™), so that the numerical sequence is defined. 
The functional 


(f* 8,9) = (S) - 80), p + ¥)) 
= in E - 8); nypa Hy) peEe2R) (17) 


is known as the convolution f » g if it is continuous in 2 (R”). Obviously 
this functional is linear over Z(R”) and in this way the convolution f * g 
e D'(R”). 
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We note that since g(x + y) does not belong to D(R™”) (it is not of 
compact: support in R?”!), the right-hand side of Eq. (17) does not exist for 
all pairs of generalized functions f and g, and in this way the convolution 
does not always exist. 

If the convolution f * g exists, then there is also a convolution g * f, and they 
are equal, 


Seg=erf (18) 


that is, the operation of convolution is commutative. 
This assertion follows from the commutativity of the direct product 
(cf. Sec. 7.2) and from the definition of convolution: 


(f* 2,9) = (AŒ): gy), pæ + Y)) 
= im (fx) - 20), ma; ypa + y)) 


= is (g(y) - f(X), nes vp + ¥)) 
= (g) f/f), pe +y) = Eep pe? 


Note. The condition of continuity in 2 of the functional f » g in the 
definition of convolution follows from its existence, by virtue of the com- 
pleteness of the space Z’ (cf. Sec. 5.3, note). Since the completeness of 2’ 
is not proved here, the continuity of this functional should be checked 
directly each time. 


5. Condition for the Existence of a Convolution. We shall establish the 
condition under which the convolution f» g is known to exist. 


THEOREM. Let f be an arbitrary and g a generalized function with compact 
support. Then the convolution f » g exists in D' and appears in the form 


(f* 8,9) = (FŒ) - 8), nop ++ y), pe? (19) 


where ņ is any test function equal to 1 in the neighborhood of the support 
of g. For this the convolution is continuous with respect to f and g separately: 
(1) If f,—>f as k > co in BD, then f,*g—>f* gas k— oo in BD, (2) If 
gr —> g as k — coinD' and for a certain R, supp g} < Up, thenf * g,>f*g 
as k> œ in P'. 
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Proof. Let suppg c Up and let 7 be a function belonging to D(R”) 
equal to 1 in the neighborhood of supp g and supp 7 < Up. (According 
to Lemma 1 of Sec. 5.2 such functions exist.) Further, let p be an arbitrary 
function belonging to Z (R”), let suppgy c U4, and let y,(x; y), k = 1, 


2, ..., be a sequence of functions belonging to A(R) and converging to 
1 in R” (cf. Sec. 7.4). Then for all sufficiently large k 
nom; yp + y) = np + y) (20) 


To prove Eq. (20) it is sufficient to establish that the function 4(y)y(x+y) 
e F(R”). But this follows from the fact that it is infinitely differentiable 





and that its support is contained in the bounded set (Fig. 20): 
y): |x +y] <4, |y| SR) c€ Uar X Ur 


Taking into account result (20) and the equation g = ng [cf. Eq. (13) 
of Sec. 5.9], we establish the validity of formula (19): 


(f* 8,7) = am S) + 8), nels yp + Y)) 
= lin SE) + noO), nels yp + Y)) 
= lim. SE) + 8), nO; yp + Y)) 
= (JŒ) 80), noe +y), pE? 


We shall prove that the right-hand side of Eq. (19) defines a continuous 
functional over 2, that is, the convolution f» g e Z’. Let py —>ọp as 
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k — co in D(R®). Then, since 


npl + y) € 2 (R”) 
nop + y)—> nO)~@ + y), k—>œ in DR) 


we therefore have 


(f* g, Pe) = (JŒ) - 8), Nex + Y)) 
— (S) - 8), nopla + y) = (F*8,9), ko 


as was to be shown. 

The continuity of the convolution f* g with respect to f and g follows 
from Eq. (19) and from the continuity of the direct product f(x) - g(y) 
with respect to f and g [cf. Sec. 7.3, (a)]. Moreover, in case (2) the condition 
supp g, < Up makes it possible to choose an auxiliary function 7 which 
does not depend on k. The theorem is proved. 


COROLLARY. The convolution of any generalized function f with the 6 
function exists and is equal to f 


frbd=dbef=f (21) 
In fact, by virtue of (19), for all p e D we have 


(f* ô, p) = (FŒ) + 60), nop + y) 
= (FŒ), (6), nO) + y) = (49) 


as was to be shown. 


6. Differentiation of a Convolution. Zf the convolution f * g exists, then 
the convolutions D*f * g and f x D*g exist, and moreover 


Df « g = D*( f * g) = f Deg (22) 


It is sufficient to prove this assertion for each first derivative 0/0x;, 
j=1,2,...,n. Let p € Z(R”) and n(x; y), k = 1,2, ..., be a sequence 
of functions belonging to A(R”) and converging to 1 in R”. Then the 
sequence n, + (0n;/0x;), k = 1,2, ..., of functions belonging to D(R*”) 
also converges to 1 in R”. From this, and using the existence of the convolu- 
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tion fg, we obtain the following sequence of equations: 
ô g(x + 
—(f+2, 32) = -( 7% - s0), 2G) 
3I Xj 


- Him ( £63) - 80) me) 2E) 


(i (+89) 


= — lim n (6) - g(y), Sheetal Dy _ Oe Fe vty) 
= lim (a A) - gy), mp + »)) 
k> 


+ lim es - g0), (m+5 + om ad +») 
koo 
“= lim (f(x) + 20), mox + y)) 


of 
Ox; * g, p) 








-(% *89) + (148.9) — (48,9) =( 


from which the first Eq. (22) follows for 0/0x;. The second Eq. (22) follows 
from the first and from the E of the convolution (cf. Sec. 7.4): 





Fe Pt A = GE fas 


Equations 
Def = Dô xf = ôx Df, feD' (23) 


follow from Eqs. (21) and (22). 

We note that the existence of the convolutions D*f*g and f» D*g, 
|a|> 1, is not sufficient for the existence of the convolution f» g; 
specifically, these convolutions need not be equal: for instance, 


x1 =d6%#1=—1, but 6+#1'=0*0=0 


7. Regularization of Generalized Functions. Let f be a generalized func- 
tion and y a test function. Since y has compact support, the convolution 
f* y exists. 

We shall prove that 


fey = (JO), yx — y)) € CR") (24) 
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In fact, by virtue of (19), for all p € D we have 


S * y, p) = (FO) + YE), ne + E)) 
= (FO), J EMEP + E) 4é)) 
= (fO), J EPO + E) dE) 
= (£0), J pæ — y) dx) 


where the auxiliary function 7 € 2 and is equal to 1 in the neighborhood 
of the support of y. Noting now that the function o(x)p(x — y) belongs 
to Z(R”), and using Eq. (14) (cf. Sec. 7.3), we obtain Eq. (24): 


(f* y,~) = J POSO), vx — y)) dx 
= (JO) yœ — y). P) GED 


The infinite differentiability of the right-hand side of Eq. (24) is estab- 
lished as in the proof of the lemma of Sec. 7.1. 

Let w,(x) be a “cap-shaped function” (cf. Sec. 5.2). Then the infinitely 
differentiable function 


Sx) = f * w = (JO), w(x — y)) 


is known as the regularization of the generalized function f. 

In Sec. 5.6 it was proved that w,(x) > ô(x) as e —> +0 in 2’. From this, 
and using the continuity of the convolution f * œ, with respect to œ, (cf. 
the theorem of Sec. 7.5), we obtain 


SAx) > f(x), e>+0 in 2' (25) 


So, each generalized function is a weak limit of its own regularization$ 
Using these assertions, we shall establish a more powerful result. 


THEOREM. Each generalized function f is a weak limit of test functions, 
that is, the set D is dense in BD’. 


Proof. Let f,(x) be the regularization of f and let y,(x) as e— +0 be a 
sequence of test functions equal to 1 in the sphere U,,,. Then the sequence 
of basic functions 7,(x)f,(x) as e— +0 tends to f in 2’, since for any 
p € 2, by virtue of (25), we have 


lim (nefe, P) = lim (f, np) = lim (F, p) = (4,9) 
e>+0 e>+0 e>+0 


as was to be shown. 
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8. Examples of Convolutions. Newtonian Potential. (a) Let f(x) be a 
continuous function in R”\ {0} and locally integrable in R” and let wds(x) 
be a simple layer over the bounded piecewise smooth surface S with a 
continuous density u (cf. Sec. 5.6). 

Their convolution f + “6g, a locally integrable function in R”, is expressed 
by the integral 


fends = | KOYE- y) dS, (26) 
This assertion follows from Eq. (19) 


(f* pôs, p) = (uds(y) - AE), nop + &)) 
= (wds(y), nF), p + §))) 


= ie KOMO) [ro + &)dé dS, 
= | uO) [ Mee — IWO) dx as, 
es few f rora — y) dS, dx, pE? 


(b) Let ọ be a generalized function. The convolution 


1 
n= e n>3; eee E n=2 = (27) 


is known as a Newtonian (when n = 2, logarithmic) potential with a density 0. 


If @ is a generalized function with compact support, then the potential 
V,, exists in D’ and satisfies Poisson’s equation 


AV, = —(n—2)o,0, n>3; AV, = —2n0 (28) 


The existence of the potential V, follows from the theorem of Sec. 7.5. 
Using Eqs. (22) of Sec. 7.6 and (25) of Sec. 6.5, we conclude that for n > 3 
the potential V,, satisfies Poisson’s equation (28): 


1 1 


= — (n — 2)o,6 * 9 = —(n — 2)o,0 


We reason analogously when n = 2. 
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(c) If @ is an (absolutely) integrable function over R” with compact 
support, then the corresponding Newtonian (logarithmic) potential V,, is 
known as the volume potential (area potential). 

The volume potential V,,, a locally integrable function in R”, is expressed 
by the integrals 


i (29) 
V(x) = feo) eT 


This assertion follows from formula (15) for the convolution of a finite 
integrable function @ with compact support with a locally integrable 
function | x |?” for n >3 and —In| x| for n = 2. 

(d) Let S be a bounded piecewise smooth two-sided surface with a chosen 
direction for its normal n and let u and v be continuous functions over S. 
Let 


ô 
bobs and — aw (vôs) 


be the simple and double layers over S with surface densities u and v [cf. 
Secs. 5.6 and 6.5, (b)]. The Newtonian (logarithmic) potentials generated 
by them 








1 
Ve = Tee tees, medi Vy —= In ends G30) 
V0 = ee ae «2 oð) n=3 
31 
(1) l ô i l 
V; == SET * Pn (vôs) 


are said to be the surface potentials of the simple and double layer, respec- 
tively, with densities u and v. 

The surface potentials V® and V® are locally integrable functions in R” 
and are expressed by the formulas 


Vox) = J pEr n>3 
‘ (32) 


1 
V(x) m f u(y) In Tx— |] dS, 
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0 1 
(1) = es a 
VO(x) = Í, v(y) m x e dS,, n>3 T 
ð 1 
V(x) = is (y) On, In Tx—y] dS, 


Formulas (32) are specific cases of formula (26). For clarity we shall 
prove formula (33) for the potential V@, n > 3. Using Eq. (19) for convolu- 
tion and using the definition of the double layer, for all gp € Z we obtain 


1 0 
(1) a We 
(V4 > p) ( | x j * on (vòs), p) 


ð 1 
= -|5 sO) Tee NOVO + D) 


—(2 woso), 10) 0 + 8) 
On | €| 


[o al o J eee ae] as, 


=| Oz saa 


1 
=f of (8) ap TES, 


= | v(x) ii v(y) Fe oe dS, dx 


from which, the required formula (33) follows. Differentiating under the 
integral sign and changing the order of the integration is permissible here, 
since the integral 


ð 1 
Jeolla T dx 


converges uniformly for y e S. 


9. Exercises. Prove the equations: 


(a) A = ôx) (x2) SeT 6(Xn) = d(x); 


(b) DAA): 10) = 0, | a | #0; 
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O fa fy = foro fle) = O08) pre, > 0; 





1 x? 
O) Ja * fa =Svazp Sx) = ——— exp|—- s j e > 0; 
ne w/a (= 2) 
e) fet Sy =Serp fd) = giae 


T 


§ 8. Generalized Functions of Slow Growth (Tempered Distributions) 


One of the most effective means of solving problems in mathematical 
physics is by means of the transform method. Here we shall set out the 
Fourier transform theory for so-called generalized functions of slow growth 
(tempered distributions). The remarkable feature of the class of generalized 
functions of slow growth is that the Fourier transform does not cause us 
to go beyond the limits of this class. 


1. The Space of Test Functions 7. Let us relate to the set of test 
functions S = Z (R") all functions of the class C°°(R") which decreases 
as | x| — œœ, together with all their derivatives, faster than any power of 
| x|-1. We shall define convergence in 7 in the following way. The 
sequence of functions P1, #2, ..., belonging to Z converges to the 
function gy E€ Z, 9, > y as k — œ in SY, if for all æ and $ 


x8 Dep, (x) > x6 Dep (x),  k— 00 (1) 


Evidently is a linear space. Moreover Z c Z and from the convergence 
in 2 follows the convergence in Z. 

In fact, if p,>g as k— cœ in 2, then, since the supports of p, are 
bounded independently of k, the limiting result (1) is valid for all a and £, 
which means that p, — ọ as k — œ in Z. 

However, Z does not coincide with 2; for instance, the function 
exp(— | x |?) belongs to 7 but does not belong to 2. 

Nevertheless 2 is dense in Z; that is, for any p € Z there is a sequence 
p E2, k= 1,2, ..., such that gp, > as k—> œ in F. 
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In fact, the sequence of functions belonging to 2, 
x 
p(x) = von =). k=1,2,... 


where 7 € 2 and n(x) = 1 for | x| < 1, converges to ọ in 2. 

The operations of differentiation D®y(x) and of the nonsingular linear change 
of variable p(Ay + b) are continuous from Z into Z. This follows directly 
from the definition of convergence in the space Z. 

On the other hand, multiplication by an infinitely differentiable function 
can cause us to go beyond the limits of the set 7’, for instance exp(— | x |*) 
x exp(| x|) =1 Ẹẹ7. 

Let the function a € C®(R”) grow at infinity, together with all its deriv- 
atives, no faster than the polynomial 


| Dra(x) | < C (1 + | x |)™ (2) 


We shall denote the set of such functions by 0y. 

The operation of multiplication by the function a € by is continuous from 
Sf into F. 

In fact, it follows from inequality (2): If p e Z, then ap eS, and if 
pP —> Q as k — œ in Z, then for all œ and f 


x®D*(ap,) ==> x? D*(ag) 


that is, ap, —> ap as k — œ in Z. 


2. The Space of Generalized Functions of Slow Growth (Tempered Dis- 
tributions) 7’. Each linear functional over the space of test functions S 
is known as a generalized function of slow growth (tempered distribution). 
We shall denote by 7” = Z'(R”) the set of all generalized functions of 
slow growth. Evidently, 7” is a linear set (cf. Sec. 5.3). We shall define 
convergence in 7” as a weak convergence of the sequence of functionals: 
The sequence of generalized functions f} , f2, ..., belonging to.” converges 
to the generalized function fe”, f,>f as k—oœ in 7”, if for any 
p ES, (fe, 9) > (f, p), as k > o. The linear set 7” with the convergence 
which has been introduced into it is known as the space of generalized func- 
tions of slow growth Z”. 

It follows directly from these definitions that F’ c BD’ and from the 
convergence in 7” follows the convergence in 2’. 
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In fact, if fe’, then fe D’, since Z c SF and the convergence in. 7 
follows from the convergence in 2 (cf. Sec. 8.1). Further, if fọ, > f as 
k— œ in F”, then (f,,~) > (f.p) as k->0o for all yọ belonging to 
2 c Z, and consequently, fy, > f as k— oo in BD’. 


THEOREM (L. Schwartz). In order that the linear functional f over Z 
should belong to Z’, (that is, be continuous over Z), it is necessary and 
sufficient that there be numbers C > 0 and p => 0, p being an integer, such 
that for anyp € F the inequality 


\AMISC lle lp (3) 


is valid, where 


lo lp = sup (1 +|x|)?| Dep(x) | 
lal sp.aveR” 


Proof. Sufficiency: Let the linear functional f over Z satisfy inequality 
(3) for certain C > 0 and p > 0. We shall prove that fe. 7”. Let p, > p 
as k — oo in. Then || y, — ¢ ||, > 0 as k — 00, and so (f, p) > (Jp) 
as k — oo. This means that f is a continuous function over Z. 

Necessity: Let f e€ 7’. We shall prove that there are numbers C > 0 
and p > 0 such that for any ¢ € Z, inequality (3) is valid. Suppose, on 
the other hand, that the numbers indicated, C and p, do not exist. Then 
there will be a sequence of functions p}, k = 1,2, ..., belonging to 7 
such that 


| C Pr) | SK ll pe lle (4) 
The sequence of functions 
oe se ee 


V K || Ge Ile 


tends to zero in Z, for when k >|a|andk>]|£| 


xpa) 1 
VElprle VE 


From this, and from the continuity of the functional f over Z, it follows 


p(x) = 


| x8 D*p,(x) | za 
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that (f, yz) > 0 as k + oo. On the other hand, inequality (4) gives 


iGol=—— | Galeve 
WV | vx lle 


The contradiction obtained proves the theorem. 

The sense of the theorem which has just been proved is that each gener- 
alized function of slow growth is a continuous functional with respect to 
a certain norm || ||, (in other words, it has a finite order). 


3. Examples of Generalized Functions of Slow Growth. (a) Jf f(x) is a 
locally integrable function of polynomial (slow) growth at infinity, that is, for 
a certainm>0 

fl) | G+ | x|) dx < 00 


then it defines a regular functional f belonging to. Z” according to formula (6) 
of Sec. 5.5, 
(4,9) = SAd per? (5) 


However, not every locally integrable function defines a generalized 
function of slow growth, for instance, e? €.7’(R?). 

On the other hand, not every locally integrable function belonging to 
Z” has polynomial growth. For instance, the function (cos e”)’ = —e* sin e” 
is not of polynomial growth, but nevertheless defines a generalized 
function belonging to 7” according to the formula 


((cos e*)', p) = — f cos egp'(x)dx, per 


Note. Using L. Schwartz’s theorem (cf. Sec. 8.2), it is possible to prove* 
that every generalized function belonging to 7” is a derivative of a con- 
tinuous function of polynomial (slow) growth. This explains why 7” is 
known as the space of generalized functions of slow growth. 

(b) If f is a finite generalized function belonging to BD’ with compact 
support, then it is continued over Z in a unique way as an element belonging 
to 7’ according to the formula 


p) =n) per (6) 
where n € D and q = 1 in the neighborhood of the support of f. 


* Compare L. Schwartz (2, Chap. VII) and I. M. Gelfand and G. E. Shilov (Z, Vol. 2, 
Chap. II). 
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In fact, the linear functional (f, ng), displayed in the right-hand side 
of Eq. (6), is continuous in Z: If py — p as k — œ in Z, then np, —> np 
as k — œ in 2 and so 


(f, Npr) > (Sa np),  k— œ 


The uniqueness of the continuation of the functional f over Z follows 
from the density of D in Z (cf. Sec. 8.1). Specifically, continuation (6) 
does not depend on the auxiliary function 7. 

(c) If fEeS”", then each derivative Df E€ Z”. 

In fact, since the operation of differentiation Dp is continuous from 
Z into F (cf. Sec. 8.1), the right-hand side of the equation 


(DS, p) = (DCS, D*p) 


is a linear continuous functional over Z (cf. Sec. 6.1). 

(d) Ff fe and det A £0, then f(Ay + b) E Z”. 

In fact, since the operation of the transformation g[A~1(x — b)] is con- 
tinuous from 7 into 7 (cf. Sec. 8.1), the right-hand side of the equation 


(f(Ay + b), p) = ( 7 AE 


is a linear continuous functional over 7 (cf. Sec. 5.8). 

(ce) If fe and ae Oy, then af E Z. 

In fact, since the operation of multiplication by the function a belonging 
to Oy is continuous from Z into 7 (cf. Sec. 8.1), the right-hand side of the 
equation 


(af, p) = (f, ap) 


is a linear continuous functional over 7 (cf. Sec. 5.9). 


4. Structure of Generalized Functions with Point Support 


THEOREM. If the support of the generalized function f is the point {0}, 
then in a unique manner it appears in the form 


fe) = Ý C,D*8(x) (7) 


la l= 


Proof. Since the generalized function f has the support {0}, then f € 7” 
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(cf. Sec. 8.3) and, by virtue of (13) of Sec. 5.9, when k > 0 
f= nkx)f (8) 


where 7(x) is a test function equal to 1 in the neighborhood of the point 
0 and equal to 0 when | x | > 1. Further, according to L. Schwartz’s theorem 
(cf. Sec. 8.2), the inequality 


I(AO|<Clle lm, vpED (9) 


is true for certain m > 0 and C > 0, not depending on g. 
Let y be an arbitrary function belonging to Z. Let us suppose 


D*7(0) 
a! 





vue) = [p — > x} n(x) (10) 


Applying inequality (9) to the function y, and using the fact that D’n(kx) 
= O(k'é!) as k — œ, we obtain 


14 ved |S C |l Ye llm 
=C sup (1+| x e | Depe = 


8lsm |x| <1/k 


Pe) DED say (x)| 


læl=0 


1 


But, by virtue of (8), (J, W) does not depend on k. Therefore, (f, yı) 
= (f, Y) = 0. From this, using (8) and (10) with k = 1, we obtain Eq. (7): 


D*9(0) 
a! 





9) = (nf, p) = (inp) = (s p, + x, xn) 


=t $ PPO) faa È CDd, g) 


læl=0 la|=0 





where we have written 


c=" Y em) 


We shall prove the uniqueness of Eq. (7). Let 


fx) = F CDE) 


lal=0 
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be another representation of f, so that 
m 


È (C, — CHD") = 0 


la|=0 


Applying this equation to the monomial xê || <m, we obtain 


0= È (C, — Cows, x) 


a|=0 


= ¥ (D(C, — C8, Dx) = (-1)"B(G, — CD 


læl=0 


that is, Cg = Cg. The theorem is proved. 


5. The Direct Product of Generalized Functions of Slow Growth. Let 
f(x) e F'(R”) and g(y) e SH’ (R”). Since SH’ c 2', the direct product 
fŒ) - gv”) e Z' (Rem) (cf. Sec. 7.1). We shall prove that f(x) - g(y) 
ES’ (Re), 

According to the definition of the functional f(x) - g(y) (cf. Sec. 7.1) 


(F(x) - 80), p) = (SF), (60), p, ¥)) (11) 


We shall prove that the right-hand side of Eq. (11) is a linear continuous 
functional over SR), 

For this we shall establish the following lemma, analogous to the lemma 
of Sec. 7.1. 


Lemma. For any g €S"(R™) and y e F(R") the function 
p(x) = (B0), p, y)) € F(R”) 


and the equation 


D(x) = (e0), Dax, y)) (12) 
is true. Moreover, if p, — p as k — œ in S(R™*™), then 
plx) = (80), px y) > ya),  k—>o in F(R) (13) 


Proof. As in proving the lemma of Sec. 7.1, the validity of Eq. (12) for 
all œ and the continuity of its right-hand side are established. Conse- 
quently, y € C”(R”). We shall prove that y € F(R”). Since g(y) € Z” (R™) 
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and for each x € R”, p(x, y) € /(R”), then, according to L. Schwartz’s 
theorem (cf. Sec. 8.2), there are numbers C > 0 and p = 0, such that for 
any p E€ F(R"), a, and x € R”, the inequality 


| CO), Dip y| <C sup (1 +| |)? | DrDip(, y) | 
yeR slyisp 


is true. From this, by virtue of (12), we obtain the inequality 


|x®D-p(x)| < C ap (1 + |y |} | x2DrDep(x, y) | xeR (14) 
yek lyisp 


Since » e 7 (R”+m), it follows from inequality (14) that y E€ F(R”). 

We shall now prove the limiting result (13). Let p,q as k — œœ in 
7 (Rr). From this, applying inequality (14) to the sequence p-p, as 
k — œ, we obtain 

zeRn 


[AD —y)| SC sup (1 +] yl P| ADD — v)| = 0, 
yel | yi sp 


k — œ 


that is, p —> y as k — œ in F(R”). The lemma is proved. 

It follows from the lemma which has just been proved that the right-hand 
side of Eq. (11), equal to (f, y), where y(x) = (e(y), p(x, y)), is a linear 
and continuous functional over Z (R"+™) so that f(x) - g(y) € F (Rr+m) 
(cf. Sec. 7.1). 

The direct product of generalized functions of slow growth is commutative 
and associative in 7”: 


SX) + 80) = 20) - S&S) < (8) + hE) 
= (fŒ) + 20)) < AZ) 


These assertions follow from the corresponding properties of the direct 
product in @’ [cf. Secs. 7.2 and 7.3, (b)] and from the fact that D is dense 
in Z (cf. Sec. 8.2). 

Specifically, the equation f(x) - 1(y) = 1(y) - f(x), where f €7’(R") 
shows that 


(4 So, vy) dy) = f (hoy) dy, p e F(R") (15) 


Finally, the direct product f(x)+g(y) of the generalized functions 
fES'(R") and g e S'(R") is continuous in S’(R"™) with respect to f or g: 
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If fa —> f as k— 00 in F(R"), then fax) - 80) > f(x) - g(y) as k — 00 in 
Z’ (RM), 

The proof is analogous to the corresponding proof for the space D’ 
[cf. Sec. 7.3, (a)]. 


6. Convolution of Generalized Functions of Slow Growth. Let f e 7” 
and let g be a generalized function with compact support. Then the convo- 
lution f * g exists in Z’ (cf. Sec. 7.5). We shall prove that fg belongs 
to S and appears in the form 


(f* 8,9) = (fŒ): 80), nE +y), pe” (16) 


when n is any function belonging to D, equal to 1 in the neighborhood of the 


support of g. 
In fact, according to the theorem of Sec. 7.5, formula (16) is valid over 


the test functions » belonging to Z. We shall prove that the right-hand 
side of Eq. (16) defines a linear continuous functional over Z. Let 
p € F(R”). Then, since the function 7 has compact support, y(y)p(x + y) 
e F(R”), and since f(x) - g(y) is a linear functional over 7 (R?”), then the 
right-hand side of Eq. (16) is a linear functional over F(R”). Now let 
p; —> p ask — œ in Z. Then for any a, p, y 


xeR”, yeR” 


x*yDr[n(y)pe(x + y) = ț IAD nly) + y)  k->00 
and so 
nop + y)> nox +y) k>oo in F(R”) 


Since f(x) - g(y) e Z’ (R?”) (cf. Sec. 8.5), the continuity of the right-hand 
side of Eq. (16) over 7(R”) follows: 


Œ) + 80), NP + y) > (FO) + 8), NOOO + ¥)), k> o 


So, f * g Ee Z”. 


§ 9. Fourier Transform of Generalized Functions of Slow Growth 


1. Fourier Transform of Test Functions Belonging to 7. Since test 
functions belonging to 7 are absolutely integrable over R”, then the opera- 
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tion of the Fourier transform F is defined over them: 
FPE) = Jee" dx, pel 


For this the function F[p](é), the Fourier transform of the function g(x), 
is bounded and continuous in R”. The test function g(x) decreases at infinity 
faster than any power of | x|-?. Therefore, its Fourier transform may be 
differentiated under the integral sign any number of times, 


DFI) = J FPE dx = Fi(ix)p(é) a) 


from which it follows that F[p] e C°(R"). Further, each derivative D*p 
has the same properties, and therefore 


F[D*p](§) = f Doleta dx = (—it)*Flp](é) (2) 
Finally, from Eqs. (1) and (2) we obtain 
E°D*F[p](E) = FIlip) = i'e!+'61F[D8(x*y) }(E) (3) 


It follows from Eq. (3) that for all æ and $ the magnitudes £°D*F[p](é) 
are uniformly bounded with respect to & € R” 


| ¢D=Fip](é) | < J | Deep) | dx (4) 


This means that Ffy] € 7 (cf. Sec. 8.1). So the Fourier transform maps 
the space into itself. 

We note that the space of test functions D is not mapped into itself by 
the Fourier transform (since the Fourier transform of a function with com- 
pact support is an analytic function, and consequently is either not of 
compact support or zero). 

Since the Fourier transform F[p] of the function g belonging to Z is 
an integrable and continuously differentiable function over R,, then, as 
follows from the general theory of Fourier transforms,* the function (x) 
may be expressed in terms of its Fourier transform F[y](é) by means of 
the operation of the inverse Fourier transform F7!: 


p(x) = F“ [Fip]] = FF I[¢)) (5) 


* Compare, for instance, L. D. Kudriavtsev (1, Chap. VII). 
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where 


Falp) = aye | OEA dé = Ge F») 
1 1 
= Gaye | VODA d= Ge O O 


It follows from Eqs. (5) and (6) that each function p belonging to 7 is 
a Fourier transform of the function y = F-{p] belonging to. 7, g = Fiy], 
and if F[p] = 0, then g also equals 0. This means that the Fourier transform 
F maps F onto & and, moreover, is mutually one-to-one. 


Lemma. The Fourier transform operation F is continuous from Z onto Z. 


Proof. Let 9,9 as k— cœ in 7. Then, applying inequality (4) to 
the functions p, — 9, for all œ and $ we obtain 


| PDFlp, — PE) | < f | DG — p)1 | dx 
i dx 
< sup | DPPP: — P) C + |x| J 


from which it follows that 
| #DFip] — EDF | $0, k—oo 
that is, Fip] — Fip] as k > 00 in F (cf. Sec. 8.1). The lemma is proved. 
The operation of the inverse Fourier transform F-* has analogous prop- 
erties. 
2. The Fourier Transform of Generalized Functions Belonging to.7”’. First 


let f(x) be an (absolutely) integrable function over R”. Then its Fourier 
transform 


FUSE) = J ft? dx, | FIFE) | < S | fC) | dx < 00 


is a continuous function bounded in R” and, consequently, defines a gener- 
alized function belonging to 7”, 


CEIS 9) = f FAAEE dE, per 


Using Fubini’s theorem (cf. Sec. 1.4) concerning the change of order of 
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integration, we transform the last integral: 


S FESENPCE) dé = f ISSO) dxp() dé 
= Jf) J pEi dé dx = J f(x) Flp\(x) ax 
that is, 
CFI p) = (F Fp), vet 


We shall take this equation as the definition of the Fourier transform 
F[f] of any generalized function of slow growth f: 


We shall check that the right-hand side of this equation defines a linear 
continuous functional over”, that is, that F[ f] €E 7”. In fact, since F[p] e 7 
for all p e F (cf. Sec. 9.1), then (f, F[p]) is a functional (obviously, linear) 
over Z. Let p, — p as k > œ in Z. According to the lemma of Sec. 9.1, 
F{y,.] > Fly] as k — co in F and so, by virtue of fe”, 


(S Fip) —> (S, Fip),  k— œ 


so that the functional (f, F[p]) is continuous over ™. 

In this way, the operation of the Fourier transform F maps the space 
SF into Z. 

We shall prove that F is a continuous operation from Z” into F”. 

In fact, let f, — f as k > co in F”. Then, by virtue of (7), for all gy €e 7 
we obtain 


CEIL 9) = (fe Fle) > (4 Fle) = FU] p),  k— 00 


This shows that F[f,]— F[f] as k > œ in S’, that is, the operation F 
is continuous from Z” into Z”. 
We shall introduce into 7” one more Fourier transform operation which 
we shall denote by F~: 
1 
1 oat Ee, m 7 
mineg FLA fe (8) 
We shall prove that the operation F- is the inverse operation to the 
Fourier transform F, that is, 


FFSA FENS fe” (9) 
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In fact, by virtue of ie (5)-(8), for all p e Z we obtain the equations 


(FIEFIA, p) = (FIFISI(— £)1, p) 


Ey y 
=F J (FIFI 8), Fip) = ar CIS], Fip 8) 


= (FI f], Fp) = (S; FIF el) = (4 p) 
= (f, F*lFlel) = FA, Fle) = (FIEFIA, p) 


from which Eqs. (9) follow. 

It follows from Eqs. (9) that each generalized function f belonging to 
Z” is a Fourier transform of the generalized function g = F-1[f] belonging 
to SH’, f= Fig], and if F[f] = 0, then also f= 0. This means that the 
Fourier transforms F and F~ map Z’ onto S mutually one-to-one (and also 
mutually continuously). 

Let f(x, y) e F(R") where x e R”, y e R™. We shall introduce the 


Fourier transform F,[f] with respect to the variables x = (x1, X2, ..-, Xn) 
supposing that for any ø(£, y) € F (R"+™) 
ELS] 9) = (4 Falp) (10) 


As in the lemma of Sec. 9.1, it can be established that 
Flp, y) = J pl, yeta dé e F(R") 

and the operation F;[p] is continuous from Z (R"+") into F (R"+"), so 
that Eq. (10) in fact defines a generalized function F,[/](é, y) belonging to 
F(R), 

3. Properties of the Fourier Transform 

(a) DIFFERENTIABILITY OF THE FOURIER TRANSFORM. If f e”, then 

DFE f] = Fl(ix)f] (11) 
In fact, using Eq. (2), for all y € Z we obtain 


(DFIN p) = (DEL, Dep) = (1) (f, FID*9)) 
= (D(f, (—ixy¥ Fle) = (if, Fle) 
= (FIG)1, p) 


from which Eq. (11) follows. 
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(b) FOURIER TRANSFORM OF A DERIVATIVE. If fe”, then 
F(D*f] = (—ié)*F[f] (12) 
In fact, using Eq. (1), for all p € 7 we obtain 
(FID), p) = (OF, Fie) = (—1)"(f, D*Fie)) 
= (-D"F, FIG) = (—1)""'F LSI, GE¥ 9) 
= ((—ié)FTSI, p) 
from which Eq. (12) follows. 
(c) FOURIER TRANSFORM OF A TRANSLATION. If f €.7’, then, 
Fl f(x — xo)] = expG@%o, EFIS] (13) 
In fact, for all y €e. F we have 
(FLAG: — xo), p) = (Se — xo), FPD = CF Flo + xa) 
= (f, Fip expG(%o, £)) = (FIS, expG Qo, Ep) 
= expo, EFIS], p) 
from which Eq. (13) follows. 
(d) TRANSLATION OF A FOURIER TRANSFORM. If f eS”, then 
FUSE + Eo) = Fle**7](E) (14) 
In fact, using Eq. (13), for all p €Z we obtain 


(FESE + £0), p) = (FILS, P(E — $0) = (S, FIp(E — 0) 
= (f, expG(o, x))Fip)) = (expi(Eo, x), Fly) 
= (F [exp(i(£o, x), p) 


from which Eq. (14) follows. 


(e) FOURIER TRANSFORM OF A Direct PropucrT. If fe.S’(R") and 
g € 7’ (R®), then 


FIS) - 80) = ELS) - Fielo] 
= FFLISKE) - 0) = FESE) - Figi) a5) 
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In fact, for all (£, n) e 7(R™”) we have 


(F| fx) 20) p) = (>) - 20), Fle) 
= (fx), (0), F,F[e)) = (AŒ), Fle], Fel ))) 
= (f(x) - Fle), ele) = (FLAC) - Fiel), p) 
= (Flg](n), C), Flp) = (Flel(n), (FUE), p)) 
= (FISKE) - Fien), p) 


from which Eq. (15) follows. 


(f) Analogous equations are valid for the Fourier transform F,, for 
instance: If f(x, y) € W’(R"™*™), then 


DDF AS] = F.lGx)Dif\,  FelD4DEf] = (iE) D FIS] (16) 


4. Fourier Transform of Generalized Functions with Compact Support 


THEOREM. If f is a generalized function with compact support, then its 
Fourier transform belongs to the class Oy and is represented by the equation 


FISE) = (SE), ne?) (17) 


where is any function belonging to D equal to 1 in the neighborhood of the 
support of f. 
Proof. Taking into account Eq. (6) of Sec. 8.3 and (12) of Sec. 9.3, for 
allg eS we obtain 
(D*F[ Sf), p) = (—1)'"(FLSI, Dp) = (~1)" (f, FIDe) 
= (-1)"'(f, n@&)(—ix)Fle) 
= (S), J NONE dé) 
Noting now that 
(x)(ix)p(Ee"E” E F(R”) 
and using Eq. (15) of Sec. 8.5: 
S, S NONE dE) = S (S, NENE e Ap E) dE 
from the preceding equations we deduce the equation 


(D*FLS1, p) = J (S nOi iE) dé 
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from which it follows that 
DFI SE) = (Ff, n(x) (ix)re**”) (18) 


As a result, when a = 0, Eq. (17) follows. 


From Eq. (18), as with the proof of the lemma of Sec. 7.1, we deduce 
that D*F[f] € C(R"), so that F[f] e C”(R”). Further, according to L. 
Schwartz’s theorem (cf. Sec. 8.2) there are numbers C > 0 and p >0 
(p being an integer) for which inequality (3) of Sec. 8.2 is valid. Applying 
this inequality to the right-hand side of Eq. (18), we obtain the estimate 


| D*F[f\(é) | = | A n(x) (ix) eE) | 
< C InN ieia ||, 


=C sup (1+ |x|)? | D'ln()xe"] | 
\8\<p.ceR” 


<C(1+|é|), €eR 
from which it also follows that F[f] € Om (cf. Sec. 8.1). The theorem is 
proved. 
From Eq. (17), specifically, we obtain 
F[S(x — Xo)] = (d(x — xo), Neta) 
= (Xo) expli(é, xo)] = expli(é, xo)] 
that is, 
F[ô(x — xo)] = expfi(é, xo)], F[6] = 1 (19) 
From (19) we deduce 


ô = F-[1] = FI] 


EF 7)” 
so that 
F{1] = (27)"6(€) (20) 


Finally, using Eqs. (11), (12), (19), and (20), we obtain 


F[D*6] = (—if)*F[8] = (~if) (21) 
F[x*] = (—i)!*!D*F[1] = (27)"(—i)'*'D*6(E) (22) 
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5. Fourier Transform of a Convolution. Let f€ 7’ and g be a finite 
generalized function with compact support. Then 


FIS» g] = FIglFIf] (23) 


In fact, by virtue of Sec. 8.6, the convolution f* g belongs to 7’ and 
appears in the form 


(f* 8, p) = (F), e) noa t y) per 


where 7 € 2 and 7 = 1, in the neighborhood of supp g. Taking this equa- 
tion into account, for all p € 7 we obtain 


(FIS * g], p) = (f * g, Fie) 
= (f(x), (10), NY) J pE) expli(x + y), £)] dé)) 


Since, according to the theorem of Sec. 9.4, F[g] € 0m, using Eqs. (15) 
of Sec. 8.5 and (17), we transform the equation obtained 


(Fif* g], p) = (S, J (& nie iE) dé) 
= (f, | Flel(S)p()e**” dé) = (f, FIFigip]) 
= (FES), Flelp) = (FielFLSI p) 


from which Eq. (23) follows. 


6. Examples, n = 1. 





(a) F(R —|x|)] = fË ett de = 2 FE (24) 
0) Few] VE exp(- E) 25) 


In fact, 


Fle-#*2"] = f exp(—a?x? + ix) dx = + f exp(—o* + i+ o) do 


= l exp(— E ) f | -(0 + =) do 
exp(— is ) J Imt=£/20 ede 


It remains to prove that the line of integration Im ¢ = é/2a in the integral 
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obtained may be moved onto the real axis, that is, for all œ 
J mea’? = [f e do =4y/7 (26) 
According to Cauchy’s theorem for any R > 0 we have 
J, etdt=0, t=0+it (27) 


where the contour cr = cr U cR U lh U Ip is shown in Fig. 21. But on 





Fig. 21 


the section I$ = [0 < t < a, © = +R] 


| e-* | = | exp(—o? + t? — 2ior) | = exp(—R? + t?) Jaa 0, R — © 


and so 
m ¿3 = 
ras (Vi + fie oe 
from which, using Eq. (27), we obtain Eq. (26): 
: ¿2 =f —¢? 
Ha [ete (|g heat 
=f" edo- f edt =0 
—o0 t=ia 
©) Fle] =m exp| — 7 — x) (28) 
In fact, from the convergence of the improper integral (Fresnel’s integral) 


F ev" dy = A/T eint 


§ 9. FOURIER TRANSFORM OF GENERALIZED FUNCTIONS OF SLOW GROWTH 131 


follows the uniform convergence with respect to £ over each finite interval 
of the improper integral 


it exp(ix? + ix) dx = lim li exp(ix? + ixé) dx 
=P N->oo Y ~M 


M->co 


= ii 2 exp|i(x + d | — + e] dx 


N> ” -M 2 
boo 
i : NHE/2) 
= exp(— — g) lim f e dy 
4 N>oo Y —M+(é/2) 
M->co 


-a-e fe 
= Va exp| — F (C= n)| 
Using this result, for all p € 2, suppy < (—R, R) we obtain 


(Fle#"], p) = (e7, Fip) = f e**Fipl(x) dx 


a N 2 [R 7 
= T izé 
a mÀ J -R PET de ee 
M>% 


= lim f ie ZONI i exp(ix® + ixé) dx dé 
M>% 
= (ie 7(é) im f i exp(ix? + ixé) dx dé 


M- co 
=4/7 ews fre exp(— + e) dë 


from which, we conclude that Eq. (28) is valid over the test functions 
belonging to D. But 2 is dense in F (cf. Sec. 8.1). Therefore, this equation 
is valid over the test functions belonging to Z. 

1 


(d) F[6] = 6(€) + iF F (29) 


F[6(—x)] = 26(€) — iP (29°) 


132 2. GENERALIZED FUNCTIONS 
In fact, for all a > 0 we have 


Fl6(x)e-*] = F exp(—ax + ix) dx = (30) 


eee 
& + ia 
Since 

A(x)e-** — B(x), a> +0 in Z 


then, proceeding to the limit as a — +0 in Eq. (30), and using the continuity 
over Z” of the Fourier transform (cf. Sec. 9.2), we deduce 


F{6] = (31) 


i 
E+ i0 


Now applying Sokhotsky’s formula (10) of Sec. 5.7, we obtain Eq. (29). 
Equation (29’) is established analogously. 


(e) r|? cr = —2C—2In|é| (32) 
where C is Euler’s constant 
c= f 1 — cos u du — f° cos u du 
0 u 1 u 


and the generalized function W(1/| x |) is as defined in Sec. 6.4, (b). 
In fact, for all p e Z we have 


(2r s |e) = (> TT , Fig!) 
= f Flp\(x) — Fly) 9. l Figl) gy 
a |x] int |x| 


7 I TT f PCEN — 1) dé dx + las TT Í p(E)e™ dé dx 





=2 f {ogy eo ae dx +2 f” [oe SE de ax 
nfo f EL naaf foto MBE ae 


=2f pte) fo 4" ude —2 fpo f° AF ax ads 
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=2f ef" cosu] Hee: ee ey anise dx ja 


= —2 | EXC + In| £|) dé 





from which Eq. (32) follows. 
(£) In Sec. 6.3, (c) the equation 


= A(x — nk) = -= Ds eikz (33) 


k=—00 


was established. It is not difficult to see that the series in Eq. (33) converges 
in 7”. Using Eq. (19), we shall rewrite Eq. (33) in the form 


Qn = 8(x — nk) = 2 F[ô(x — k)] 


k=—co 


Applying this equation to pg € 7, we obtain 


2a{ Y. X 6(x — 2xk), p) = = 2x os (ô(x — 2zk), p) 


k=—00 


=2n Ý wQak)=( Ë FOE- Oe) 


k=—00 


È O@-b, Fle) = È Flee) 


that is, 
2x > gmk) = 2 Fly) (34) 


Equation (34) is known as Poisson’s summation formula. 
Supposing in Eq. (34) that 


pa) = exp(— >), roo = LE onf- fat) a 





we obtain 





5 ett = =x exp(— =) (35) 


k=—co k=—00 


Formula (35) is used in the theory of elliptic functions. 
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7. Exercises. Use Eqs. (29) and (29’) and the equation @(1/é) = — (P/E 
to show that 


1 

E’ 
1 

D P- -rlël Fx = -22 


(1) Fisgn x] = 2i? r|? =| = in sgn È; 


1 . 
E2? 
G) FPE] = —ind'(6) -P -ir 
8. Examples, n > 2. (a) Let the quadratic form 

n 


D, ayxixj = (Ax, x), A= (ay) 


1,j=1 
be real and positive definite, 


(4x, x) >o|x|*, o>0 


Then 
Fle(420)] = qe 





exp| — + (£, a=e)| (36) 
“~/ det A 


To obtain formula (36) by means of a nonsingular real transformation 
x = By we reduce the quadratic form (Ax, x) to a diagonal form 


(Ax, x) = (ABy, By) = (B'ABy, y) = | y? | 


so that 
A~ = BB’, det A(det B)? = 1 


From this, using formula (25), we obtain 
Fle-427)] = f expl- (Ax, x) + i(é, x)] dx 


= | det B | | exp[—(4By, By) + i(é, By)] dy 





1 
= f exp[—| y |? + i(B’E, y)] dy 
“/ det A 


1 n 
= Il f exp[—yj + i(B’£),y,] dy; 


a/ det A 
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mene 1 
= exp(— ql Be P) 
Vv det A 


=Z enp] - 7 (622) = —ew|- 7 6470] 


~ det A “/ det A 


(b) Analogously, using formula (28), we obtain 





g” 








n/ 2 


Flexp(i(Ax, x))] = 





7a -5 exp| — E (4, a=) (37) 


(c) Let ôsp(x) be a simple layer on the spherical surface Sp in R*. Then 


sin R| £| 


38 
TE] (38) 


F [bsp = 4nR 
In fact, since dg, is a generalized function with compact support, then, 
applying formula (17), we obtain 


Fldgq] = (s(x), neita) = | sp MC” aS 


n pn 
as iR(E,8) ds = j i 
R? i. eR) ds = R? f i exp(iR | £ | cos 0) sin 6 dé dp 


sin R| é| 
|£] 


(d) Let n = 2. We shall introduce the generalized function P (1/| x |?), 


(7-5 = faa POS PO) ae +f O % ge 


[xp | x |? iz>1 | x |? 


= 4nR 





Then 
1 
r|? Tr] = -2min | E| — 21C, (39) 


where 


0 1 


and Jo is a Bessel function. 
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In fact, for all p e Z the sequence of equations 
Ao he) = (2 cher 
= - F eee dx ls Teo dx 
= | Tgr — D dë d 
+ f TF f p(ée™*) dE dx 
= [=f oe) f” (expt | £| c086) — 1) d dë dr 
+f + fr) ie exp(ir | € | cos 0) d0 dé dr 
= IOE E|) — 1] dë dr 
+ 2a [7 L f AO | EN) dE dr 


= 20 f wef. Jo(r | alia laf ey a| dé 


= 2n Í rol OL at F W a] dé 


Il u 


= —27 | o(E\(Cy + In| £|) a8 
is true, and Eq. (39) follows from this. 
() | |=, cabin (40) 


Applying the Fourier transform to both sides of Eq. (37) of Sec. 6.5, 
we obtain 


Eaj- 





Since 1/¢ is a locally integrable function in R?, then the last equation may 
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be divided by ¢ in 7” (R2). As a result we shall obtain formula (40). 


(f) APBD) = on Si RI EI n=2 (41) 
VE- 1#] 
In fact, 


a ils) 
eoo 6(R — | x |) |= f eita dx 
ISR SR? — |x|? 


= pean exp(ir | £ | cos p) dp dr 
J Rr? 


yR- jx 


= 2x f° a ED g 
Ve aS 


1 u du sin R| £ 
= 27R Í Jo(R| Eoi = ap REL 
1— u? 


Here we have used formula 6.554, (2) from the reference book of I. S. 
Gradshteyn and I. M. Ryzhik (1). 


1 27? 
(g) FF =r "=? (42) 


Establishing that the function | x |-? is locally integrable in R°, for all 
p e7 we obtain the following sequence of equations: 


Mrih) = frire 
Trl” pleita dé dx 


= lim J oa Ts Tar 


= 1 a fo pa Tx a 
a 2x exp(i| £| o cos 6) . 
Lum fof f e ree aE 


dx dé 


. R 1 . 
= 2n lim f (6) f f., expC] £| em) du de dé 


= 4z lim PO pe Salle do at (43) 
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Since 


e sin| é| e 
aera 





_|cos|&|R _ fe cos| éle fe le 2 
Sg fw etel=z+fi4 R 





a transition to the limit is possible under the integral sign as R — oo in the 
last term of Eqs. (43). As a result we obtain 


tele) =e I PL SEL eae PO 


from which Eq. (42) follows. 





CHAPTER 


3 


Fundamental Solutions and the Cauchy Problem 


In this chapter the theory of generalized functions is applied to the solution 
of the Cauchy problem for the wave equation and for the equation for the 
conduction of heat. In this connection, the Cauchy problem is considered 
in a generalized context which allows one to include initial conditions in- 
volving momentarily acting sources (of the nature of simple and double 
layers over the surface t = 0). In this way, the Cauchy problem may be 
reduced to the problem of finding the (generalized) solution of the given 
equation (with a modified right-hand side) which becomes zero when t < 0. 
The problem is solved by a standard method—that of summing the per- 
turbations produced by each point of the distributed source so that its 
solution appears in the form of a convolution of the fundamental solution 
together with the right-hand side. 


§ 10. Fundamental Solutions of Linear Differential Operators 


The Fourier transform is applied to construct the fundamental solutions 
of linear differential operators having constant coefficients. Naturally, only 
fundamental solutions of slow growth can be obtained by this method. 


1. Generalized Solutions of Linear Differential Equations. Let 
m 


ÈL a(x)Du = f(x), fE? (1) 


la=0| 
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be a linear differential equation of order m with coefficients a, € C°(R"). 
Introducing the differential operator 


L(x, D) = ¥ a,0oD*, p= ( 
l 


a= 


RENS ca 
Ox,” Ox,’ °°” OX, 


we shall rewrite this equation in the form 
L(x, Dyu = f(x) a) 


Each generalized function u e 2’ which satisfies this equation in the 
region G in a generalized sense, that is, for any y € Z, supp g < G 


(L(x, D)u, p) = (4) (2) 


is known as the generalized solution of Eq. (1) in the region G. Equation 
(2) is equal in effect to the equation 


(u, L*(x, D)¢) are Ch p), gE BG) (2') 
where 
L(x, Dyp = $ (Dag) (3) 
In fact, 
(L(x, Du, p) = ( 5 a,D*u, p) = > (a,D"u, p) 
= È. (D'u, ap) = p (—1)!*!(u, D*(a,p)) 
= (u = (—1)*D+(a.p)) = (u, L*(x, DX) 


It is clear that every classical solution is also a generalized solution. We 
shall formulate the converse result as the following lemma. 


LemMa. Ifthe generalized solution u(x) of Eq. (1) in the region G belongs 
to the class C™(G) and f € C(G), then it is also the classical solution of this 
equation in the region G. 


Proof. Since u e BD’ ^ C™G), the classical and generalized derivatives 
of the function u up to and including the order m coincide in the region G 
(cf. Sec. 6.1). Since u is the generalized solution of Eq. (1) in the region G, 
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then the function L(x, D)u — f which is continuous in G vanishes in 
the region G in the sense of generalized functions. According to Du Bois 
Reymond’s lemma (cf. Sec. 5.5), L(x, D)u(x) — f(x) = 0 at all points of 
the region G, so that u satisfies Eq. (1) in the region G in the classical sense. 
The lemma is proved. 


2. Fundamental Solutions. Let L be an operator with constant coeffi- 
cients a,(x) = a,: 


L(D) = Ý aD",  L*(D) = L(—D) (4) 
| 0 


a |= 


The generalized function # e BD’ which satisfies equation 
LD)F = 4(x) (5) 


in R” is said to be the fundamental solution (the function of influence) of the 
differential operator L(D). 

The fundamental solution & (x) of the operator L(D), generally speaking, 
is not unique; it is defined accurately as far as the term 4(x), which is an 
arbitrary solution of the homogeneous equation L(D)Z = 0. 

In fact, the generalized function & (x) + A(x) is also a fundamental 
solution of the operator L(D), 


LDF + 2) = LDF + L(D)S = 4x) 


Lemma. In order that the generalized function & e Z’ should be the 
fundamental solution of the operator L(D), it is necessary and sufficient 
that its Fourier transform F[&] satisfy the equation 


L(—ié)F[#] = 1 (6) 


where 


Le) = ¥ aë 


la|=0 


Proof. Let & €S” be the fundamental solution of the operator L(D). 
Applying the Fourier transform to both sides of Eq. (5), we obtain 


FIL(D)#] = F[ô] = 1 (7) 
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Taking Eq. (12) of Sec. 9.3 into account, we have 


FIL@)S] = F| $ a8] = ¥ a FDF] 


la|=0 


= È ac(—i8y FS] = LiG) 8) 


from which, and from (7), it follows that F[Z ] satisfies Eq. (6). 
Conversely, if Z e Z” satisfies Eq. (6), then, by virtue of (8), Z satisfies 

Eq. (7), from which it follows that @ satisfies Eq. (5); that is, it is the 

fundamental solution of the operator L(D). The lemma is proved. 


The lemma which has just been proved reduces the problem of con- 
structing fundamental solutions of slow growth for linear differential opera- 
tors with constant coefficients to the solution in 7” of algebraic equations 
of the form 

P(E)X = 1 (9) 


where P is an arbitrary polynomial. 

As we see from Eq. (9), each of its solutions belonging to 2’ (if such 
solutions exist) must coincide with the function 1/P(é) outside the set Np 
of the zeros of the polynomial P(Ẹ) 


Np = [€ : P(€) = 0] 


It follows from this that if Np = Ø, the solution of Eq. (9) is not unique: 
the various solutions differ from each other by a generalized function with 
support in Np. For instance, the generalized functions 


1 1 1 
tO? Fo ee 


which differ from each other by an expression of the form const 6(é) [cf. 
Sokhotsky’s formulas (10) and (10’) of Sec. 5.7], are different solutions of 
the equation EX = 1. 

If the function 1/P(&) is locally integrable in R”, then it (or more ac- 
curately, the regular functional defined by it) is the solution in 7” of Eq. (9). 
However, if the function 1/P(é) is not locally integrable in R”, there is 
the nontrivial problem of constructing a solution of Eq. (9) in 7”. It 
has been proved by L. Hérmander (2) that Eq. (9) is always soluble in 7”. 
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We shall denote by reg(1/P(£)) any solution of Eq. (9) belonging to 
Z'. The construction of this solution depends essentially on the structure 
of the set Np and can be carried out for each concrete polynomial P. 

In this way, Eq. (6) is always soluble in 7” and 


1 
FIZ] = reg ICS 
is its solution. 
Consequently, each linear differential operator L(D) with constant coeffi- 
cients has a fundamental solution of slow growth, and this solution is given 
by the formula 


3. Equations with a Right-Hand Side. By means of the fundamental 
solution 2 (x) of the operator L(D) it is possible to construct a solution of 
the equation 


L(D)u = f(x) (11) 
with an arbitrary right-hand side f. More accurately, the following theorem 
is valid. 

THEOREM. Let f € DB’ be such that the convolution Z » f exists in P’. 
Then the solution of Eq. (11) exists in D’ and is given by the formula 
u= Ff (12) 


This solution is unique in the class of generalized functions belonging to 
®@ for which a convolution with Z exists. 


Proof. Using the formula for the differentiation of a convolution [cf. 
(22) of Sec. 7.6] and taking Eq. (5) into account, we obtain 


y a,D(& *f) 


al=0 
m 


( 3: a8) +f = LDF +f = d*f=f 


lai=o 


L(D\(F +f) 


I 


Therefore the formula u = Z +f in fact gives the solution of Eq. (11). 
We shall prove the uniqueness of the solution of Eq. (11) in the class of 
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the generalized functions belonging to 2’ for which a convolution with 
Z exists in Z’. For this it is sufficient to establish that the corresponding 
homogeneous equation 


L(D)u = 0 


has only a zero solution in this class (cf. Sec. 1.9). But this is in fact so, by 
virtue of 


u = u x ò = u x L(D)E = L(Du+F =0 
The theorem is proved. 


COROLLARY. Ifue€®2' and the convolution u x & exists in D’, then the 


equation 
u = L(Dju * & (13) 


is valid. 


PHYSICAL SENSE OF THE SOLUTION u = 2 xf. Let us represent the 
source f(x) in the form of a “sum” of the point sources f(é)d(x — 6), 


f(x) = ô * f = J AES — E) dé 


By virtue of (5), each point source f(&)d(x — £) defines the influence 
AEE (x — E). Therefore the solution 


u(x) = F xf = | AEZ (x — E) dé 
is the superposition of these influences. 
4. Method of Descent. Let us consider a linear differential equation 


with constant coefficients in the space R”+! of the variables (x, t) = (x1, X2, 
“ep Mel) 

1D, -\u =e) 10), fe WR" (14) 
where 


0 2? 4 
LD, 5,) = È gr LiD) + LAD) 


and L,(D) are differential operators involving the variables x. 
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Let the generalized function u belonging to D’(R"*) allow continuation 
over functions of the form g(x)1(t), where y € 2 (R”) in the following sense: 
Whatever may be the sequence of test functions 7,(t), k = 1,2,..., 
belonging to Z (R!) and converging to 1 in R! (cf. Sec. 7.4), there is a limit 


Jim (u, p~)ni(t)) = (u, PIM) (15) 


and this limit does not depend on the sequence {nz}. 
We shall denote the functional (15) by uo, 


(uo, p) = (u, pœ) (t)) = lim (u, p(x)n{t)), p € DCR") (16) 


Let us suppose, moreover, that the functional uis continuous* over A(R"). 
Then since the functional u is linear, uy € D’(R"). 
We shall give two examples of the construction of the continuation up. 


(a) Let the function u(x,t) be such that the function Í| u(x, t)| dt is 
locally integrable in R”. Then u(x) is a function locally integrable in R” 
and is given by the integral 


u(x) = ie. u(x, t) dt (17) 


In fact, in this case the function u(x, t) is locally integrable in R”+! and, 
by virtue of Lebesgue’s theorem (cf. Sec. 1.4), the limit (15) exists 


im (u, pM ()) = lim f u(x, DPA) dx dt 
= f u(x, t)p(x) dx dt = | p) | ” u(x,t) dt dx 


for all g € Z(R”), does not depend on the sequence {7,}, and defines a 
continuous functional over M(R"). As a result, by virtue of (16), formula 
(17) follows. 

(b) Let u = f(x) - 6(t), where f e D'(R"). Then u=/f by virtue of 


lim (u, p(x)n(t)) = lim (FŒ) + ôC), px lt)) 
lim (Sx), Pm 0)) = (hv), p € G(R") 


(uo ? p) 


* The continuity of the functional u, follows from the completeness of the space @' 
(cf. Sec. 5.3). 
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THEOREM. If the solution u € D’(R"*) of Eq. (14) allows the continua- 
tion (16), then the generalized function u, belonging to D’(R") satisfies the 
equation 

Lo(D)uy = f(x) (18) 


Proof. Let ,(t), k = 1,2, ..., be the sequence of functions belonging 
to D(R') which converges to | in R'. Then for q = 1, 2, ..., the sequences 
of functions 


mt) + nO, k=1,2,... (19) 


also converge to 1 in R! and therefore, for all y belonging to D(R*) (cf. 
Sec. 7.6) 


Tins (u, p(x) y(t) = a (u, p(x) In) + POD 


— lim (u, p@)n(2)) = (uo, P) — oP) =9 (20) 
k->00 


Granting (20), we shall check that the generalized function ug satisfies 
Eq. (18): 


(La(D)ity, 9) = (uo, Lal—D)p) = lim (u, LoDo) 
= lim (u, Lo(—D)px)nlt) + F. (-1¥L,(— Dn) 
k->oo0 q=l 


= lim (u, L(-, z Sr romO) 


k->00 


= lim (x(o, a) vent) 


k> 


= lim (f(x) - lt), p)n(t)) = lim (fŒ), p)0)) 
k-o k->00 
= (49) 


The theorem is proved. 

The method which we have just set out for obtaining the solution u(x) 
of Eq. (18) with n variables by means of the solution u(x, t) of Eq. (14) 
with n + 1 variables is known as the method of descent involving the 
variable t. 

The method of descent is especially useful in constructing fundamental 
solutions. In fact, applying the theorem which has just been proved to the 
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case f = 6(x), we obtain: If F(x, t), the fundamental solution of the operator 
L(D, 0/0t), allows the continuation (16), then the generalized function 


(B p) = (F, p0), p € D(R) (21) 


is a fundamental solution of the operator La(D); specifically, if the function 
J| Z(x,t)| dt is locally integrable in R”, then 


K(x) = F, Z (x, t) dt (22) 


The fundamental solution satisfies the relation 
B(x) - 1(t) = F * d(x) - 1(t) 


The physical sense of this formula is that 4(x) is a perturbation (not 
depending on t) from the source d(x) - 1(t) concentrated along the ¢ axis 
(cf. Sec. 10.3). 


5. Fundamental Solution of a Linear Differential Operator with Ordinary 


Derivatives 


Pg dag 
a T A) ga t + aE = 60) 


In Sec. 6.3, (f) it has been shown that the fundamental solution of this 
operator is expressed by the formula 
F(t) = O(t)Z(t) 


where Z(t) satisfies the homogeneous equation LZ = 0 and the initial 
conditions 


Z(0) = Z'(0) = --- = Z"—2(0) = 0, Z°V0) = 1 
Specifically, the functions 


zO =o, g = 0) BH (23) 


are fundamental solutions, respectively, of the operators 


d ey 
ae ae 14 
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6. Fundamental Solution of the Heat Conduction Operator 


ae — @ AF = ô(x, t) (24) 
In Sec. 6.5, (f) it has been shown that the solution of Eq. (24) is expressed 


by the formula 





O(t) | x |? 
g(x, t) = ———— exp] — E (25) 
2a / xt ye | aair 


and consequently this function is the fundamental solution of the heat 
conduction operator. 

We shall deduce formula (25) by means of the Fourier transform. Apply 
the Fourier transform F, (cf. Sec. 9.2) to Eq. (24): 


Fs =| ~ @F,[A®] = F,[8(x, t)] 
and use Eqs. (15) and (16) of Sec. 9.3: 
F,[8(x, t)] = E ro - ÒC] = FINE) - 6(¢) = 1E) - 6) 
P| = GRE) RAF) = — | PR 


As a result, for the generalized function (£, t) = F,[#](é, t) we obtain 
the equation 


FED 4 a EREN = 1 - 90 me 


Using Eq. (23) for Z(t) and replacing a by a? | ¢|?, we conclude that 
the solution in 7’ of Eq. (26) is the function A 


FE, t) = 0(t) exp(—a?| £ |t) 


From this, applying the inverse Fourier transform F;1 and using formula 
(36) of Sec. 9.8, we obtain Eq. (25): 





FC, 1) = FEE D) = GE f exp(at Eer — iG, x) a8 


eee (2 xp- ll 
Qay ai)" (=ar) 
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7. Fundamental Solution of the Wave Operator 
afn = (x, t) (27) 


Applying the Fourier transform F, to Eq. (27) and acting as in the preceding 
section, instead of Eq. (26) for the generalized function F,[&,] = (£, t) 
we obtain the equation 
#3, (E, t) 
ot? 


Using formula (23) for 2(t) and replacing a by a | £|, we conclude that 
the solution in 7” of Eq. (28) is the function 


+a?| El? EE, t) = 1() - ò) (28) 





2 t) = 0(t sina| &|t 
MB) = 00 re 
Consequently, 
= -1 ae —1 smal Ht) 
F(x, 1) = FALLEN) = OOF Hel (29) 
Let n = 3. Then from formula (38) of Sec. 9.8, we deduce that 
[sina] é] ‘] et 
F i El Anat Sal) 
from which, and from (29), we obtain 
a(t A(t 
Bo, 1) = LO 5,.(2) =O s@e—-| x1) o 


where the generalized function 23 acts according to the rule: 
1 fe dt 
(B90) = ga J Ose) 
1 sol 
=r |, rf oD ddr, peF(R) GBD 


Analogously, using formulas (24) of Sec. 9.6 and (41) of Sec. 9.8, we 
obtain [cf. Sec. 6.5, (g)] 
1 
Zi(x, t) = zg l — |x|) 
Olat — | x |) 
2na y/ a’t? — | x |? 
To obtain the fundamental solution 3;(x, t), x = (x,, X2), we shall use 
the method of descent involving the variable x, (cf. Sec. 10.4). For this it 


(32) 
F(x, t) = 
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is necessary to show that 33(x, x3, t) allows the continuation (16) over 
functions of the form g(x, t)1 (x3), where p € Z (R°), and that the functional 


(B(x, X3» t), g(x, t)1 (x3)), p E 2(R?) 


is continuous over A(R). 
Let n, € Z(R!) kK=1,2,... and n,(xs) tend to 1 in R!. Then, using 
(31) for all y € Z (R?) we obtain 


lim (2%, oC, ass) = lim oe Ff P faa) dS dt 


oT œ ] 
~ Ana Jo t 


T fp Post) aS dt = (E, pC, 1C) 


so that this limit exists which does not depend on the sequence {n,} and 
which defines a continuous functional over 2 (R°). From this, and applying 
formula (21), we conclude that 


(B p) = (Bp Mo) = pr S T S PDAS d pe DR) 


We shall transform the last integral. As œ does not depend on xz, then, 
replacing the surface integral over the spherical surface Sy, = [| x |? + 33 
= a°t?] by the doubled integral over the circle | x | < at (Fig. 22), we obtain 
re Oe ae ts p(x, t) 
(2,9) = Jna f izisat (ŒP — | x >)? dx dt 
6(at — | x|) 


~ Ina | eter 7 t) dx dt 


from which formula (32) follows for 3. 
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Analogously, using formula (22), by the method of descent involving 
X we shall obtain formula (32) for the fundamental solution &;(x, t): 


A 
Olat —+~/ x? + x2) dx 
2 


ar es (at? — x? — xp)" 


_ Oat — |x|) oe dx, 
oF na (a*t? — x? — x2)" 2 


-teda 8 aa 


A/I =u 2g 


8. Fundamental Solution of the Laplace Operator 





A&, = 6(x) (33) 


In Sec. 6.5, (d) it has been shown that the functions 


1 


Hx) = = In| x|, od eae CF 


|x| +,  n>3 (34) 


are fundamental solutions of the Laplace operator. We shall calculate 
these fundamental solutions by means of the Fourier transform. Applying 
the Fourier transform to Eq. (33) we obtain 


—| é PFTF,] = 1 (35) 


Let n = 2. Let us check that the generalized function —P(1/| & |?) 
[cf. Sec. 9.8, (d)] satisfies Eq. (35). In fact, 


(lhe rape) 
= (Ppl Els) 
= | El? oC) — | £ |? P(E) leno | € |? CE) 
= Nes | él? Go ve | El? vis 


=| d= (p), per 
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Consequently, in agreement with the scheme of Sec. 10.2, we can suppose 
that 
1 


1 
ak ey aa -PTEE 


From this, and using formula (39) of Sec. 9.8, we obtain 
Foy S| eee le 
“oF rerl- -zler 
wes Co 
=> In| x| +32 (36) 


Since the constant satisfies the homogeneous Laplace equation, then, 
disregarding the term C,/27 in (36), we see that the fundamental solution 
(x) may be chosen equal to (1/27) In| x |. 

Now let n > 3. In this case the function —| £|~? is locally integrable in 
R” and so, in agreement with Sec. 10.2, 





AZ- A= -lr 


From this, for n = 3, using formula (42) of Sec. 9.8, we obtain 


Bx) = — (37) 


eh. 
4x | x | 
S,(x) is calculated analogously for n > 3. 

It is especially simple to construct 3,(x), n > 3, by the method of descent 
involving the variable ¢ (cf. Sec. 10.4) from the fundamental solutions of 


the heat conduction operator or of the wave operator. For instance, using 
formula (22), from (25) when a = 1 we obtain formula (34): 





2 
B(x) = — [ Z (x, t)dt = — |" — f- Hl ) a 
Ry at) 
x| po _ n | x |= 
_] ba ip e-tu ™?-2 du = -r(4- 1) p 


1 


Tae O aa 
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9. Fundamental Solution of Helmholtz’s Operator 
(4 + k*)S, = d(x) (38) 


It has been shown in Sec. 6.5, (e) that 


g etkizl 2 e—kizi 39 
WaT e 7 (39) 
are the fundamental solutions of Helmholtz’s operator when n = 3. 
Formulas (39) are valid also when k is complex. 
Let us calculate 3(x) by means of the Fourier transform. From (38) 
we have 


(—| é|? + FLA] = 1 (40) 
We shall take the solution of Eq. (40) in the form 


: 1 1 
FHS = im ae i ee 


and so, since the Fourier transform is continuous, 


£0) = laser 





1 f e—a) 
dé 


= lim lim yo 
4T? e>40 Reco 4 gl<R k? + ie — | &|? 


= ] i . R o 27 a r 
lim lim Í, F ie o Í exp( 10 | x | cos p) dp do 


4 2 
An? +40 R00 


1. n [R edo x|) 
= zy lim lim J a e 


= 1 tim KONP Tet) 
27 +40 


-4 
2n 





K,(—ik | x |) = — HME |x|) 


Here we have used formula 6.532, (4) from the reference book of I. S. 
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Gradshteyn and I. M. Ryzhik (1); H{, j = 1, 2, are Hankel functions. So 
the functions 


B(x) = -F HPE] x|), F(x) = + HOM | x) (41) 


are fundamental solutions of Helmholtz’s operator when n = 2. 
It is convenient to take fundamental solutions for n = 1 in the form 
(cf. Sec. 10.5) 


O(x) . _ sinkx coskx 1 











= = tk| al 
A) a ail Zik ake 
(42) 
F (x) = = seen 
10. Fundamental Solution of the Cauchy—Riemann Operator 
ô 
Or Z = d(x, y) (43) 
It has been shown in Sec. 6.5, (j) that 
1 
J (x,y) = Ae (44) 


11. Fundamental Solution of the Transport Operator 


LL 
v 





P= (x,t), |s|=1 (45) 


Applying the Fourier transform F, to Eq. (45) for the generalized 
function F,[%] = &(E, t) we obtain the equation 
1 Z(E, t) e t) 


v 


+ [a — i(s, £)] Z(E, t) = 1 (£) - 6(t) (46) 


From this, and using the first of formulas (23), we conclude that the 
function 


Z(E, t) = v0(t) exp{[i(s, £) — abt} 


is the solution belonging to 7” of Eq. (46). Now applying the inverse 
Fourier transform F;1, 


B(x, t) = Fp IBE, t)] = vO(t)e F- [exp(i(é, st) ] 
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and using formula (19) of Sec. 9.4 for xy = vts, 
F-fexp(i(é, s)vt)] = 6 — vts) 
we obtain the fundamental solution of the transport operator 
B(x, t) = vO(t)e-*"'6(x — vts) (47) 


To calculate the fundamental solution 4°°(x) of the steady state transport 
operator 
(s, grad Z9) + ag? = 6(x) (48) 


we shall use the method of descent involving the variable t (cf. Sec. 10.4). 
As a result, by virtue of (47), for all y € Z (R°?) we obtain 


(Fs PLA) = v [T eCa — vts), p) at 
=v f . e-““y(vts) dt = ite e-““p(us) du 
enalal x 
=( [xf a(s- [x] )») 
from which, by virtue of (21), it follows that 
— | 271 
F(x =r (8-7, 49) 
esas ad aa] 


Specifically, from (49) we have 
1 d E e~z] 
4n l aE 4r | x |? (0) 


12. Exercises. (a) Using formula (29), show that the generalized functions 


(n—3)/2 
i E d(at? — | x|), n=3 odd 


F(x, t) = 4 (—1)™2-1 anar” 1 Olat — | x|) 
2a 2 (at? a | x [aana 


n>2 even (51) 


are fundamental solutions of the wave operator [la for n > 2. 


156 3. FUNDAMENTAL SOLUTIONS AND THE CAUCHY PROBLEM 


(b) Prove that the fundamental solutions of the Klein-Gordon operator O + m? 
(cf. Sec. 2.8) are the generalized functions 





D(x», x) = LC agg — | x |) 


27 
VEE 


and D(x), x) = D'(—x,), x); here J, is a Bessel function. 
(c) Prove that the generalized functions 


m 
— Fe 4G — | ¥)) 


1 
Dt(xo, x) => gri FIOCE ACES w | E |2 = m?)] 
i (53) 
D-(xo, x) = — -gar TOC 0) d(E6 gs | é? | — m?)] 
satisfy the Klein-Gordon equation and the result 
D+ + D- = Dt — D° 
The generalized functions D", D*, D+, and D- play a large part in quantum field theory 


[cf. N. N. Bogoliubov and D. V. Shirkov (1, Chap. ID]. 
(d) Using formula (40) of Sec. 2.8, show that the fourth-order matrix 


3 0 
B (xo, x) = i yt Gm + ml) Dos») (54) 
k=0 Ox, 
where D” is defined in (52), is the fundamental solution of Dirac’s operator (cf. Sec. 2.8), 


3 a 
; k ———— is 
(i 2? T mi)? (xo, x) 


(e) Using formula (37) of Sec. 9.8, show that the function 


F(x, t) = da ( 5 r exp (5 x|? + >) (55) 





is the fundamental solution of Schrédinger’s operator 


„0 k 
M E 


ai A, n=3 
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§ 11. Retarded Potential 


1. Properties of the Fundamental Solution of the Wave Operator. The 
fundamental solutions of the wave operator for n = 1, 2, and 3 are the 
(generalized) functions [cf. formulas (32) and (30) of Sec. 10.7]: 


6(at — | x|) 


B N= Wat —|x), Pat) = 


Bo 1) = y bsa) = sO ert — | x19 


The functions 4 and 3; are locally integrable, but the generalized function 
Z acts on the test functions p € M(R*) according to formula (31) of 
Sec. 10.7: 


1 œ | 
(p= gr I ars g(x, t) dS dt 


= (x, | x |/a) 
~~ Aga? X |x] dx (1) 


The supports of the functions 4; and 3 coincide with the closure of the 
future light cone [+ (Fig. 17), but the support of the generalized function 


& 


Ix! 





Fig. 25 
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Z coincides with the boundary [at = | x |] of this cone. Diagrams of the 
fundamental solutions 4, 3, and & at an instant of time t are shown 
schematically in Figs. 23-25. 

Let f(x, t) e Z(R"+) and g(x) € Z(R”). 

Let us introduce the generalized function (f(x, t), 9(x)) € Z' (RÐ), 
which obeys the formula 


(CŒ, t) pP) y) = (Loy), pE E2R (2) 
From this definition we obtain the following equation: 
k 
(FE) =F U0), ksz O 


In fact, for all y € D(R’) we have 
(Ze 2a p), »)= (or tan #9) = =(= Hro Ji TE) 


= (A S 9, 9), SP) 





E ga (Ax, t), p(x)), v) 


from which Eqs. (3) follow. 

We shall say that the generalized function f(x, t) belongs to the class 
C?, 0< p < œ, in the variable t in the interval (a, b) or [a, b] if for any 
p € D(R") the generalized function (f(x, t), p(x)) € C?(a, b) or € C?([a, b]) 
(cf. Sec. 5.4). 


LEMMA. The fundamental solutions &,(x, t), n = 1,2,3, belong to the 
class C® in the variable t in [0,00) and satisfy the limiting results when 
t— +0 


F (x, t) > 0, PED, 


eres PED 9 in DR) (4) 


Proof. Let n = 3 and » e A(R»). It follows from (1) that 





(Bes 0,90) = Gf. oas = AP] oats ds 6) 


Since the right-hand side of Eq. (5) is infinitely differentiable with respect 
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to t in [0, co) (cf. Sec. 1.2), it follows that 43 belongs to the class C% with 
respect to ¢ in [0, 00). Moreover, it follows from (5) that 


(E t) P(*)) +0, t+ +0 (6) 


Further, using formula (3) for f= 4 and k = 1,2, we shall obtain, 
when t— +0, 


(2, (x ) = n lE f „ Pats) “ 
a 
(ô, » 


4 plats) ds + q 5 |, Pats) ds > 9(0) 
7) 





„ ats) ds] 


aar t) ne d 
ae P dt? - 


1 d 
=z n plats) ds + —— + a iy g(ats)ds+0 (8) 


since the function 


ie y(ats) ds = f e p(—ats) ds 


is even and infinitely differentiable with respect to t, and so its first derivative 
when t = 0 is equal to zero. Since y € 2 (R?) is arbitrary, the limiting results 
(6)-(8) are equivalent to results (4) when n = 3. 

Now let n = 2 and 1, and g € A(R"). Then when t > 0 


g(x)dx t p(atn) 
(F(x, t), y(x)) = = a rae (@r — | x [2172 ya (9) 
(BOD, O) = ay J" ee) de = 5 f’, gain) dn (10) 


From this, as for the case n = 3, follow all the assertions of the lemma. 
2. Additional Information about Convolutions. We shall give one more 
test when the convolution exists. 


THEOREM. Let the generalized functions f and g belonging to D'(R"*') 
be such that f(x,t)=0, t<0, and suppg c I+. Then the convolution 
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f» g exists in D'(R"*) and appears in the form 


(f* g, p) = (FE, T) + gC, 1), n mamla — | y Doly, t'+7)) 
p € G(R") (11) 


where y(t) is any function of the class C°(R‘) equal to 0 when t < —6 
and to 1 when t > —e (6 and £ are any numbers, 6 > e > 0). Then the 
convolution f * g becomes zero when t < 0 and is continuous with respect to 
f and g separately: (1) if f, >f as k > 00 in D(R™), fe = 0 for t < 0, 
then f,*Z—>f*g as k— ooo in D'(R™); (2) if g,—>g as ko in 
D'(R"*), supp g, < I+, then f * g, —> f* g ask — oœ in DR"), 

Proof. Let (x, t) be an arbitrary function belonging to D’(R"**), let 
supp p < U4 and let 7,(é, T’; y, t) for k =1,2,..., be a sequence of 
functions belonging to M(R"+?) and converging to 1 in R®"+® (cf. Sec. 
7.4). Then whenever k is sufficiently large 


Pe = NT MEMET — | y |?)na(E, T; y, TPE + y, T + T) 
= nir mma — | y PE +y, T +T) =y (12) 
To prove Eq. (12) it is sufficient to establish that the function p € 
F(R), But this follows from the fact that it is infinitely differentiable, 
while the set 
[(é, T, y, T) ST 2 = Ô, T = — 6, a*r? a | y|? 2 —6, 
[y + E| + (r +r < A’ 


in which its support is contained, is bounded, since this set is contained 
X T 
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in the bounded set 
[-6<7<A+6,-6<1<A4+46,|y|<vV lA + 6) + 4, 
[él <Va(A4+ 6? +64 4] (Fig. 26) 


Moreover, by construction, 7(z’) = 1 in the neighborhood of the support 


of f(E, t’) and n(t)n (ax? — | y |?) = 1 in the neighborhood of the support 
of g(y, t). Consequently [cf. (13) of Sec. 5.9], 


KET) = nv), g0, T) = nemer — | y De, 7) 
From these equations and Eq. (12), we see that formula (11) is valid: 
(f* 8,9) = Im (FE, T’) + 80, T), NECE, T; y, TECE + y, T + 7) 

= lim (KE, T’) - 80, 1), ve) = SE, T): 80, 1), p) 
p € D(R") 


We shall prove that the right-hand side of Eq. (11) defines a continuous 
functional over 2 (R"+!). In fact, let p, > y as k > co in Z(R”+!). Then 


ve = NT MEMET — | y PoE + y, T + T) y 
as k > œ in Z(R?”+?), and so 


(f* 8, pr) = (ACE, T) + 20, 7), Pr) 
> (ACE 0): g0, 7), y) = (f *g p)  k— oœ 


as was to be shown. In this way, f * g e D’(R"*). 

We shall prove that f*g=0 for t <0. Let g(x, t) € Z(R"+!) and 
supp y < [t < 0]. Since the support of » is a compactum in R”+!, then 
there will be a number 6, > 0 such that supp » < [t < — ô]. But then, 
choosing 6 < 6,/2, we shall obtain 


n(x’ mnla — | y [DPE +y t + t) = 0 


from which, by virtue of (11), (f * g, p) = 0, as was to be shown. 

The continuity of the convolution f g with respect to f and g follows 
from Eq. (11) and from the continuity of the direct product f(é, t’) - g(y, T) 
with respect to f and g [cf. Sec. 7.3, (a)]. For this an auxiliary function 
n may be chosen independent of k. The theorem is proved. 


162 3. FUNDAMENTAL SOLUTIONS AND THE CAUCHY PROBLEM 


For n = 0 the theorem which has just been proved assumes the following 
form: If the generalized functions f(t) and g(t) become zero when t <0, 
then their convolution f» g exists in D'(R'), becomes zero when t <0, 
and is expressed by the formula 


(f* 2,9) = (SE) 8), Em), =peD(R) M) 


We shall prove the following: If g(x, t) € D’(R™), supp g < I+, and 
u(x) e D'(R"), then 


g * u(x) + d(t) = g(x, t) * u(x) (14) 
and the generalized function g(x, t) * u(x) acts according to the rule 


(g(x, t) * u(x), p) 
= (g(y, t) - u(é), nat? — | y [DP++ E, t)) p E D(R™) (15) 


In fact, supposing in formula (11) that f = u(x) - 6(¢), then for all p € 
QDR") we shall obtain 
(e + u(x) - ôl), p) 
= (g(y, T) - uC)» Òl), nma maT — | y |? }~O+ 8, t+17')) 
= (g0, T) - U(E), nma? — | y [PAC n Pt E, T+1’))) 
= (g(y, T) - U(E), nme — | y P + £, 1)) (16) 


Since the support of g(y, t) is contained in the half-space t = 0, then, by 
virtue of Eq. (13) of Sec. 5.9, g = n(t)g. Moreover the function 


nat? — | y DPO + é, 1) € P (R) 


Therefore, continuing Eqs. (16) and taking (15) into account, we shall 
obtain Eq. (14): 


(g * u(x) - Òlt), p) = ME, T) - uE), nær — | y Dp + & 7)) 
= (g(y, T) - u(é), net — | y [Dp + & 7)) 
= (g(x, t) * u(x), p) 


Now by means of formula (14), which we have just obtained, and the 
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rules of differentiation of a direct product [cf. Sec. 7.3, (c)] and of a convolu- 
tion (cf. Sec. 7.6), for all k = 1, 2, ..., we obtain the equations 


k k, 
g» u(x) - 6(t) = ran Le(x, t) * u(x)] = oe) « u(x) (17) 


3. Retarded Potential. Let the generalized function f(x, t) e D’(R"*) 
become zero in the half-space t < 0. The generalized function 


where 2, is the fundamental solution of the wave operator, is known as the 
retarded potential with a density f. 

Since supp 3, c I+, then, according to the theorem of Sec. 11.2, the 
retarded potential V,, exists in D’(R“+1) and appears in the form 


Vans p) = (BO, T) - AE, T), NEMC) 
x nært — | y| DP + E T+T), p EeD(R*), (18) 


where 7(t) is any function belonging to the class C°°(R1) which is equal 
to 0 forrt < —ô and to 1 fort > —e; 6 and e are any numbers, 6 > € > 0. 
Moreover, according to the same theorem, the retarded potential V,,(x, t) 
becomes zero when t < 0 and is continuously dependent on the density 
fin 2'(R"+). Finally, according to the theorem of Sec. 10.3, this potential 
satisfies the wave equation 


On =f (19) 


The other properties of the retarded potential V„ depend essentially on 
the properties of the density f. 

If f is a function locally integrable in R+', then V,, is a function locally 
integrable in R"”+! and is expressed by the formulas 


is souk Két = |x — €|/a) 
Vales) = Goat J Uwiay |x- E] ae Gi 
_ 1 ¢ SCE, 1) dé dr , 
Vie) = J, Noes E TP = [x — EP Soa 
Vale = y f [WG dede 20") 
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We shall prove formula (20). Let y € Z (R). Since f is a function locally 
integrable in R4, we obtain from Eq. (18) 


(Vs, p) = (Z0, 1), EMET — | y|?) SAE TME PHE, THT) dé dr’) 
= (£30 1), nma — | y|?) SA — y, t — tp, t) dx dt) 


From this, using formula (1) and taking into account that f = 0 for t < 0, 
we deduce 


(V3, 9) = exten A ne) [f —y,t— Ll ocx t) dx at] dy 


ee f(x — y,t — | y|/a) 
=z f p(x, t) f eae | ans, dxdt, y € D(RY) 





This means that the potential V, is a function locally integrable in R* and 
appears in the form 
= 1 f(x — y,t — | y|/a) 
V(x, t) car Ana? Uat ly| dy (21) 

When we have completed the change of variables x — y = £ in this integral, 
we obtain Eq. (20). 

Analogously, with corresponding simplifications, Eqs. (20’) and (20’’) 
are deduced for the potentials V, and V,. 

We shall associate with each point (x, t), t > 0, the open cone 


Iv(x, th =I-(x, th) a [(0<1 <1] 


with vertex (x,t), base U(x; at), and side surface B(x, t) (Fig. 27); here 
T-(x, t) is a past light cone (cf. Sec. 3.3). 
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THEOREM. If f € C?(t > 0) when n = 3 and 2, fe C(t > 0) forn = 1, 
then the potential V, € C?(t > 0) satisfies the estimate 


t2 
| Va(x, t) | < -z max IA 7) | 
B(a,t) 





| V(x, t) | <—- max IAE T) |, n=1,2 
2 Fy (2,t) 
and the initial conditions 
Ov, 
E ems sal ce 23 
y t=0 ôt t=0 ( ) 








Proof. We shall prove the theorem for n = 3. The change of variables 
y = atn, t > 0, changes Eq. (21) to the form 


Vœ t) = aE + atn, a 1a D) dy (24) 


Since f € C?(t > 0) and the integrand in (24) has an integrable singularity, 
then V, e C?(t >0). From Eq. (24) there follows also the estimate (22) 
for the potential V;: 


| Vax, 2) Se BIG Dif É max |A, 1)| 


Us aie 
Since V, e C*(t > 0), then the initial conditions (23) follow from (22). 


Now let n = 2. The change of variables § = x + atn, t = t — at for 
t > 0, transforms Eq. (20’) for the potential V, into the form 
V(x, t) = —— | ie L(x + ath; t — at) dn do (24') 


Ve — | ni 


from which the required properties of this potential directly follow. 
The properties of the potential V, follow from Eq. (20’’). The theorem 
is proved. 


Note. It is clear from formula (20) that the potential V, at the point x 
at an instant of time ¢ > 0 is defined by the influence of the source f(é, t) 
over the side surface B(x, t) = [(, t), | E€ —x| = a(t — 1), 0< t <t] of 
the cone I> (x, t). In other words, the retarded potential V,(x, t) is com- 
pletely defined by the values of the source f(é, t) in the sphere i(x; at), 
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taken at early instants of time t = t — | x — &|/a; moreover, the time of 
retardation (1/a)| x — &| is the time needed for a perturbation from the 
point £ to reach the point x. On the other hand, it follows from Eqs. (20°) 
and (20’) that the values of the potentials V, and V, at the point (x, t) 
for t > 0 are defined by the values of the source f(é, t) in the closed cone 
I(x, t) itself. It is these differences of structure in retarded potentials 
which allow us to define the difference in the propagation of perturbations 
in a space, over a plane, and on a straight line (cf. Sec. 13). 


Undisturbed 


X 





X: 
2 Fig. 28 


Let the source f be concentrated over the closed set T < R”+1. By virtue 
of what has just been said, when n = 3 the perturbation from T is spread 
over the union of the boundaries a(t — t) =| x — ¿| of the future light 
cones J‘+(&, t) when their vertexes (£, t) pass through the set T (Fig. 28); 


=- -m 


Swe eee 





Undisturbed 
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when n = 2 and 1 this perturbation is spread over the union of the closed 
cones themselves [+(é, t), (£, 7) e T (Fig. 29). The set thus obtained, 
M(T), is said to be the region of influence of the set T. It is clear that outside 
M(T) there will be no disturbance. 


4. Surface Retarded Potentials. If f= u,(x) - (t) or f= u(x) - 8 (t), 
where u and u are arbitrary generalized functions belonging to D’(R*), 
then their corresponding retarded potentials 


VO = n*m (x) 6), Vi = Zat u(x): H(t), 2 =1,2,3 


are said to be surface retarded potentials (of simple and double layers 
with densities u, and uy, respectively). 

By virtue of Eqs. (14) and (17) of Sec. 11.2, the retarded potentials 
V{ and VP appear in the form 


VO = Bx, 1) m(x) 25) 
A E 25) 


and the generalized function %,(x, t)» u(x) acts according to Eq. (15). 


Lemma. The surface retarded potentials V{® and V® belong to the class 
C® with respect to the variable t in [0, 00) and satisfy the initial conditions 
when t > +0 
OV (x, t) 

ot 


OV (x, t) 
Ot 


V(x, t) > 0, — u(x) in D’(R*) (27) 


Vir (x, t) > u(x), +0 in DR’) (28) 

Proof. According to the lemma of Sec. 11.1, the generalized function 
g(x, t) belongs to the class C® with respect to the variable ¢ in [0, co). 
Further, for each t > 0 the support of (x, t) is contained in the sphere 
Ū„ and so is uniformly bounded in R” for t > tẹ > 0. Therefore, using the 
theorem of Sec. 7.5 concerning the continuity of a convolution in 2’, 
we conclude that for all y e A(R") 


( ok BX, t) 


are + y(x) p(x)) € CIO), k =0,1, 
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From this, by virtue of Eqs. (3) and (17), 


k k 
Fr (B 1) * Wd, 9) = (Fr ao) 


= (Ee snahy) 


we deduce that (2 (x, t) * u(x), p) e C”[0, co). This means, by virtue 
of (25), that the potential V{°(x, t) belongs to the class C with respect 
to t in [0, 00). Replacing u, by uy, we deduce from (26) that the potential 
Vi) has the same property. 

We shall prove the limiting results (27). Taking limiting results (4) into 
account and using the continuity of the convolution 3,(x, t) * u(x) in 
F(R"), we obtain when t —> +0 


V(x, t) = F(x, t) * u(x) + 0*u(x)=0 in DR) 


AVC, 1) _ 


03, (x, t) 
Ot Ot 


2 [K(x + u@)] = “u (x) 


—> ô * u, = u(x) in 2Z'(R”) 


Limiting results (28) are established analogously. The lemma is proved. 
The other properties of the surface retarded potentials V® and V® 
essentially depend on the densities u, and uo. 


If u is a function locally integrable in R”, then the surface potential V{°) 
is a function locally integrable in R"+! and is expressed by the formulas: 








6 
Va, 1) = iy S(xiat) HES (29) 
A(t £) dé r 
VO, t) = o Uzia (aT ee ER (29’) 
V(x, 1) = OP edt 09”) 


We shall establish formula (29). Since the function u is locally integrable 
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in R?, then, using formulas (25), (15), and (1), for all y € D(R*), we obtain 
(Vs, p) = (Bx, t) * u,(2), p) 
= (ZO, 1), nae? — | y |?) f| ue + 6 £) dé) 











at (~n) p 
E 4na? i t l ie u(x y(x, t) dx dS, dt 
ee: eo g(x, t) 7 

~ 4na f, Ja t = u(x — y) dS, dx dt 


from which it follows that V{° is locally integrable in Rt and appears in 
the form [cf. formula (26) of Sec. 7.8] 





A(t) 
(0) = nee 
V3 (x, t) po Anat Sat u(x y) dS, 

Making the change of variables x — y = & in this integral, we shall obtain 
formula (29). The Eqs. (29’) and (29’) for the potentials Vi? and V{® 
are deduced analogously, with corresponding simplifications. 


THEOREM. If u E€ C3(R"), u, € C?(R") for n = 3 and 2; uy € C?(R'), 


u, € C1(R!) for n=1, then the potentials V\° and V}® belong to the class 
C*(t > 0) and satisfy the estimates: 


| Ve, )| < t max | u4(é)| ep 
S(a;at) 
| Vie, D| <t max | (|,  2=1,2 (209) 
T (2;at) 
| VP (x, 1) | < max | uo(£)| + at max | grad uo(£) | GD 
Szat) S(x;at) 
| Ve?(x, t)| < max | uo(€)| + at max | grad uo(é) | GE) 
T iz;at) Tiz;at) 
| VPD] < max | ué) | S 
S(a;at) 


and the initial conditions: 











(0) 
vo| =o 22 | =u) (32) 
t=+0 t=+0 
(1) 
ee a ee 0 (33) 
t=+0 Ot |r-+0 
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Proof. Let n = 3. When we have completed the change of variables 
x — &=aats for t > 0 in formula (29), we obtain the equation 


IO 


Vs (x, t) = An 


f u(x — ats) ds (34) 
Sı 

from which it follows that Vi? e C?(t > 0), if u, € C?(R?), and satisfies 
(30). Differentiating formula (34) with respect to ¢ and using (26), we 
obtain the representation for the potential V4}: 


V® (x, t) = P u(x — ats) ds — moO oO | eh 


from which it follows that V$} e C(t > 0), if uy € C3(R%), and satisfies 
(31): 
ðu (x — ats) 


MEADES mer ax | U(x — ats)| + at max 7s 


Is|=1 


< max | u(&)| + at max | grad u(x) | 
S(z;at) S(x;at) 








When n = 2 the change of variables = x — atn for t > 0 transforms 
Eq. (29’) for the potential V{° into the form 


A(t)t 


u(x — at 
V(x, t) = on le iC n) dn 


Vim 


from which, and from (26), the required properties of smoothness and 
estimates (30’) and (31’) for the potentials Vi and V{” follow. 

The corresponding properties of the potentials Ý Vi and V follow from 
Eqs. (29’") and (26). 

We shall now prove that the initial conditions (32) and (33) are valid. 
By virtue of (27) and (28), these conditions are satisfied in the sense of 
convergence in the space ’(R”). But by what has just been proved, the 
functions V{(x, t) and Vj)(x, t) belong to the class C?(t > 0). Conse- 
quently, these functions satisfy conditions (32) and (33) in the usual sense. 
The theorem is proved. 


Note. The equations (29), (29’), and (29’’) follow formally from Eqs. 
(20), (20°), and (20), if in them we set /(é, 7) = u,(&) - d(x) and “‘inte- 
grate” 6(r). 
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§ 12. The Cauchy Problem for the Wave Equation 


1. The Cauchy Problem for the Ordinary Linear Differential Equation. 
We shall first apply the theory of generalized functions to the solution 
of the Cauchy problem for the ordinary linear differential equation. 

Since we propose only to outline this method, we shall consider only the 
simplest differential equations with constant coefficients. 

Let us consider the Cauchy problem 


u” + au = f(t), U |40 = Mo» U' |peto = Uy (1) 


where f e C(t > 0). We shall continue the solution u(t) of this problem 
and the function f(t) as zero when ¢ < 0; we shall denote the continued 
functions by # and f, respectively. Then [cf. Sec. 6.3, (a)] & = {ü }+u,6(t), 
ai’ = {i} + uô (t) + u,6(t), and so the function @ satisfies in R! the 
equation 


a” + aŭ = f(t) + mð (t) + u,6(t) (2) 


Let us construct a solution of Eq. (2). Since the fundamental solution 
Z (t) = 0(t)(sin at)/a of the operator u” + au (cf. Sec. 10.5) becomes zero 
when t < 0, then its convolution with the right-hand side of Eq. (2) exists 
in D’(R') and becomes zero for t < 0 (cf. Sec. 11.2). So, by the theorem 
of Sec. 10.3, the solution of Eq. (2) exists and is unique in the class of 
generalized functions belonging to D’(R') which become zero when t < 0, 
and this solution is expressed by the convolution 


ü= Z s (fF ð + mð) = F rfp F +uF (3) 
Taking Eq. (15) of Sec. 7.4 into account, we write solution (3) in the form 


a(t) = L [ro sin a(t — t) dt + ug (t) + ung (t) (4) 


Since the solution of the Cauchy problem (1), continued as zero when 
t < 0, satisfies (2), and since such a solution for this equation is unique, 
then Eq. (4) when ¢ > 0 in fact gives the solution of the Cauchy problem 
(1): 


sin at 





u(t) = L [so sin a(t — t) dv + u cos at + u (5) 
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The Cauchy problem 
u' + au = f(t), ulmi = to (1’) 
is solved analogously. The corresponding equation (2) assumes the form 
ü + aŭ = f(t) + u4(t) 2) 
The solution of this equation is unique and is given by the formula 
ü= F x (F+ mô) = F «ftue (3’) 


where g (t) = 6(t)e~*! is the fundamental solution of the operator u’ + au 
(cf. Sec. 10.5). In this way, the solution of the Cauchy problem (1’) is given 
by the formula 


u(t) = Í ; f(r) dr + me- (5) 


analogous to formula (5). 


2. Formulation of the Generalized Cauchy Problem for the Wave Equation. 
The scheme for solving the Cauchy problem which has been set out in the 
previous section for an ordinary linear differential equation of second order 
with constant coefficients is used to solve the Cauchy problem for the 
wave equation 

Dau = f(x, t) (6) 


0 
u | tao = Uo(X), HF a = m(x) (7) 


We shall consider that f € C(t > 0), uo € C1(R”), and u, € C(R”). 

Let us suppose that there is a classical solution u(x, t) of the Cauchy 
problem (6) and (7). This means that the function u of the class C?(t > 0) 
N Cl(t > 0) satisfies Eq. (6) for t > 0 and satisfies initial conditions (7) 
as t—> +0 (cf. Sec. 4.2). 

We shall continue the functions u and f as zero for t <0, supposing 


a={* t>0 = [h t>0 
~ 10, t<0, ={9 t<0 


We show that the function i(x, t) satisfies in R”+! the wave equation 


Oat = Ñx, t) + u(x) © 8'E) + u(x) « ôE) (8) 
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In fact, for all p e D(R"*") we have the sequence of equalities 
(Chait, p) = (8 Cap) = f° J, wap dx dt 
ar, oo PP a 
= iim: f Ja ue a Ay) dx dt 


y 2 
= lim Py ey Sn (Get -a Au)p dx dt 


e>+0 


- fa ae a mes adx + [g(x a) Ou ge | 


E A 


ôt 
ue 0) j 


+ f P00) dx =f fade dt 


— fp vox) PE) zeo 5 de + | „aP 0) dx 
= Ft ale) 80) PEO 80.0 


from which Eq. (8) follows. 

As Eq. (8) shows, initial perturbations u, and u for the function a(x, t) 
play the role of the source u(x) - 6’(t) + u(x) - (t) acting momentarily 
when ¢ = 0. [In this case the double layer u(x) - 6’(¢) corresponds to the 
initial perturbation u, and the simple layer u,(x) - 6(¢) corresponds to the 
initial perturbation u over the plane t = 0.] Further, the classical solutions 
of the Cauchy problem (6) and (7) are contained among those solutions 
of Eq. (8) which become zero when t < 0. We may therefore say that the 
problem of finding (generalized) solutions of Eq. (8) which become zero 
when ¢ <0 is the generalized Cauchy problem for the wave equation. 
But in this case, in Eq. (8) f, u, and u, may be considered as generalized 
functions. 

Let us therefore introduce the following definition. We shall say that the 
problem of finding the generalized function u e D’(R"+) which becomes 
zero when ¢ < 0 and which satisfies the wave equation 


Clau = f(x, t) + u(x) - Ôt) + u(x) - ôC) (9) 


is the generalized Cauchy problem for the wave equation with the source 
f € Z'(R"!) and the initial perturbations uo € D'(R”) and u € D’(R"). 
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Equation (9) is equivalent to the following (cf. Sec. 10.1): For any 9 € 
F(R") the equation 

0 X, 0 r 

(u Dap) = (69) — (w PE) + pD O) 


is valid. 
It follows from Eq. (9) that f must become zero for t < 0 if the generalized 
Cauchy problem is to be solved. It will now be shown that this condition 


is sufficient as well as necessary. 


3. Solution of the Generalized Cauchy Problem 


THEOREM. Let f e D’(R"t), up € Z'(R”), and u, € D'(R"), moreover 
f= 0 when t < 0. Then the solution of the corresponding generalized Cauchy 
problem exists, is unique, and appears in the form of a sum of three retarded 
potentials 

u = Vp, + VO + VD (10) 


where 


Vn = Bf, VE = G t) * u(x) VP = 


EDs ufx) 


This solution depends continuously on f, ug, and u in Z'. 


Proof. According to the conditions, the right-hand side of Eq. (9) 
f(x, t) + u(x) - 8'E) + mx) - ÒE) 


becomes zero when t < 0. Therefore, by the theorem of Sec. 11.2, its con- 
volution with the fundamental solution 2, of the wave operator exists in 
&' (Rt) and becomes zero when t < 0. By the theorem of Sec. 10.3, the 
solution of Eq. (9) exists and is unique in the class of generalized functions 
belonging to D’(R"+1) which become zero when ¢ < 0 and this solution 
is expressed by the convolution 


u = Bn « [f+ u(x): Ô) + u(x) - 6@)] 
= 8 *f+ Bn * u(x) O) + SB, * u(x) - ôC) (11) 


From this, using Eqs. (25) and (26) from Sec. 11.4, we obtain represen- 
tation (10) for the required solution of the generalized Cauchy problem. 
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We shall prove the continuous dependence of this solution u on f, uo 
and u in D’(R™). If fe = 0, t < 0, and fy — f as k > oœ in D’(R™), 
Uog —> Uo, Uig > 1h as k > 00 in D’(R"), then by virtue of the continuity 
of the direct product [cf. Sec. 7.3, (a)], fe + uor(x) - ô (t) + uz (x) - ÒC) 
—> f+ u(x) - 6’(t) + u(x) - (t), K > co in D’(R**), 

Therefore, using the continuity of the convolution (cf. the theorem of Sec. 
11.2), from (11) we obtain 


uy = SB, * [fe + uol) - Ô) + mlx) - 6@)] 
> En * [f + u(x) + 8 (t) + u(x) - 6@)] = u 


as 
k=>œ in DBD (R™) 


The theorem is proved. 


COROLLARY 1. If u e C?(t >0) and u(x, t) =0 when t <0, then the 
following equation is true: 


u(x, t) = Vax, t) + VE, t) + Vi, t) (12) 


where V,, is the retarded potential with density {au}, and V{° and V{Y 
are surface retarded potentials of simple and double layers with densities 
[Ou(x, +0)]/ðt and u(x, +0), respectively. 


In fact, the function u(x, t) is the solution of the following generalized 
Cauchy problem: 
Ou(x, +0) 


g A 


Cau = {au} + u(x, +0) - ô'(t) + 
(cf. Sec. 12.2) and therefore, according to the theorem of Sec. 12.3, appears 
in the form of a sum (12) of the three retarded potentials with densities as 
shown. 


COROLLARY 2. For f= 0 the solution u(x, t) of the generalized Cauchy 
problem belongs to the class C® with respect to the variable t in [0, co) 
and satisfies the initial conditions (7) in the sense of a weak convergence: 


u(x, t) > u(x), L&D u(x), t>+0 in D(R") (13) 
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In fact, according to the lemma of Sec. 11.4, the potentials V0) and V,) 
belong to the class C® with respect to ¢ in [0, co) and satisfy the initial 
conditions (27) and (28) from Sec. 11.4. Consequently, their sum V,° 
+ V{, which is, by virtue of (10), the solution of the generalized Cauchy 
problem for f = 0, belongs to the class C® with respect to ¢ in [0, 00) 
and satisfies the initial conditions (13). 


4. The Solution of the Classical Cauchy Problem. From the theorems 
of Secs. 11.3, 11.4, and 12.3 we may make the following assertions concerning 
the solubility of the classical Cauchy problem for the wave equation. 

Let fe C(t > 0), u E C3(R”), and u E C?(R") when n = 3,2; fe 
C(t >0), uy € C?(R!), and u, € C1(R') for n = 1. Then the classical 
solution of the Cauchy problem (6) and (7) exists, is unique, and is ex- 
pressed by: 

Kirchhoff’s formula when n = 3 


u(x, t) = 





1 Ké t—|x— éla) 
4na? P |x — é| at 
1 AE 


1 
fonan 1) 4S + ae BITS pecan, Ë) ds] (14) 


4na*t t 


+ 


Poisson’s formula when n = 2 


_ l ø JAE, t) dé dt 
at= 2na y Don C= t} — | x — eye 
1 u (£) dE 
ena li (aie — | x — E |3"? 
1 0 Uo(é) dé ' 
2ra arla (Or — | x — Ee a) 
d’Alembert’s formula when n = 1 
1 t pr+a(t—r) ] pa+at 
u(x, t) = 2a Í a KE, 3) d de a 2a i m(é) d 
+4[uo(x + at) + u(x — at)] a4”) 


This solution depends continuously on the data f, uy, and u of the Cauchy 
problem in the following sense: If these data are changed so that 


lf-fl <e, | Up — &| < £0, [uy —a%| <a, | grad(uy — io) | < & 
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(this latter inequality is necessary only for n = 3 and 2), then the cor- 
responding solutions u and & in any strip 0 < t < T satisfy the estimates: 


2 
| u(x, 1) — ae, t) | < e + Tey + so + aes, n= 3,2 
T2 
| u(x, t) — a(x, t) | < -y € + Ta + £0, n=1 


In summary, it may be said that the Cauchy problem for the wave equa- 
tion is formulated correctly (cf. Sec. 4.6), and that C?(t > 0) A Clit > 0) 
is the correctness class for the classical Cauchy problem; and &’(R"+*) 
is the correctness class for the generalized Cauchy problem (cf. the theorem 
of Sec. 12.3). 


Note. The method of solving the Cauchy problem for the wave equation 
which we have set out may be transferred without essential changes to the 
case involving any number of spatial variables n and also to problems where 
Cauchy data are given on an arbitrary spacelike surface* (cf. Sec. 4.3). 
Moreover, this method is applicable to the Cauchy problem for arbitrary 
equations of hyperbolic type with constant coefficients. This equation is 
characterized by the fact that it has a fundamental solution with a support 
included in a convex cone which does not contain a whole straight line 
[cf. L. Hérmander (7, Chap. V)]. This method was first used in a clear 
form by S. L. Sobolev (2) (in 1936) to solve the Cauchy problem fora 
hyperbolic equation of second order. 


5. Exercises. (a) Using the fundamental solution of the Dirac operator [cf. Sec. 
10.12, (d)], show that the solution of the Cauchy problem for Dirac’s equation (cf. 
Sec. 2.8) 


3 0 
i bs — m1) =0 
( 2,” Ox, 
y limit = P(x), Yo = (Por Voz» Pos» Voa) Poj E P' (R?) 
is expressed by the formula 


3 0 g 
Y = (È y* a inl) D' x) * yP (x) 


* The smooth surface X = [t = o(x)] is said to be spacelike if at each of its points 
(x, t) the normal n lies in the cone I*(x, t) (cf. Secs. 3.3 and 4.2.). 
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The convolution of a matrix with a vector is defined by the usual rules, replacing the 
operation of multiplication by the operation of convolution *. 

(b) Using the fundamental solution of the Klein-Gordon operator [cf. Sec. 10.12, (b)], 
show that the solution of the Cauchy problem for the Klein-Gordon equation (cf. Sec. 
2.8) is expressed by the formula 


u = Dro, x) a u(x) + PSH) y u(x) 


(c) Show that the solution of the mixed problem 


Ou 
Cau = 0, u |i=+0 = BP =0, ulero= yt), 0<x, t<% 
t=+0 


is the function 


u(x, t) = —2a? ae + y(t) = o(: = = ole = =) 


a 


here y € C([0, co)) and y = 0 for t < 0. 
(d) Starting from Eqs. (20) and (20’) of Sec. 11.3, show that the retarded potentials 
V,,(x, t), n = 3,2, belong to the class C?(¢ > 0) if the density f € Clit > 0). 


§ 13. Wave Propagation 


In this section we give a physical interpretation of the solution of the 
wave equation which we obtained in Sec. 12. 

Let uy and u be sufficiently smooth functions. Then the initial perturba- 
tion u(x) - 6’(t) + u(x): 6(t) produces, when ¢> 0, a perturbation 
u(x, t) which is expressed by Eqs. (14), (14’), and (14”) of Sec. 12.4 when 
f= 0. We shall write these equations in the form 


ux, 1) = (B = E D aE) + (HEED we) O 


It is clear from formula (1) that the perturbation u at the point x at an 
instant of time ¢ > 0 is a superposition of the elementary perturbations 


03, (x — &, t) 


mE ED and wy(g) = 


produced, respectively, by the initial perturbations 


u(E)ô(x — &)- d(t) and up(E)d(x — €) - 6'() 
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concentrated at a separate point ¢ (for this the point é naturally ranges 
over the set in which the initial perturbation is concentrated). This consti- 
tutes the principle of superposition of waves (cf. also Sec. 10.3). 

Concrete realization of the principle of superposition depends essentially 
on the structure of the fundamental solution 3,(x, t) and, consequently, 
on the number n of space variables. This in its turn defines the differences 
in the character of wave propagation in space, in a plane, and on a straight 
line. 


1. Wave Propagation in a Space. From the expression for the fundamen- 
tal solution of the three-dimensional wave operator 


F(x, 1) = LO- 65,0) = GO ser =| x) x = Gaya) 
it follows that the perturbation 33(x, t) from a momentarily acting point 
source d(x) - d(f) at an instant of time ¢ > 0 will occupy a spherical 
surface of a radius at with a center at the point x = 0 (Figs. 30 and 25). 
This means that such a perturbation propagates in the form of a spherical 
wave | x| = at, moving with a speed a, and moreover, after the wave has 
passed, there will once more be no disturbance. In this case it is said that 
Huygens’ principle takes place in a space. 





Fig. 30 


Therefore, by virtue of the principle of superposition, it follows that the 
perturbation u(x,t) for t> 0 from the arbitrary initial perturbation 
u(x)  6’(t) + u(x) - (t) is completely defined by the values u)(é) and 
u,(€) over the spherical surface S(x; at), that is, over the points of the 
boundary of the base of the cone I(x, t) (cf. Sec. 11.3 and Fig. 27). 
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Now let the initial perturbation be concentrated over the compactum K. 
By virtue of what has just been said, the point x € K, which the perturbation 
reaches at an instant of time tọ = dja, will be acted upon throughout the 
time (D — d)/a, where d and D are the minimum and maximum distances 
from the point x to the points of the set K (Fig. 31). 


/ / 4 - 
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Fig. 31 


For t > D/a = t, at the point x there will once more be no disturbance. 
In this way, at the instant of time t, the front edge of the wave passes 
through the point x; at the instant of time ¢, the rear edge of the wave 
passes through this point. At an instant of time ¢ the front edge will be an 
external envelope of the spherical surfaces S(¢; at), when £ passes through K, 
and the rear edge will be an internal envelope of these spheres (Fig. 32). 





In other words, at an instant of time ¢ the perturbation propagates over 
the region enclosed between the front and the rear edges of the wave. When 
we examine this picture for all t > 0 we conclude that in the space of four 
variables (x, £) the perturbation from K will take place only on the union 


§ 13. WAVE PROPAGATION 181 


of the boundaries | x — | = at of the future light cones I+(é, 0), when 
their vertexes (¢,0) pass through the compactum K in the plane t = 0. 
The set which is obtained in R* is the region of influence M(K) of the com- 
pactum K (cf. Sec. 11.3 and Fig. 28). 


2. Propagation of Waves over a Plane. From the equation for the fun- 
damental solution of the two-dimensional wave operator 


Oat — | x|) 


F(x, t) = x = (X1, Xa) 

it follows that the perturbation 3,(x, t) from the momentarily acting point 
source 6(x) - 6(t) at the instant of time t > 0 will occupy the circle U,, 
(Figs. 33 and 34). In this way the front edge of the wave S,, will be seen to 
move over the plane with speed a. However, in distinction from what 
happens in space, after the front edge the perturbation is observed to be 
present at all following instants of time, so that there is no rear edge. In 
this case, wave diffusion is said to take place. Huygens’ principle is absent 
here, evidently. 





Fig. 33 Fig. 34 


To understand why wave diffusion takes place over a plane, we note 
that the fundamental solution 43(x, t) considered as a function of the vari- 
ables (x, x3, t) is a perturbation from the momentary source 6(x) - 1(x3) 
- 6(¢) concentrated on the axis x, (cf. Secs. 10.4 and 10.7). From such a 
source in R? the perturbation propagates in the form of a cylindrical wave 
x? + x2 < a*t?, the front edge of which, x? + x2 = a?t?, moves with a 
speed a perpendicular to the axis x, (Fig. 34). After the front edge has passed, 
the perturbation is retained for an infinitely long time. 
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In fact, by virtue of Huygens’ principle (cf. Sec. 13.1), a perturbation 
from the source d(x) + 1(x3) - 6(t) will reach a given point (xo, 0) € R? 
at an instant of time f > 0 from those points of the sphere | x — xo |? 
+ x3 = &?t? which lie along the axis x,, that is, from the points (Fig. 34) 


Aa = {0, +°? — | x |32} 


It follows from this that when t < | xo |/a = to at the point (xo, 0) there 
will be no disturbance; at an instant of time t, the front edge of the wave 
will pass through this point (the perturbation will come from the point 
{0}); but at all succeeding instants of time ¢ > fọ similar perturbations 
from the points +A,, will reach this point and so a composite perturbation 
distinct from zero will be observed at this point (the rear edge of the wave 
is absent). 

From the presence of wave diffusion over a plane in the case of initial 
point perturbation 6(x) - ô(t), it follows that wave diffusion will also be 
observed for an arbitrary initial perturbation uo(x) - 6’(t) + u(x) - ô(t). 

In fact, the corresponding perturbation u(x, t) for t > 0, by virtue of 
the principle of superposition, is completely defined by the values u,(é) 
and u,(é) in the circle U(x; at), that is, on the base of the cone Ij(x, t) 
(Fig. 27). Therefore, if the initial perturbation is concentrated, let us say, 
over the compactum K, then at an instant of time t > 0 the perturbation 
u(x, t) propagates over a region which is a union of the circles U(€; at), 
when their centers € pass through K (Fig. 35). In this way, the front edge 
is observed, but the rear edge is absent. 

U(E; at) 










ag N 
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Undisturbed 
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Therefore, the region of influence M(K) of the compactum K is the union 
of the closed future light cones [+(&, 0), when their vertexes (£, 0) pass 
through K in the plane t = 0 (Fig. 29). 


3. Wave Propagation on a Straight Line. From the form of the funda- 
mental solution of the one-dimensional wave operator 


1 
B(x, t) = 5g Oat — | x|), x= X 


it follows that the perturbation 4(x, t) from a momentarily acting point 
source 6(x)- ô(t) at the instant of time ¢ > 0 will occupy a segment —at 
<x<at (Fig. 23). In this case two front edges x = at and x = —at 
will be observed, moving on a straight line with speed a to right and left, 
respectively. As in the case of a plane, a perturbation will be observed 
behind the front edge of the wave (in the case given it is constant and is 
equal to 1/2a); that is, wave diffusion takes place. 

To understand this occurrence, we shall interpret the fundamental solu- 
tion #,(x, t) three dimensionally. This solution is a perturbation from the 
momentary source 6(x,) + 1(x2, x3) + 6(¢), concentrated over the plane 
x, = 0. From such a source in R? the perturbation propagates in the form 
of a plane wave | x, | < at, the front edge of which, | x, | = at, moves with 
a speed a, perpendicular to the plane x, = 0. We note that in this case the 
front edge consists of two planes, x, = at and x, = —at, moving with a 
speed a to right and left, respectively, with respect to the plane x, = 0 
(Fig. 36). After the front edge of the wave has passed, the perturbation is 
retained for an infinitely long time. 
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In fact, by virtue of Huygens’ principle, the perturbation from the source 
6(x1) + 1(x2, X3) - (t) will reach a given point (xo, 0, 0) € R? at an instant 
of time t > 0 from those points of the sphere | x, — xo |? + x3 + x3 = a??? 
which lie on the plane x, = 0, that is, from the points of the circumference 
(Fig. 36), 


Au = bX + 38 = aèt? — 38, x, = 0] 


It follows from this that for t < | xo |/a = fy at the point (xo, 0, 0) there 
will be no disturbance; at the instant of time t, the front edge of the wave 
will pass through this point (the perturbation will come from the point 
{0}); at all succeeding instants of time ¢ > tọ similar perturbations from 
the points of the circumference A,, will reach this point and therefore we 
shall observe at it a composite perturbation distinct from zero (the rear 
edge of the wave is absent). 

Since there is wave diffusion on a straight line when there is an initial 
point perturbation d(x) - ô(t), it follows that there is also wave diffusion 
for an arbitrary initial perturbation u,(x) - ô(t). 

We shall now examine the momentary point source of the form 
6(x) - ô'(t). According to the theorem of Sec. 12.3 this source produces 
the perturbation 


B(x, 1) —- PEG, 5¢4) - 2 
= oat — | x|) = tòla — | x) (2) 


It is apparent from this that the perturbation Ž (x, t) at an instant of time 
t > 0 will be concentrated only at two points x = +at, so that after the 
front edge of the wave | x| = at has passed there will once more be no 
disturbance. In this case Huygens’ principle operates. 

For an arbitrary initial perturbation of the form u(x) - 6’(t) the per- 
turbation u(x, t) for t > 0 is completely defined by the values u,(&) at the 
points x + at, that is, at the points of the boundary of the base of the 
cone Iy(x, t) (Fig. 27). This perturbation, by virtue of the theorem of 
Sec. 12.3, is given by the formula 

0B, (x, t) 


u = a « uol) = B(x, t) # uox) 
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From this, and taking Eqs. (2) into consideration, we obtain for t > 0 
u(x, t) = $d(at — | x |) * u(x) = guo(x + at) + u(x — at) (3) 


The physical sense of Eq. (3) is that the initial perturbation u(x) - 6’(t) 
for t > 0 disintegrates, as it were, into two similar perturbations 4uo(x + at), 


each with half of the intensity (Fig. 37). For instance, the disintegration of 
u(x,t) 


1 





Fig. 37 


the discontinuity of the step uy = 0(x), by virtue of Eq. (3), takes place in 
the manner shown in Fig. 38. 

In correspondence with what has just been said, the regions of influence 
of the segment K = [b,c] for the initial perturbations u,(x)- ô(t) and 
Uo(x) - ô'(t) have the form which is shown in Figs. 39 and 40, respectively. 





=-at+b x=at+c 





Undisturbed ”’ Undisturbed 
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In this way, for an initial perturbation u(x) - 6(t) on a straight line wave 
diffusion takes place, and for an initial perturbation u(x) - 6’(t) Huygens’ 
principle applies. 






t 
x=-at+c x=at+b x=at+c 
“A, Undisturbed 


x=-at+b 







Undisturbed Undisturbed 


Fig. 40 


4. Method of Propagating Waves. Taking the method of characteristics 
as our Starting point, we shall set out another method of solving the classical 
Cauchy problem for a one-dimensional homogeneous wave equation, 
the method of propagating waves 


Dau =0 (4) 
ô 
u heyo = w(x), ee ae = u(x) (5) 


First of all we shall prove the following lemma. 


Lemma. In order that the function u(x, t) of the class C? should be a solution 
of the wave equation (4) in a region, it is necessary and sufficient that in this 
region it appear in the form 


u(x, t) = f(x — at) + g(x + at) (6) 


where f(&) and g(n) are functions of the class C? in corresponding intervals 
of the transformed variables — and q. 
Proof. Function (6) satisfies Eq. (4), since 


3u _ aril — Bott: pan a Ou 
oe = oF (x — at) + a’g"(x + at)= a a 





Conversely, let the function u(x,t) of the class C? satisfy Eq. (4) in 
some region. We shall present Eq. (4) in canonical form. In agreement 
with what has been said in Sec. 3.4, its differential equations describing 
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the characteristics have the form 


og ee 
do gp SF 
and therefore the change of variables 
&é=x — at, n=x-+at (7) 


reduces Eq. (4) to the canonical form 


Oru 


aE an” 





Integrating this equation with respect to &, we obtain 


Oi 
On = x(n) 


where y is an arbitrary function of the class C1. Proceeding to integrate the 
equation we have just obtained with respect to 7, we write the function @ in 
the form 


ACE, n) = |" x(n’) dn’ + AE) =f) + 8) (8) 


where f and g are some functions of the class C?. Changing to the old 
variables x and t by means of Eqs. (7), from (8) we deduce Eq. (6) for the 
solution u(x, t). The lemma is proved. 


PHYSICAL INTERPRETATION OF SOLUTION (6). The function f(x — at) 
describes the perturbation which, from the point x, at an instant of time 
t = 0, reaches the point x = x, + at at an instant of time ¢ (Fig. 41). 
Therefore this function represents a wave moving to the right with the 
speed a. Analogously, the function g(x + at) represents a wave moving to 


f(x) f(x-at) 







g(x+at) g(x) 
~ 


ee 
r 
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Fig. 41 
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the left with the speed a (Fig. 41). The general solution (6) of the wave 
equation (4) is a superposition of these two waves. 


By means of representation (6) of the general solution of wave equation 
(4), the classical solution of the Cauchy problem (4) and (5) is constructed 
in the following way. 

Let us suppose that the solution u(x,t) of this problem exists. Then, 
according to the lemma of this section, this solution appears in the form (6), 
with the functions f and g belonging to the class C*(R1). In order that the 
solution u(x, t) should satisfy initial conditions (5), it is necessary that the 
functions f and g satisfy the equations 


f(x) + g(x) = u(x), = —af"(x) + ag’(x) = u(x) 
that is, 


A+ eH=H), s)-fO=—f wena’ +e ©) 


where C is an arbitrary constant. Solving Eqs. (9) with respect to the un- 
known functions f and g, 


KE) = Wl) — so fe ate) de — - 


1 pn 
a(n) = dun) + oo f me") ae’ +S 


and substituting the expressions we have obtained for f and g into formula 
(6), we obtain d’Alembert’s formula (cf. Sec. 12.4) 


u(x, 1) = Huge + at) + ufe = ary] + 5 fo" EdE O) 


We find by a direct check that d’Alembert’s formula (10) does in fact 
give the classical solution of the Cauchy problem (4) and (5), if u € C?(R‘) 
and u, € C'(R?). This solution is unique (cf. Sec. 12.4). 


5. Method of Reflections. A Semi-Infinite String. The solution of the 
Cauchy problem for Eq. (4) by the method of propagating waves, which 
has been set out in the previous section, enables us to solve several mixed 
problems for this equation. For clarity we shall consider the mixed problem 
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(cf. Sec. 4.5) describing the vibration of a semi-infinite string x > 0 with 
a fixed left end 
u lo = 0 (11) 


We shall first prove that each classical solution u(x, t) of the wave equation 
(4) in the quadrant x > 0, t > 0 which satisfies condition (11) appears in the 
form 


u(x, t) = g(x + at) — g(—x+at), g E€ C*(R’) (12) 


In fact, according to the lemma of Sec. 13.4, the solution u(x, t) appears 
in the form (6), where f(é) € C?(R') and g(n) € C?(n > 0). From this, 
taking condition (11) into consideration, we obtain 


0 = f(—at) + g(at) 
from which Eq. (12) follows. 


PHYSICAL INTERPRETATION OF THE SOLUTION (12). This solution is a 
superposition of two waves: the wave g(x + at) moving with the speed a 
to the left, and the wave —g(—x + at) moving with the same speed to the 
right. Let the wave g(x + at) move along a semi-infinite string x > 0, 
fixed at the point x = 0. Then the wave —g(—x + at) will move along the 
semiaxis x < 0 toward the wave g(x + at) (Fig. 42). At a certain instant 





g(x+at) g(x +at) 
AN 
/ N 
_ vA 7 
-~ Pome . =F 
\ / _ 
Kast 
—-g(-x+at) -g(-x +at) 
Fig. 42 Fig. 43 


of time these waves will meet at the point x = 0 and, superposing one upon 
the other, will give a zero perturbation at this point. On further movement 
the wave g(x + at) will be beyond the limits of the string, while the wave 
—g(—x + at) will pass through onto the string itself. As a result, the 
reflection of the wave g(x + at) from the end of the string x = 0 with a change 
of sign of the function (Fig. 43) will be observed. 
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We shall now construct a solution of the mixed problem (4)-(5)-(11). 
Each classical solution u(x, t) of this problem, by virtue of (12), allows 
an odd continuation a(x, t) along x of the class C?(R?) and this continuation 
satisfies Eq. (4) in R?. From this and from conditions (5) it follows that the 
solution a(x, t) satisfies the initial conditions 


aa 5 
lo =) r l, = AG) (13) 


where ñ and i, are odd continuations of the functions uo and u, respec- 
tively. But the solution of such a Cauchy problem is unique and is presented 
by d’Alembert’s formula (10) with a change of u to ŭa and u to a, if 
ü € C?(R!) and i, € C1(R!). These latter conditions are satisfied if 


u E€ Cœ 20), u E€ C(x >20),  w(0) = w (0) = um (0)=0 (14) 


So if conditions (14) are satisfied, then the solution of the mixed problem 
(4)-(5)-(11) exists, is unique, and is given by the formula 


u(x, t) = [a(x + at) + tig(x — at)] 
T + f - Edi, x>0 (15) 
Let x — at >0. Then 
a(x — at) = u(x — at) w#(§)=u(6), Ef2x—-—atSo0 
and formula (15) takes the form 
u(x, t) = $[uo(x + at) + u(x — at)] 


+ Í i u(é) dé, x Dat (16) 


+ 
Now let x — at < 0. In this case 
(x — at) = —u(—x + at), ù (E) = —u,(—&) 
x-—at<&é<0 
and formula (15) takes the form 
u(x, t) = 3[uo(x + at) — u(at — x)] 


1 
+5-[" u(é)dé, O<x<at (17) 
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As we see from formula (17), two waves reach the point (x, t),0 < x < at: 
a straight wave from the point (x + at, 0) and a once-reflected wave from 
the point (at — x, 0) [coinciding with the straight wave from the fictitious 
point (x — at, 0); cf. Fig. 44]. 





x—at at-x x+at x 


Fig. 44 


The mixed problem for a semi-infinite string x > 0 with a free end is 
considered analogously: 
Ou 
=| =0 
OX |omo 


Reflection of waves from the end of the string x = 0 takes place here 
too, but without change of sign. 


6. Method of Reflections. A Finite String. We shall use the method of 
reflections which has been set out in the previous section to solve the 
mixed problem for a finite string 0 < x < I with fixed ends 


u zo =u lent =0 (18) 


We shall first prove that each classical solution u(x, t) of the wave equation 
(4) in the half-strip 0 < x < l, t > 0, which satisfies conditions (18) appears 
in the form 

u(x, t) = g(x + at) — g(—x + at) 


(19) 
glé + 2) = gE), ge CR) 


In fact, according to the lemma of Sec. 13.4, the solution u(x, t) appears 
in the form (6), where f(€) € C2(é < I) and g(n) € C?(n > 0). From this, 
and taking conditions (18) into account, we obtain 


g) = -AE SE E= egl E) (20) 
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These results define the continuation of the functions fand g over the whole 
axis with conservation of the class C?. In fact, the equation g(é) = —f(— €) 
extends the function g onto the interval (—/, o0). But then the second of 
equations (20), written in the form f(y) = —g(2/ — n), extends the function 
f onto the interval (—oo, 3/); and so on. As a result of this continuation 
the functions f and g will belong to the class C?(R') and satisfy the relations 
(20). From this, Eq. (19) and the 2/ periodicity of the function g follow: 


—s+ E) =f E) = —g(-I + E) 


Solution (19) shows that reflection of waves from both ends x = 0 
and x = l takes place with a change of sign. It follows that the movement 
of the string is periodic in time with a period 2//a (Fig. 45). 

t 





o Xo l x 
Fig. 45 

We now construct a solution of the mixed problem (4)-(5)-(18). If the 
classical solution u(x,t) of this problem exists, then, by virtue of (19), 
it allows an odd continuation a(x, t) in x with respect to the points x = 0 
and x = /, and this continuation belongs to the class C?(R?) and satisfies 
Eq. (4) in R?. From this and from conditions (5), it follows that the function 
ü(x, t) satisfies initial conditions (13) in which the functions č and #, are 
the odd continuations of the functions u and u, respectively, with regard 
to the points x = 0 and x = /. 

Reasoning as in the previous section, we conclude that if the functions 
uo and u satisfy the conditions 


uo € C*([0, I),  uo(0) = w (0) = uC) = w (D) = 0 
u, € C([0,/), (0) = u () = 0 (21) 
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then the solution of the mixed problem (4)-(5)-(18) exists, is unique, and is 
given by the formula 


u(x, t) = $[&o(x+at)+ (x — at)] + wal (E) dë, O<x</ (22) 


Let the point (x, t) be placed as shown in Fig. 46. Then formula (22) 





at this point takes the form 


u(x, 1) = Hua) — lP — > f aE de (23) 


In fact, using the rule of reflections, we have 
(b) = uly),  a(c) = —u(F) 
c -l c 
f aE ae = f aE) de + [ aCe) dë 


= [i me) dë + [f aCe) de = f’ aye) ae 


from which, and from (22), formula (23) follows. It shows that two waves 
reach the point (x, t): the once-reflected wave from the end x = / is from 
the point f and the time-reflected wave from the ends x = / and x = 0 
is from the point y (Fig. 46). 


§ 14. The Cauchy Problem for the Equation of Heat Conduction 


The solution of the Cauchy problem for the heat conduction equation is 
constructed in a way analogous to that shown in Sec. 12 for the solution 
of this problem for the wave equation. 
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1. Heat Potential. In Sec. 10.6 it was shown that the function 


2 
g(x, t) = aU exp(— Lat ) 
Rasy at)” 
is the fundamental solution of the heat conduction operator. This function 


is nonnegative, becomes zero when ¢ < 0, is infinitely differentiable for 
(x, t) Æ (0, 0), and is locally integrable in R”+!. Moreover [cf. Sec. 6.5, (f)], 





J Z(x,t)dx=l1, t>0 (1) 
F(x, t)— d(x), t>+0 in DR) (2) 


The fundamental solution 3 (x, t) gives the temperature distribution from 
the momentary point source 6(x) - 6(t). Since & (x, t) > 0 for all t> 0, 
and x € R”, it follows that heat is diffused with infinite velocity. But this is 
contrary to experience. Consequently, the heat conduction equation does 
not describe the processes of heat transfer with sufficient accuracy. A more 
exact description of the transfer processes (of heat and of particles) is given 
by the transport equation (cf. Sec. 2.4). 

Let the generalized function f € Z'(R”+!) become zero for t < 0. The 
generalized function V = & f, where @ is the fundamental solution of 
the heat conduction operator, is said to be the heat potential with density f. 

Tf the heat potential V exists in D’(R*"), then, by virtue of the theorem 
of Sec. 10.3, it satisfies the heat conduction equation 

Ye a® AV + f(x, t) (3) 

It follows from the theorem of Sec. 7.5 that if f is a generalized function 
with compact support and becomes zero when t < 0, then the heat potential 
is known to exist in D’(R**), 

We shall distinguish another class of densities ffor which the heat potential 
exists. Let æ be a class of functions which become zero for t < 0 and 
which are bounded in each strip 0 < t < T. 


THEOREM. If f € 4, then the heat potential V with a density f exists in 
and is expressed by the formula 


Vo, 1) = ff “60 __ |x- 4]? 


exp| — -a7 n7] dé dr (4) 
[2a y a(t — t)}” ( at a) 
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The potential V satisfies the estimate 


[Venn |<t sup [AED],  1>0 (5) 
O<7r< 
é 


and the initial condition: for any fixed x € R” 
V(x, t) > 0 as t— +0 (6) 


Proof. Since the function & and f are locally integrable in R”+!, then 
their convolution 


t 
Z af= Í, IRG t) (x — £, t — t) dE dr 
exists and is a locally integrable function in R”+!, provided that the function 
t 
h(x, t) = ffa lE t)| F(x — £, t — t) dë dr 


is locally integrable in R”+! (cf. Sec. 7.4). We shall check that this condition 
is satisfied. Since h = 0 when ¢ < 0, then it is sufficient to establish that 
the function h satisfies Eq. (5) for t > 0. This follows from Eq. (1), by 
virtue of Fubini’s theorem, 


h(x, t)< sup [SCE 1)| ff Pe — & t — 1) dg dr 
oars 0 


=t sup |f) 1>0 (7) 
OSTs 
é 


In this way, the heat potential V = & +f is represented by Eq. (4). 
Since | V| < h, then this potential becomes zero for t < 0 and, by virtue 
of (7), satisfies Eq. (5). This means that V € Æ. It follows from Eq. (5) 
that V satisfies the initial condition in the sense of (6). The theorem is proved. 


2. Surface Heat Potential. The heat potential V with a density 
f= u(x) - 6(t) is known as the surface heat potential (of a simple layer 
with a density up), 


VO = E x u(x) + A(t) = F(x, t) * u(x) 


If u is of compact support in R”, then the surface heat potential V is 
known to exist in D’(R"*) (cf. Sec. 7.5). 


196 3. FUNDAMENTAL SOLUTIONS AND THE CAUCHY PROBLEM 


The following theorem gives another test that the surface heat potential 
exists and also indicates some of its properties. 


THEOREM. If u(x) is a function bounded in R”, then the surface heat 
potential V exists in Æ, belongs to the class C®(t > 0), is represented by 
Poisson’s integral 


A(t) |x- é/? 
VO(x, t) = ————— | ___ ul) exp| — ——_,-—_] dé (8) 
Qay nry | (aa) 


and satisfies the inequality 
| V(x, t)|<sup|u(é)|, +> 0 (9) 
é 
If, moreover, the function uo(x) is continuous in R”, then the potential 
V satisfies the initial condition: for each x € R” 
V(x, t) — u(x), t+ +0 (10) 
Proof. Since the function 
h(x, t) za J| uo(&) | g(x AT t) dé 
becomes zero for t < 0 and, for t > 0, by virtue of (1), satisfies Eq. (9): 
h(x, t) < sup | uo(é) | | (œ — £, t) dé = sup | uo(é) | 
é é 
then this function is locally integrable in R”+!. Consequently, the surface 
heat potential V = g (x, t) * u(x) is represented by Eq. (8) (cf. Sec. 7.4): 
V(x, t) = f uE (x — &, t) dé (8) 


becomes zero for t < 0, and, by virtue of the inequality | V® | < h, satisfies 
Eq. (9). This means that V% € Æ. Moreover, it follows from formula (8) 
that V € C(t > 0). 

Now, let u be a continuous function bounded in R”. Taking limiting 
results (2)* into account, from formula (8’) we deduce initial condition (10) 


* Result (2), which has been proved for functions belonging to 2 (R”) [cf. Sec. 6.5, (f)], 
is valid also for continuous functions bounded in R”. 
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for the potential V: 
VO(x, t) = (B(x — $, t), uo(€)) > (8% — E), uo(E)) = u(x),  t— +0 


The theorem is proved. 


Note. Formula (8) follows formally from formula (4) if we set f(E, t) 
= uo(&) - 6(t) and ô(T) is “integrated.” 


3. Formulation of the Generalized Cauchy Problem for the Heat Conduc- 
tion Equation. The scheme for solving the Cauchy problem which was set 
out in Sec. 12.1 for the ordinary linear first-order differential equation is also 
used in the solution of the Cauchy problem for the heat conduction equation 


St = at Au + fet) (11) 
u | m+0 = u(x) (12) 


We shall consider that f € C(t >0) and u € C(R”). Let us suppose that 
there is a classical solution u(x, t) of this problem. This means that u € 
Ct > 0) A C(t > 0), and that Eq. (11) for ¢ >O and initial condition 
(12) for t — +0 are satisfied (cf. Sec. 4.2). 

Continuing functions u and f as zero for t < 0, as in Sec. 12.2, we con- 
clude that the continued functions @ and fsatisfy in R”+! the heat conduction 
equation 

ÎI L at Aa + Ñi t) + ux) - 0) (13) 

As Eq. (13) shows, the initial distribution uo for the function a(x, t) plays 
the role of a momentarily acting source u(x) - 6(x) (of the type of a simple 
layer over the plane t = 0) and the classical solutions of the Cauchy problem 
(11)-(12) are contained among those solutions of Eq. (13) which become 
zero for t < 0. This enables us to introduce the following generalization 
of the Cauchy problem for the heat conduction equation. 

We shall say that the problem of finding a generalized function u € 
D'(R"+1) which becomes zero for t < 0 and which satisfies the heat conduc- 
tion equation 


a = a? Au + fx, t) + u(x) + 6) (14) 
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is the generalized Cauchy problem for the equation of heat conduction with 
the source f € D’(R"**) and initial distribution u € D’(R"). Equation (14) 
is equivalent to the following (cf. Sec. 10.1): For any gy € A(R") the 
equation 


— (FE) = aXe, Ap) + 6.9) + op) (14) 


is true. It follows from Eq. (14) that a necessary condition for the solubility 
of the generalized Cauchy problem is that f must become zero for t < 0. 


4, Solution of the Cauchy Problem 


THEOREM. Let f € M and u, be a function bounded in R”. Then the solution 
of the corresponding generalized Cauchy problem exists and is unique in the 
class & and appears in the form of a sum of the two heat potentials 


u(x, t) = V(x, t) + VOC, t) (15) 


where the potentials V and V are expressed by the equations (4) and (8). 
The solution depends continuously on f and uy in the following sense: If 


If- fl <e, | uo — %| < £o 


then the corresponding solutions u and ŭ in any strip O < t < T satisfy the 
inequality 
| u(x, t) — a(x, t) | < Te + £ (16) 


If, moreover, u € C(R”), then the solution u(x, t) which has been constructed 
satisfies the initial condition: for each x € R” 


u(x, t) > u(x), t—> +0 (17) 


Proof. By virtue of the conditions of the theorem, the convolution of 
& with the right-hand side of Eq. (14) exists in Æ (cf. Secs. 14.1 and 14.2) 
and appears in the form of a sum (15) of the two heat potentials V and V 
and these potentials are expressed by the formulas (4) and (8), respectively. 
In this way, according to the theorem of Sec. 10.3, formula (15) gives 
a solution of the generalized Cauchy problem for the heat conduction 
equation, and this solution is unique in the class 4. The continuous de- 
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pendence of the solution on the data of the problem f and u, follows from 
estimates (5) and (9). Initial condition (17) follows from (6) and (10). 
The theorem is proved. 
Notes. (1) For f= 0 solution (15) is expressed by Poisson’s integral 
1 en 2 
u(x, t) = ————— | wé) exp a) dë (18) 
Rasy at)” 


This solution belongs to the class C(t > 0) and therefore satisfies the 
homogeneous heat conduction equation for t > 0 in the classical sense 
(cf. Sec. 10.1). 

If the function uy is continuous and bounded in R”, then, using formula 
(18), it is easy to see that u € C(t >0). Moreover, by the theorem just 
proved, this solution is unique, belongs to the class Æ, satisfies initial condi- 
tion (12), and depends continuously on uo. So in this case Poisson’s integral 
(18) gives the classical solution of the Cauchy problem for the heat conduc- 
tion equation, and the classical formulation of this problem is correct, while 
the intersection C°(t > 0) N C(t >0) M æ is the correctness class (cf. 
Sec. 4.6). 

(2) The correctness of the solution of the Cauchy problem for the heat 
conduction equation may be established in a wider class, namely the class 
of functions which satisfy in any strip 0 < t < T the equation 


| u(x, t) < Cp exp(ar | x |?) 
This result belongs to A. N. Tikhonov and A. A. Samarsky (1). 


5. Exercises. (a) Show that the solution of the mixed problem 
2 
ou a Ou 


ar a Ox? u |r-+0 = u(x), u loso = y(t) 


is the function 


u(x, t) = Z (x, t) * (x) — 2a? p(t) 


` = > woje- SP) — exp(— SEP] ae 
x? ) dt 


Fires a (ee 2 MeO (ee Set 
+ TA I, (t — 1+)9/? exp 4a?(t — T) 


O€ (x, t) ` 
Ox 
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Here u, € C([0, c0)) is bounded and če is its odd continuation 
p € C([0. œ], yp=0, <0 
(b) Using the fundamental solution of Schrödinger’s operator [cf. Sec. 10.12, (e)], 


show that the Cauchy problem for Schrédinger’s equation (cf. Sec. 2.7) may be reduced 
to the integral equation 


TA | ane rE aE dr 


ven =a f expla | war 


+e exp a EE ot) dé, 





2ht 


1a tl 28 
= (rA PU -7 


(c) Using the fundamental solution of the transport operator (cf. Sec. 10.11), show 
that the Cauchy problem for the transport equation (cf. Sec. 2.4) may be reduced to 
the integral equation 


y(x, s, t) = ahv f Í, y[x — v(t — t)s, s', tT] exp[—av(t — t)] ds’ dr 
+v T F[x — v(t — t)s, s, T] exp[—av(t — t)] dr 


+ Pol — vts, sje- 


CHAPTER 
4 


Integral Equations 


Equations which contain an unknown function under the integral sign 
are known as integral equations. 

Many problem in mathematical physics are reducible to linear integral 
equations of the form 


Aes 90) ay = Fx) (1) 
p(x) = 2 | A, yo) dy +S) (2) 


with respect to the unknown function g(x) in the region G c R”. Equations 
(1) and (2) are known as Fredholm integral equations of the first and second 
kind, respectively. The known functions A(x, y) and f(x) are called the 
kernel and the inhomogeneous term (free term), respectively, of the integral 
equation; A is a complex parameter. 
We shall not consider Fredholm integral equations of the first kind here. 
The integral equation (2) for f= 0 


P(x) = å Hex, vp) dy 6) 


is known as a homogeneous Fredholm integral equation of the second kind 
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corresponding to Eq. (2). Fredholm integral equations of the second kind 
w(x) = Af +(x, yw) dy + a(x) o») 
vx) = Af 2*0 yw) ay G») 


where X *(x, y) = Ay, x), are said to be adjoint to Eqs. (2) and (3), 
respectively. The kernel 4% *(x, y) is known as the Hermitian adjoint kernel 
to the kernel (x, y). 

We shall write the integral equations (2), (3), (2*), and (3*) in abbre- 
viated fashion by using the operator notation: 


p = îKp +f p = Ky 
y =ÃK*y +2, p=AK*y 


where the integral operators K and K* are defined by the kernels %{x, y) 
and % *(x, y), respectively (cf. Sec. 1.8): 


(Kix) = | Ale, vO) ay 
ENE) = [2 *C YO) dy 


All the definitions and facts set out in Secs 1.8-1.10 are applicable to 
integral operators and equations. Moreover, the following definition is 
useful: The numbers å (sometimes complex) for which the homogeneous 
integral equation (3) has nonzero solutions belonging to (G) are known 
as the eigenvalues or characteristic numbers of the kernel A(x, y), and the 
solutions corresponding to these eigenvalues are the eigenfunctions of this 
kernel. In this way, the eigenvalues of the kernel %{x, y) and the eigen- 
values of the operator K are mutually inverse and their eigenfunctions 
coincide. 


§ 15. The Method of Successive Approximations 


1. Integral Equations with a Continuous Kernel. Let us suppose that in 
integral equation (2) the region G is bounded in R”, the function f is con- 
tinuous over the closed region G, and the kernel %{x, y) is continuous over 
G x G (we shall say that this type of kernel is continuous). 
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We recall the definition of the norms in the spaces A(G) and C(G) 
(cf. Secs. 1.3 and 1.5): 


IMI=(f,leorax), te ZO 
IF llo = max | fœ), fece) 


In order that the integral operator K with a continuous kernel A(x, y) 
should be zero in Z(G), it is necessary and sufficient that A(x, y) = 0 for 
xeG,yeG. 


The sufficiency of the condition is evident, and its necessity follows from 
Du Bois Reymond’s lemma (cf. Sec. 5.5): If for all fe Z(G) 


KNE) = | Ax, yy) dy =0, x eG 
then A(x, y) = 0 for xe G, y EG. 


Lemma. The integral operator K with a continuous kernel A(x, y) maps 
L(G) into C(G) [and, therefore, C(G) into C(G) and Z(G) into Z(G)] 
and is bounded; moreover 


IK fle < My7 Ifl fe ZO (4) 
| Kf lle < MV If lle; feCG) (5) 
\| Kf ||< MV IIS lh fe Z(G) (6) 


where 
M= max |-A(x,y)|, v={ o 


zeG,ve@ 

Proof. Let fe Z(G). Then f is an absolutely integrable function over 
G (cf. Sec. 1.5) and, since the kernel %(x, y) is continuous over G x G, 
the function (Kf)(x) is continuous over G. Therefore the operator K maps 
L(G) into C(G) and, by virtue of the Cauchy-Buniakowski inequality, 
is bounded: 


ll KF lle = max | (Kf)(x) | = max 
aeG aeG 





J, Ae nfo) d| 


< max (S12) ea) (I0 hay) < MVV If 


204 4. INTEGRAL EQUATIONS 


Inequalities (5) and (6) are proved analogously and more simply. The lemma 
is proved. 


We shall seek the solution of Eq. (2) by the method of successive approx- 
imations, supposing that p(x) = f(x), 


px) = Af Hos Vey) dy +f) = AK $f, p= 12... 
(7) 
We shall prove that 


po =F FRY p=0,1,... (8) 
k=0 


where K* denotes a power of the operator K (cf. Sec. 1.8). 

In fact, for p = 0 formula (8) is true: p = f. Supposing that this formula 
is true for p, and replacing p by p + 1 in the recurrence relation (7), we 
obtain formula (8) for p + 1: 


gp?) = AKp® + f= AK > Kf 4 of 
pti 
=f+ 3 AH RKEHF — 2 AEKEF 
k=0 k=0 


In this way, formula (8) is seen to be true for all p. 

The functions (K?f)(x), p = 0,1, ..., are said to be iterates of the func- 
tion f. 

According to the lemma of Sec. 15.1, the iterates of f are continuous over 
G and, by virtue of (5), satisfy the inequality 

IKF llo = || K(K?-'f) llo < MV || K?-*f lle 
< (MVF || KF llo < +-+- < (MV)? lf lle 
that is, 
Il Kf llo < (MYY If llo p =0,1,... (9) 


It follows from this result that the series 
X AKS), =xEG (10) 
=o 
which is known as Neumann’s series, is majorized by the numerical series 


I le X Lapar =e (11) 
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converging in the circle | 4| < 1/MV. Therefore for these A the series (10) 
converges regularly on x € G, and on account of this it defines a function 
g(x) which is continuous over G. This means by virtue of (8), that the suc- 
cessive approximations y'?)(x) as p — co converge uniformly to the function 


(x): 


g(x) =E px) = 5 AKENE), p—>oo (12) 


moreover, by virtue of (11), the estimate 


lp los ar (13) 
is valid. 

We shall prove that the function p(x) satisfies integral equation (2). 
In fact, passing to the limit as p— oo in the recurrence relation (7), and 
using the uniform convergence of the sequence y'?)(x) to g(x) over G, 
we obtain 


P(x) = lim g(x) = å | Ax, y) lim yy) dy + f(x) 
poco poo 
= å | Hx, yyy) dy +f) 


We shall prove the uniqueness of the solution of Eq. (2) in the class 
L(G) if | A| < 1/MV. For this it is sufficient to show that the homogeneous 
equation (3) has only a zero solution in this class (cf. Sec. 1.9). In fact, if 
Po E FZ (G) is the solution of Eq. (3), Po = AK@o, then, according to the 
lemma of Sec. 15.1, 


Po ll < |4] MV || po || 


from which, due to the inequality | 4| MV < 1, it follows that || po lle = 0; 
that is, pọ = 0, as was to be shown. 
We now summarize these results in the following theorem. 


THEOREM. Each Fredholm integral equation (2) with a continuous kernel 
Ax, y) for which | à| <1/MV has a unique solution ọ in the class C(G) 
for any inhomogeneous term f € C(G). This solution appears in the form of 
the Neumann series (12), which is regularly convergent in G and satisfies 
Eq. (13). In other words, the inverse operator (I — AK)~| exists and is bounded 
in the circle | A| <1/MV. 
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Note. The method of successive approximations may be used for an 
approximate solution of integral equation (2) for sufficiently small | A|. 


2. Iterated Kernels. Resolvents. First we shall test the validity of the 
equation 


(Kf, g) = (f, K*g), f and ge A(G) (14) 


In fact, if f and g €e Z(G), then by the lemma of Sec. 15.1, Kf and 
K*g € Z(G), and therefore 


Kfe) = [Nea =f |S p ANO) ay ac) ax 


= f , fo)| f gL NEO) ax| dy = | KYE dy = (f, K*g) 


Lemma. If K;, i= 1,2, are integral operators with continuous kernels 
K;,(x, y), respectively then the operator K; = K,K, is an integral operator 
with the continuous kernel 


Axx, y) = f gO VIAL y) ay" (15) 
The following result is true: 
K% = (K.K,)* = K#Ke (16) 
Proof. For all fe Z(G) we have 
(Ks f(x) = (Kak f(x) = | | Aas 9) |, AO" SO) dy dy' 
=f f [f a7 yO, y) dy'| f0) dy 


from which formula (14) follows. It is clear that the kernel .%3(x, y) is 
continuous for x € G, y € G. 
Taking Eq. (14) into account, for all f and g € Z(G) we obtain 


(f, Kžg) = (K; f, 8) = (KK f, 8) = (K, f, K*g) = (S, KY K8) 


that is, 
(f, Kg — KřKřg) = 0 


and so Kžg = K}#K#g, which is equivalent to Eq. (16). The lemma is proved. 
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It follows from the lemma which has just been proved that the operators 
K? = K(K?-') = (K®-1)K, p = 2,3, ..., are integral operators and that 
their kernels %,(x, y) are continuous and satisfy the recurrence relations: 


A(x, y) = A(x, X), 
Alex, y) = f a7 YA y) dy' 


— f prs y AO, y) dy' (17) 


The kernels. %,(x y) are known as iterated kernels of the kernel %{x, y). 
It follows from the recurrence relations (17) that the iterated kernels 
satisfy the inequality 


| Ap, y) | < Myr, p= 1, 2, tee (18) 


It follows from (18) that the series 
z EHra, V) xeğ, yeğ (19) 
is majorized by the numerical series 
2i 4| Myk 


converging in the circle | 2| < 1/MV. Therefore the series (19) converges 
regularly for x € G, y € G, and | å | <1/MV — e for any e > 0. Therefore 
its sum is continuous in Ẹ x G x U,,yy and analytic in A in the circle | 4 | 
< 1/MV. We shall denote the sum of the series (19) by A(x, y; A): 


B(x, y; å) = Py MB sa (XY) 


The function &(x, y; A) is known as the resolvent of the kernel Xx, y). 


THEOREM. The solution g of the integral equation (2) with the continuous 
kernel A(x, y) is unique in the class C(G) for | à| <1/MV, and for any 
f€C(G) is represented in terms of the resolvent P(x, y; A) of the kernel 
A(x, y) by the equation 


P(x) = fle) + 4 | P, y: D/O) dy (20) 
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In other words, the following operator equation is valid: 
1 


where R is the integral operator with the kernel P(x, y; a). 


Proof. By the theorem of Sec. 15.1, the solution g of Eq. (2) is unique 
in the class C(G) for | A| < 1/MYV, and for any f € C(G) is represented in 
the form of the uniformly converging Neumann series (12). If we substitute 
in this series the expressions for the iterates K*f in terms of the iterated 
kernels %,(x, y) and use the uniform convergence of the series (19) for 
the resolvent A(x, y; å), we obtain formula (20): 


ws) =f PÈ Meals | M0) r 
=Af Bx»; DAY) dy + Ax) 


The theorem is proved. 


We shall prove that the iterated kernels (%*),(x, y) and the resolvent 
P(x, y; A) of the Hermitian conjugate kernel.% *(x, y) may be expressed 
in terms of the iterated kernels %,(x, y) and the resolvent of the original 
kernel A(x, y) by the equations 


(2*),(x, y) = A(x, y), p=1,2,... (22) 


= . 1 
Pay A = Box Al <r (23) 


Equation (22) follows from Eq. (16), in accordance with which 
(K*)? = (K?)*,  p=1 2,... 


Since | 2*(x, y)| = | Xy, x)| < M, then, according to what has just 
been proved, series (19) for the resolvent #,,(x y; A) of the kernel. % *(x, y) 
converges for x € G, y € G, | A| < 1/MV. From this, using Eq. (22), we 
obtain formula (23): 


B,(x, yA)= 2 OF ee, y) 
= È MAGA (x, y= 2, UBL A, x) 


MAGA, x) = Ay, x; A) 


Il 
IMs 
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From (23) we obtain 
By D =Po, x) =B* yD, [al <a 


MV 


and so, according to Eq. (21), formula 

S > 1 
= *)-1 — * * 

(I — AK*) I+ AR*, lec (21*) 

is true. 


Note. It can be proved that the resolvent A(x, y; A) of the continuous 
kernel (x, y) allows a meromorphic continuation over the whole plane 
of the complex variable 4 and that the eigenvalues of the kernel %{x, y) 
are the poles of the resolvent. This proposition will be proved later for 
degenerate and for Hermitian kernels. 


3. Volterra Integral Equations. Let n = 1, the region G be the interval 
(0, a), and the kernel .%(x, y) become zero in the triangle 0 < x < y <a. 
This kernel is known as the Volterra kernel. The integral equations (1) and 
(2) with Volterra kernels take the form 


[Ae ywo) dy = fe) os 
P(x) = A [Ax yey) dy + A) 


and are known as Volterra integral equations of first and second kind, 
respectively. 

Volterra integral equations of the first kind are reducible by differentiation 
to equations of the second kind 


se y) 


Hee, x(x) + f° —S2”* gy) dy = S'E) 


if. A(x, y) and 0 A(x, y)/Ox are continuous for 0 < y < x < a, A(x, x) 40 
for x € [0, a], f € C1([0, a]), and f(0) = 0. We shall not consider Volterra 
integral equations of the first kind here. 

Let us suppose that in the integral equation (24), f € C([0, a]) and the 
kernel A(x, y) is continuous in the closed triangle 0 < y < x < a. In this 
case | A(x, y)| < M and the integral operator 


KNE = [x YO) ay 
maps C([0, a]) into C((0, a]). 
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As with Fredholm equations (cf. Sec. 15.1), we shall define successive 
approximations y'”) according to the formula yp = f, 


p” = MK = AKo +f, p=1,2,... (25) 


The iterates K?f e C[0,a] also satisfy the result 


| (KV) |< If lle E, x€[0,a, p=0,1,... Q6) 





We shall prove result (26) by induction with respect to p. Equation (26) 
is true for p = 0. Supposing that it is true for p — 1, we shall prove it for p: 


| KAO | = | KKP) | =| f A, NENO) dy 


<M IfM i dy = I eL 


It follows from result (26) that the Neumann series (10) is majorized 
over [0, a] by the converging numerical series 


: LE 


IZ lle 2 [4| = If lle ev" (27) 


and so converges regularly with respect to x in [0, a] for any å and defines 
a continuous function g(x). In this way, by virtue of (25), the successive 
approximations y® as p— oo uniformly tend to the function g: 


p(x) EER p(x) = > AKA), p> (28) 


Because of this, by virtue of (27), the inequality 
Ile le < IS llo e (29) 


is true. 

Proceeding to the limit as p — 00 in the recurrence relation (25) and using 
the uniform convergence of the sequence p” to m over [0, a], we find that 
the function v(x) which has been constructed satisfies the integral equation 
(24). 
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We shall prove that the solution of Eq. (24) is unique in the class C([0, a]) 
for any A. It is sufficient to show that the corresponding homogeneous 
equation has only a zero solution in this class. In fact, if g is the solution 
of the homogeneous equation (24), Po = AK, then, 


Po = AK(AKGo) = A?K*%Po = +++ = APKH, p=1,2,... 
Applying result (26) to these equations gives, 


Mx 
[p| =| AK G6] < | àP go lo, pbs: 





and allowing p to tend to infinity, we obtain g(x) =0 for x e [0, a], 
as was to be shown. 
We now formulate the results obtained as the following theorem. 


THEOREM. Each Volterra integral equation (24) with a continuous kernel 
A(x, y) has a unique solution in the class C([0, a]) for any 4 and for any 
inhomogeneous term f € C([0, a]). This solution is the regularly convergent 
Neumann series (28) and satisfies inequality (29). 


CoroLLARY. Volterra’s continuous kernel does not have eigenvalues. 


4. Integral Equations with a Polar Kernel. The kernel 


K(x, y) 


ioe SS? 


Ax, y ) = 
where #(x, y) € C(G x G), is known as a polar kernel; if a < n/2, then 
A(x, y) is known as a weakly polar kernel. 

In order that the kernel A(x, y) should be polar, it is necessary and 
sufficient that it be continuous for x ~ y, where x € G, y € G, and that it 
Satisfy the estimate 


| A(x, y) |< a<n xeéG, yeG 


A 
[x= y]? 
In fact, the necessity of the condition is evident, and its sufficiency follows 
from the equation 


Ax, y) | x — y |+ 


|x= y| 


Alx, y) = , O<e<n-a 
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where the function 

FE x, y) = A(x, y)| x — y| 
is continuous over G x G. 


Lemma 1. The integral operator K with the polar kernel A(x, y) maps 
C(G) into C(G), Z(G) into Z(G), and is bounded: 


I Kf lle £ N IIS lle; fe CG) (30) 
I KF |S VNN* fl, fe ZG (31) 


where 


= * — * 
N max |, | Xx, y) | dy, N max | | 2*(x, ») | dy 


Proof. Letf € C(G). By virtue of the uniform convergence of the integral 
over x € G 


f Hx, y) -ZI Ay ) dy = f A(x, yf) dy = = (Kf)(x) 


a [x—yl* 
the operator K maps C(G) into C(G) and inequality (30) is valid: 
| AVO ay 


< [If lle max f | X, y) | dy = N IIS lle 


\| Kf llc = max 
zeg 








Let f € Z(G). Using the Cauchy-Buniakowski inequality, we obtain 
Qo 2 = 2 
IKSIR = f 1 Kf ae = f | {2s Vo) ay | dx 
2 

< f [fi VFO TVA HT LPO) | a] ae 
< f a Zld f 1A) llf) |? dy dx 
<NN* | I/O) |? dy = NN* iF IÈ 

from which it follows that the operator K maps 2% (G) into Z(G), and 


inequality (31) is true. The lemma is proved. 
Using Lemma 1, which has just been proved, and repeating the arguments 
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of Sec. 15.1, we conclude that the theorem of Sec. 15.1 remains valid for 
the integral equation (2) with the polar kernel %(x, y) if MV is replaced 
by N: If | à| <1/N, then in the class C(G) there is a unique solution for 
any f € C(G), and this solution is the Neumann series which is regularly 
convergent over G. 


LEMMA 2. If (x y) are the polar kernels 


A 


IMG I< Se «<n i=1,2 


then the kernel 
Hee, y) = | FY YAW, y) ay’ 


is also polar, moreover 
A, 
(A y) |< | x — y |r > 
Ce Tabes 


if a +a,>n (32) 


A(x, y) is continuous over G x G if a, + a < n. 
Proof. Representing the polar kernels %;(x, y) in the form 
Hx y) 


Alx, y) = 0<Ee<nNn-— ai 
where (x, y) are continuous functions over G x G, we express the kernel 
A(x, y) in the form 
Hx, VVAA(Y's Y) 
A = no na dy’ 
a(x, y) Í | x— y' [ate | y —y [erte y 


Since this integral converges uniformly for x € G, y € G and | x — y| > ô 
for any 6 > 0, we conclude that the kernel %(x, y) is continuous for 
xy, xeG, y eG. If then a, + a, <n, for e< }(n — a, — a) and 
e > 0, this integral converges uniformly for x € G, y € G, and therefore 
the kernel 43(x, y) is continuous over G x G. 

So, to prove the lemma, we must establish results (32) for a, + a >n. 
Taking into account the results for the kernels %;(x, y), we have 


dy’ 


e [x-y =|" -y| xEG, yeG 


| Aa y) |< AA | 
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Changing the variable of integration to 7 = x — y’, and enlarging the 
region of integration to the sphere Up, where D is the diameter of the 
region G (Fig. 47), we deduce the equation 





dn 
A(x, < AA er 
| 43% y) | el ea Sale 
Writing 

=e aa 2 

=p] x, Ss |s|=1 
D 
Fig. 47 


and in the last integral making the change of variable n = ré, dn = r” dé, 
we obtain 

d 
Uvr | |e |s — & [a 


= oa dé 
= A,A,r™™ (Lc El | eos Eja 


+f Sesser! (33) 


2<181<D/r | é |: | s—& | 


| a(x, y) | < AA | 


Since | s| = 1, the integral in the first term is of bounded magnitude 


dé 
foa mehh (34) 


Taking the inequality into account 


cn ed de 
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we shall evaluate the second integral when | &| > 2, 


J o d < 2% | _ de = 20, f , r o"e% do 


acigi<D/r | Ele | s — £ |a 7 r<igi<Dir | & [2+%2 
1 : 
aaa ae if a + &, >n 
< 2r” 5 (35) 
In a if Oy + A =N 


Equations (32) follow from Eq. (33)-(35). The lemma is proved. 


It follows from Lemma 2, which has just been proved, that all the iterated 
kernels %,,(x, y) of the polar kernel A(x, y) are polar and satisfy the 
estimates 

A — y |-Pat(p-1)n if —(p-1 
ree] Lah Gee ae se) 
A,|In|x—y||+B,, if pa—(p—1)n=0 
Beginning with the number po = [n/(n — a)] + 1, the iterated kernels 
A, (x, y) are continuous. (Here [t] denotes the integral part of the number 
t>0.) 

From this, using Lemma 1 of this section and reasoning as in Sec. 15.2, 

we deduce that the resolvent of the polar kernel %{x, y) 


A(x, y; à) = ds, MAG s(x, y) 
= P(x, y; A) + BP, (x, y; A) (37) 


is the sum of two terms: of the polar term 


Py—2 
B(x, y; 4) = 3 MA a Y) 


k= 
and the continuous term 
Bx, ys A= S MA, y) (38) 
k=py-1 
For this series (38) converges uniformly for x € G, y € G, and | A| <1/N 
— e for any e > 0, defining a continuous function &,(x, y; A) for x € G, 


y €G,|A| <1/N, and an analytic function with respect to A in the circle 
[a] <1/N. 
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It follows from what has been said that the theorem of Sec. 15.2 remains 
valid for the integral equation (2) with a polar kernel A(x, y) on the condition 
that | à| < 1/N. Further, the formulas (22), (23), and (21*) for (%*)(x, y), 
@® (x,y; å), and (J — 1K*)-! may also be retained, provided | 4| < 1/N 
and | A| < 1/N*. 


5. Exercises. (a) Prove that if |A| MV <1, the resolvent G(x, y; A) of the 
continuous kernel .%(x, y) satisfies the Fredholm integral equation 


Pay; = Af gL INPO’, y; A) dy’ + AC y) 


(b) Let the kernel% (x, y) of the Fredholm integral equation (2) belong to A(G x G). 
Using Eq. (28) of Sec. 1.8, establish the convergence in (G) of the method of successive 
approximations for any f € Z(G), provided |A|C <1. 

(c) Prove that the resolvent of the Volterra kernel is analytic in the whole plane of the 
complex variable A (an entire function). 

(d) Let He C(x => 0), A(x) = 0 for x < 0. Prove that the generalized function 


F(x) = Wx) +B), D= He Ha A 


hol k times 


is a fundamental solution of the Volterra operator of the second kind with the kernel 
Ax — y): 
EZ-AZ =Ò 


For this the series for G(x) converges uniformly in each finite interval and satisfies the 
Volterra integral equation 


T 
Px) = | A- PO) dy +A), x20 
The function G(x — y) is the resolvent of the kernel (x — y) for A = 1. 
(e) Using Exercise (c) of Sec. 7.9 for a = 0 and $ = 1 — a, check that the function 


sin zæ 2 g'(y) dy 
fi (x )= — we l-a 
o (x — y) 
satisfies Abel’s integral equation 


i ow = g(x), g(0) = 0, g € C(x > 0), 0O<a<l 


(£) Using fundamental solutions (23) of Sec. 10.5, establish that the Cauchy problems 
u +au=ọu, ular =m, o € C(t >0) 


1I 1 
u” + au = pu,  u|imto = Uo, Ulmer = u 
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are equivalent, respectively, to the following Volterra integral equations of the second 
kind 


u(t) = f * e-at-o(r)u(t) dr + went, t>0 
0 
1 fe. uy. 
u(t) = = f S0 a(t — t)e(t)u(t) dt + uo cos at + -g Sin at, t>0 


(g) Prove that for |4| <1, Milne’s integral equation 


p(x) =A | x — ypo) dy, AE) = sf. at 


has a unique solution œ = 0 in the class of bounded functions on [0, oo). 


§ 16. Fredholm’s Theorems 


In this section Fredholm’s theorems concerning solubility will be proved 
for the Fredholm integral equation 


p = 1K +f (1) 
with a continuous kernel A(x, y) and for the equation adjoint to it 
yp = ÌK*y +g (1*) 
1. Integral Equations with a Degenerate Kernel. The kernel 


Me, y) = È A080) (2) 


where f and g € C(G), is known as a degenerate kernel. 

Without loss of generality, it may be assumed that the systems of functions 
{fi 1<i< N} and {g;,1<i< N} are linearly independent. In fact, 
if this is not so, then for instance 


In(x) = 4 fi) + +++ + ew fy) 


and the kernel %{x, y), by virtue of (2), assumes the form 


N-1 N-1 N-1 
A(x, y) = È AO) + 2 ci fign) = 2 Sigo) 
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Arguing in a similar fashion, by means of a finite number of steps, we reach 
the situation in which there are linearly independent systems of functions 
{fi} and {g;} in Eq. (2). 

Let us consider the Fredholm integral equation with a degenerate ker- 
nel (2) 


N 
P(x) = 1 È fix) f si) 90) dy + FO) 6) 
and the equation adjoint to it 
-J = 
v(x) = 7¥ a) f ROWO) dy + 80) 6» 


Solutions y and y of the integral equations (3) and (3*) will be sought 
in the class C(G). 

We shall show that these equations are reducible to systems of linear 
algebraic equations, and so may be investigated and solved by known 
methods of linear algebra. 


We shall write Eq. (3) in the form 


oe) =A > TOES (4) 
where 
ci = f POO) dy = (p, 8) (6) 


are unknown numbers. Multiplying Eq. (4) by g,(x), integrating over the 
region G, and using (5), we obtain the following system of linear algebraic 
equations defining the numbers cy: 


N 
ce= AÑ ci f y OA) dx + J, 80A) dx (6) 
Setting 
an= f ONE) de a= | fede = (he) 


we write system (6) in the form 


N 
Ck =À Y, aye; + ay, ee 23 SaN (8) 
t=1 
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Introducing the matrix A and the vectors ¢ and a, 
A = (a,j), C = (C1, Cy, .--, Cy), a= (aq, a,..., ay) 
we may present system (8) in the matrix form 
c=AAc+a (9) 


We shall prove that the integral equation (3) and the algebraic equation 
(9) are equivalent. In fact, if p € C(G) is the solution of Eq. (3), then, as 
we have just shown, the numbers c; = (p, 2;), i=1,2,..., N, satisfy 
system (8). Conversely, if the numbers c;, i = 1,2, ..., N, satisfy system 
(8), then the function y(x), constructed according to formula (4), is con- 
tinuous over G and, by virtue of (7), satisfies Eq. (3): 


N 
P) = AY fix) |, EOW dy — fo) 
N N 
=AY ci fix) +f) — AY fie) f 0) 
w=l1 q=1 G 
N 
x [AE ah O] 4 -r 
N N 
=A OG —A 2 Chlir — as) =0 
We shall denote by D(A) the determinant of system (9), 
D(A) = det(I — 4A) (10) 
and by M,,(A) the cofactors of the matrix J — AA. It is clear that D(A) 
and M,,(A) are polynomials in A, and that D(A) Æ 0, since D(O) = det J = 1. 
Let the (complex) number å be such that D(A) 4 0. According to Cramer’s 


theorem the solution of the algebraic system (9) is unique and can be 
expressed by the equation 


1 N 
“= Day È Myla, k=1,2,...,N (11) 


Substituting this solution (11) into formula (4) and recalling the definition 
of the numbers a;,, we obtain the solution of the integral equation (3) for 
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D(A) £0 in the form 


N 
P= ay Ye, ON f OVO) Ay +f) 0D 


On the other hand, according to the theorem of Sec. 15.2, for sufficiently 
small A [and then D(A) Æ 0], this solution is expressed in terms of the 
resolvent A(x, y; A) by Eq. (20) of Sec. 15.2. Therefore, 

1 N 
Ax, y; N=aar Y Mu Afieds) (13) 
D(A) ifa 

In this way, the resolvent A(x, y; A) of the degenerate kernel is seen to 
be a rational function and so allows a meromorphic continuation over the 
whole plane of the complex variable A (cf. note of Sec. 15.2). 


2. Fredholm’s Theorems for Integral Equations with a Degenerate Kernel. 
In the previous section we have constructed in an explicit form the 
solution of an integral equation with a degenerate kernel. Here we shall 
continue our investigation of these equations and shall formulate the 
conditions for their solubility. 

As with Eq. (3), we change Eq. (3*), which is adjoint to it, to an equivalent 
system of linear algebraic equations. We have 


vo) =4 > AER (4*) 


where d; = (y, f;) are unknown numbers. The corresponding system of 
linear algebraic equations, equivalent to Eq. (3*), has the form 


_N 
d, =1 Y Buds +h, k=1,2,...,N (8*) 
i=1 
where 
Bu = | AOB) dx = Fn, bi = (Fi) (7*) 


In this way, the system (8*) is adjoint to system (8): 


d = ÃA*d + b (9*) 
where 


A* = (Bri) = Gx) = A’, d = (di, dz, ..., dy), b = (b1, bg, ..., by) 
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From courses on linear algebra it is known that the determinant and 
rank of a matrix and its transpose coincide. Therefore, by virtue of (10), 


det(I — 1A*) = det(I — AA’) = det(I — AA’) = D(A) 
K (14) 
rang(I — AA*) = rang(I— 2A’) = rang(I — AA) = q 


There are the following alternatives. 


I. D(A) 40. Then q = N and the systems (9) and (9*) are uniquely 
soluble for any a and b. Consequently, Eqs. (3) and (3*) are also uniquely 
soluble for any f and g and these solutions are given by expressions (4) 
and (4*), respectively. 

II. D(A) =0. Then q < N and, by virtue of (14), the homogeneous 
systems (9) and (9*) each have N — q linearly independent solutions: 


c = (cf, cy”, ees cP), d” = (aP, dy, ery d¥), s = l, 2, o N—q 


Homogeneous integral equations (3) and (3*) will also each have N — q 
linearly independent solutions, defined by expressions (4) and (4*), respec- 
tively: 


N _N 
p(x) =AY PAE v(x) = AY dPR) (15) 
i=l i=1 
s=1,2,....N—q4 


We shall prove the linear independence of these systems of solutions 
{ps l1<s<N-—q} and {y,,1<s<N-—q}. Let there be numbers 
Ps, 8 =1,2,...,N — q, such that 


N-q 
2, Paalx) = 0, xEeG 
g= 


that is, by virtue of (15) 


y Fix) z cp = xeEG 


i=l 
From this, by virtue of the linear independence of the system of functions 
{fi 1<i< N}, follow the equations 


EE i=1,2,...,N 


s=1 
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Since the system of vectors {e, 1 < s < N — q} is linearly independent 
in RY, it follows from the last equations that p, = 0, s = 1,2, ..., N — q, 
which also proves the linear independence of the system of solutions {,}. 
The linear independence of the system of solutions {y,} is established 
analogously. 

Further, to solve the system (9) for D(A) = 0 it is necessary and sufficient 
to satisfy the following orthogonality conditions: 


N - 
ad”) = F ad® =0, s=1,2,....N—q (16) 


i=1 


Conditions (16) are equivalent to the conditions 
(hv) = | SOB) de =0,  5=1,2,...,.N—9 
since, by virtue of (15) and (7), 
N $ XN 
| SCOP) dx =A | SOE) dx IP = AY) aids? = AQ, a”) 
Ge i=l a t=1 


So the following theorems, which are known as Fredholm’s theorems, 
have been proved. 


THEOREM 1. Jf D(A) +0, then Eq. (3) and its adjoint equation (3*) 
are uniquely soluble for any inhomogeneous terms f and g. 


THEOREM 2. If D(A) = 0, then the homogeneous equations (3) and (3*) 
have a like number of linearly independent solutions, equal to N — q innumber, 
where q is the rank of the matrix I — AA. 


THEOREM 3. If D(A) = 0, then for Eq. (3) to have a solution it is necessary 
and sufficient that the inhomogeneous term f be orthogonal to all the solutions 
ps, S=1,2,...,N —q, of the adjoint homogeneous equation (3*). 


It follows from Theorems 1 and 2 that the eigenvalues of the degenerate 
kernel coincide with the roots of the polynomial D(A), and therefore are 
finite in number. Moreover from formula (13) for the resolvent it follows 
that the eigenvalues of the degenerate kernel coincide with the poles of its 
resolvent (cf. Sec. 15.2, note). 


Note. It may happen that the functions f; and g; in Eq. (2) of the de- 
generate kernel depend on the complex parameter À n the following way: 
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Let f;(x; 4) and g;(x; 4) be continuous with respect to (x, A) in G x U,, 
and analytic in A in the circle U„. In this case Fredholm’s theorems 1-3 
remain valid on condition that | à| < w. 

We shall prove that the determinant D(A) is an analytic function in the 
circle | A| < w. In fact, the elements of the matrix A, calculated according 
to formula (7), 


anl) = f ge; AVi; A) dx 


are analytic functions in the circle | 4| < œ. Therefore, by virtue of (10), 
D(A) is an analytic function in this circle, and D(A) Æ 0. 


3. Fredholm’s Theorems for Integral Equations with a Continuous Kernel. 
The Fredholm theorems for integral equations with a degenerate kernel 
that have been proved in the previous section may be extended to integral 
equations with an arbitrary continuous kernel. The essence of the proof 
lies in the fact that a continuous kernel appears in the form of a sum of a 
degenerate kernel and of a sufficiently small continuous kernel. This makes 
it possible, using the results of Sec. 15 concerning the solubility of integral 
equations with a small kernel, to reduce the corresponding integral equation 
to an integral equation with a degenerate kernel, for which Fredholm’s the- 
orems have already been established. We may then deduce that Fredholm’s 
theorems are also valid for integral equations with a continuous kernel. 

So let the kernel X(x, y) be continuous over G x G. According to 
Weierstrass’s theorem (cf. Sec. 1.3), it may be approximated with arbitrary 
accuracy by polynomials; that is, for any € > 0 there is a polynomial 

Px y= $ aggxry? (17) 
la+ £N 
such that 


| Ax, 9) -Px y| <e xe, yeğ 
In this way, the kernel %{x, y) appears in the form 
A(x, y) = P(x, y) + nx, y) (18) 


where (x, y) is a degenerate kernel (polynomial) and n(x, y) is a small 
continuous kernel, | n(x, y)| < € for x € G, y EG. 
By virtue of (18), Fredholm’s integral equation takes the form 


p=APp+Annp+f (19) 
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where P and 7 are integral operators with the kernels. P(x, y) and n(x, y), 
respectively, and P + y = K. 

We shall show that for | å | < 1/eV in the class C(G), the integral equation 
(19) is equivalent to an integral equation with a degenerate kernel. For this 
we shall introduce a new unknown function ®(x) according to the formula 


D = — Any (20) 


According to the theorem of Sec. 15.2, the function is expressible uniquely 
in terms of ® by means of the expression 


p = (I — An) 1® = (I + AR) (21) 


where R is an integral operator with a kernel A(x, y; 4), which is the resol- 
vent of the kernel n(x, y). By virtue of (20) and (21), Eq. (19) takes the 
following equivalent form: 


© = AP(I + AR)Ð +f = ATO + f (22) 


where 
T=P+APR (23) 


We recall that the resolvent A(x, y; A) is continuous with respect to 
(x,y; 4) in G x G x Uy, and analytic in A in the circle | A| < 1/eV 
(cf. Sec. 15.2). From this, taking the lemma of Sec. 15.2 into account, we 
conclude that the operator T is an integral with a continuous kernel 


B(x, y; A) = P(x, y) + Af PY) PO, y; A) oy 


Moreover, it follows from (17) that the kernel @ (x, y; A) is degenerate and 
analytic in 4 in the circle | 4| < 1/eV. 

We shall now transform the adjoint integral equation (1*). By virtue of 
(18), K* = P* + ņ*, and therefore Eq. (1*) takes the form 


(I — n*y = AP*y + g (19*) 


Applying the operator (J — īn*) to Eq. (19*) and using Eq. (21*) of 
Sec. 15.2, we have 
1 


= *)-1 — 7 R* 
(I An*) = I + AR*, l4] < -7 
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and we reduce this to the equivalent equation 


p = (I — An*) (Pty + g) = (I + AR*)(Pty + g) 
= A(P* + AR*P*)py + (I + AR*)g (24) 


Setting _ - 
Q = (I + AR*)g, g= (I — An*)O (25) 


and considering that, in accordance with Eqs. (16) of Sec. 15.2 and (23) 
above, 7 
P* + AR*P* = (P + APR)* = T* 


we shall write Eq. (24) in the form 
y=AT*y +Q (22*) 


In this way, for | 2| < 1/eV in the class C(G) the integral equation (1) 
is equivalent to integral equation (22) with the degenerate kernel @ (x, y; A), 
which is analytic in the circle | A| < 1/eV, while Eq. (1*) adjoint to Eq. 
(1) is equivalent to Eq. (22*), which is adjoint to Eq. (22). But for Eqs. 
(22) and (22*) Fredholm’s theorems 1-3 are valid and the determinant 
D(A) is an analytic function in the circle | 2| < 1/eV (cf. note of Sec. 
16.2). Hence, as these equations are equivalent to the initial equations (1) 
and (1*), we obtain the following Fredholm theorems for integral equations 
with a continuous kernel The set of these theorems is known as Fredholm’s 
alternative theorems. 


FREDHOLM’s ALTERNATIVE THEOREMS. If the integral equation (1) with 
a continuous kernel has a solution in C(G) for any inhomogeneous term 
f€C(G) then its adjoint equation (1*) has a solution in C(G) for any 
inhomogeneous term g € C(G), and these solutions are unique (Fredholm’s 
first theorem). 


If the integral equation (1) has no solution in C(G) for any inhomogeneous 
term f, then 


(1) the homogeneous equations (1) and (1*) have an equal (finite) number 
of linearly independent solutions (Fredholm’s second theorem); 

(2) for Eq. (1) to have a solution it is necessary and sufficient that the in- 
homogeneous term f be orthogonal to all the solutions of the adjoint homo- 
geneous equation (2*) (Fredholm’s third theorem). 
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Proof. For À = 0 Fredholm’s alternative theorems are obviously valid. 
Therefore we shall consider that 440, and as in previous constructions 
we shall choose £ < 1/| å |V. 

Let Eq. (1) have a solution in C(G) for any f € C(G). Then Eq. (22) 
with a degenerate kernel which is equivalent to (1) will also have a solution 
in C(G) for any f. From this, using Theorem 3 of Sec. 16.2, we conclude 
that D(A) 40. But then, according to Theorem 1 of Sec. 16.2, Eq. (22) 
and the adjoint equation (22*) have unique solutions for any f and Q 
belonging to C(G). But the functions Q and g are expressible in a unique 
manner by the formulas (25). Therefore, the equivalent equations (1) and 
(1*) have unique solutions in C(G) for any f and g. Fredholm’s first theorem 
is proved. 

If Eq. (1) has no solution in C(G) for any f, then the equivalent equation 
(22) with a degenerate kernel also has no solution in C(G) for any f. From 
this, by Theorem 1 of Sec. 16.2, we conclude that D(A) = 0. But then, 
by Theorem 2 of Sec. 16.2, the homogeneous equations (22) and (22*) 
have an equal (finite) number of linearly independent solutions in C(G). 
Consequently the homogeneous equations (1) and (1*) (which are equiv- 
alent to them) also have an equal (finite) number of linearly independent 
solutions in C(G). Fredholm’s second theorem is proved. 

Moreover, by Theorem 3 of Sec. 16.2, for the solubility of Eq. (22) for 
D(A) = 0 it is necessary and sufficient that the inhomogeneous term f 
should be orthogonal to all solutions of the adjoint homogeneous equa- 
tion (22*). But the solutions y of the equivalent homogeneous equations 
(1*) and (22*), like the right-hand sides f of the equivalent equations (1) 
and (22), are the same. Therefore, for the solubility of Eq. (1) in the case 
we are considering, it is necessary and sufficient that the inhomogeneous 
term f be orthogonal to all solutions of the adjoint homogeneous equation 
(1*). Fredholm’s third theorem is proved. 


FREDHOLM’s FOURTH THEOREM. In each circle | à| < R there is only a 
finite number of eigenvalues of the kernel A(x, y). 


Proof. We shall choose e = 1/(R + 1)V. Then for |A| <<R+1 we 
have | 2| < 1/eV. Therefore for | 4| < R + 1, the homogeneous equations 
(1) and (22) are equivalent. Consequently, in the circle | 2| < R + 1 the 
eigenvalues of the kernel %{x, y) coincide with the roots of the equation 
D(A) = 0 (cf. Sec. 16.2). Since the kernel @ (x, y; A) is analytic in A in the 
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circle | 4| < R + 1, then D(A) is an analytic function in this circle (cf. 
note of Sec. 16.2). From this, since analytic functions are unique, we con- 
clude that in the circle | 4| < R there is only a finite number of roots of 
the equation D(A) = 0, and this means that the kernel A(x, y) can have 
only a finite number of eigenvalues. The theorem is proved. 


4. Consequences of Fredholm’s Theorems. It follows from Fredholm’s 
fourth theorem that the set of eigenvalues of a continuous kernel is no more 
than countable and does not have finite limit points. (This set may also be 
empty as, for instance, for Volterra’s kernel; cf. Sec. 15.3.) 

Moreover, it follows from Fredholm’s second theorem that the multiplicity 
of each eigenvalue is finite. 

Therefore, all the eigenvalues of the kernel X(x, y) may be enumerated 
in ascending order of their modulus, 


lalala (26) 


where A, is repeated in this series according to its multiplicity. We denote 
the corresponding eigenfunctions by p4, Q2, ..., so that for each eigenvalue 
A, belonging to (26) there is one and only one, corresponding eigenfunc- 
tion pz, 

Pr = A, Koz, k=1 2,... (27) 


According to Fredholm’s second theorem, /,, Ãa, ..., are all eigenvalues 
of the kernel .%*(x, y); moreover the multiplicities of A, and A, are equal. 
We shall denote the corresponding eigenfunctions by y,, 


Pk = ApK* x, k= 1, 2, see (27*) 


The eigenfunctions g, and , are continuous over G. 
We shall prove that if A, zÆ Ai, then 


(Px, Yi) = 9 (28) 
Taking Eq. (14) of Sec. 15.2 into account, from (27) and (27*) we obtain 


M i 
(Wr Vi) = (Pr, AK*Y;) = lKpr, Yi) = F (Pr, Yi) 
from which, since A, 4 A,;, Eqs. (28) follow. 
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We note that 2% and p}, k = 1, 2, ..., are eigenvalues and corresponding 
eigenfunctions of the iterated kernel %,(x, y). 
This assertion follows from Eqs. (27), by which 


pr = 4K’”pr, k=1,2,... (29) 


Conversely, if u and y are the eigenvalue and the corresponding eigen- 
function of the iterated kernel A,(x, y), then at least one of the roots 2;, 
j=1,2,...,p, of the equation A? = u is an eigenvalue of the initial kernel 
Alx, y). 

This assertion follows from the equation 


uK? — Dp = (1P AK — DAK — I) -++ AK — Dp =0 (30) 


In fact, if 
y = (K — T) ++- (K — Dp #0 (31) 


then, by virtue of (30), (A,.K — Dy = 0, and therefore A, is an eigenvalue 
of the kernel %{x, y). If then y = 0, that is, by virtue of (31), 


(4K — I) +++ (4K — Dy = 0 


then, repeating the previous argument, we shall obtain: either A, is an 
eigenvalue of the kernel %{x, y) or 


(AK —D +++ (AK —Dyp=0 ete. 


We shall now restate Fredholm’s alternative theorems in terms of eigen- 
values and eigenfunctions. 
TfrAA A, k =1,2,..., then the integral equations (1) and (1*) are 
uniquely soluble for any inhomogeneous terms. 
If à = dy, then for the solubility of Eq. (1), it is necessary and sufficient 
that 
CS Yer) = 9, i=0,1,...,7,—-1 (32) 


where Wr, Pris «++» Petry are eigenfunctions, corresponding to the eigen- 
value A, of the kernel A*(x, y), and r, is the multiplicity of A, and A,. 


Note. This process of reducing Eq. (1) to the integral equation (22) 
with a degenerate kernel indicates that Eq. (1) may be approximately solved 
for any À as follows: 
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(1) The kernel (x, y) is approximated by the polynomial P(x, y) (or 
by any other degenerate kernel); (2) for a small kernel n(x, y) = A(x, y) 
— F(x, y), by the method of Sec. 15.2, the resolvent (x, y; A) is con- 
structed approximately; (3) the integral equation (22) is constructed with 
a degenerate kernel @ (x, y; 4); (4) the solution ® of Eq. (22) is constructed 
by the method of Sec. 16.1; and, finally, (5) the solution m of Eq. (1) is 
found using formula (21). 


5. Fredholm’s Theorems for Integral Equations with a Polar Kernel. 
We shall extend Fredholm’s theorems to include integral equations with a 
polar kernel (cf. Sec. 15.4) 


Hx, y) 


A(x, y) = |x yf? 


a<n 


where (x, y) is a continuous kernel. 
We shall prove that for any ¢ > 0 there is a degenerate kernel W(x, y) 
such that 


max ie | A(x, y) — P(x, y)| dy < e (33) 
max Í, | 2*(x, y) — P*(x, y) | dy < e (33*) 
xe 


In fact, the kernel 


1 
Ax, y), |x- y| > 


N 
L(x, y) = i 
Hx, y)N*, |x—yl<>- 


is continuous and for a sufficiently large N 


[| 4% - Ze y) | dy 


1 
= fpem! ZODI (T— — Ne) dy 
(Æx, y) | dy 
To |x— y] dy < max | Zx, »)| ear |x- y]. 


E dë UN arag _ Con 1 E 
a a ra =c f, e E E Nee S” xEG 
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and analogously 
[| 4*@») —L*(x,y)| dy =f | 2.x) — L(y, x)| dy <e/2, xeG 


Moreover, we shall approximate the continuous kernel (x, y) by the 
degenerate kernel W(x, y) (cf. Sec. 16.3) 


| A(x, y) — P(x, y) | <p xeG, yeG 


It follows that the polar kernel %{x, y) may be approximated by a de- 
generate kernel in the sense of (33) and (33*): 


max f |A, y) — Px, y) | dy < max [| Hex, y) — A(x, y) | dy 
zeG YG seĝ YG 
E E 
+ max f 129) -FPanld< atay n: 


Equation (33*) is established analogously. 

So for any £e > 0 the polar kernel. “%(x, y) may be represented in the form 
A(x, y) = F(x, y) + n(x, y), where P(x, y) is a degenerate kernel and 
n(x, y) is a small polar kernel which, by virtue of (33) and (33*), satisfies 
the estimates 


max X, dy < e€, max *(x, dy < € 
max f | n(x, ») | dy max f 17" y)| dy 


Repeating the arguments of Secs. 16.3 and 16.4 and using the results of 
Sec. 15.4 concerning the solubility of integral equations with a small polar 
kernel, we conclude that all Fredholm’s theorems and their consequences 
are carried over to integral equations with a polar kernel. 

We note that all eigenfunctions of the polar kernel A(x, y) which belong 
to Z(G) belong to C(G). 

In fact, if po = AghKy, Po E A(G), then po = 48K”. But for a suffi- 
ciently large p the kernel %,(x, y) of the integral operator K? is continuous 
(cf. Sec. 15.4). Then, by the lemma of Sec. 15.1, po = A®K*, € C(G), 
as was to be shown. 


Note. Fredholm’s theorems remain valid for integral equations with a 
polar kernel over a bounded piecewise smooth surface S: 


F(X, y) 


wx) = AY e yE O) dS, + Fx) 
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where the kernel #(x, y) is uniformly continuous over S x S and the 
exponent « is smaller than the dimension of the surface S [cf. I. G. Pe- 
trovsky (2, Sec. 8)]. 


6. Exercises. (a) Prove that if (t) is a continuous 27-periodic function and 


f s Altre dt 0, with k an integer 


then 


A= tet SR aly and g(x) = eitt 


f © Aye dt 


are the eigenvalue and the corresponding eigenfunction of the kernel 4 (x — y), —7 < x, 
y<a. 

(b) Prove that if Y(t) is an absolutely integrable function over R! and FLX (u) Æ 0, 
then 


A and (x) =e“ 


1 
~ FLAN) 


are the eigenvalue and the corresponding eigenfunction of the kernel. X (x — y), —co < x, 
y <œ, 


(c) Prove that A = y n is an eigenvalue of the kernel cos xy, 0 < x, y < co, and 
that the corresponding eigenfunction is 


pe) =s + Vf” cos xro) a 


where f(x) is any function belonging to (0, oo). 
We note that for integral equations with kernels, as in Exercises (b) and (c) above, 
Fredholm’s theorems are not valid (the regions of integration in them are not bounded!). 


§ 17. Integral Equations with an Hermitian Kernel 
The kernel. A(x, y) is said to be Hermitian if it coincides with its Hermitian 


adjoint kernel, A(x, y) = A *(x, y). 
The corresponding integral equation 


(x) =A 2x, IWO) dy + fe) (1) 


for real A coincides with its adjoint equation, since K* = K. It is convenient 
to consider this equation in the space 44(G). 
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1. Integral Operators with an Hermitian Continuous Kernel. Let K be 
an integral operator with an Hermitian continuous kernel (x, y). This 
operator maps A(G) into A(G) (c.f. Sec. 15.1) and is Hermitian (cf. 
Secs. 15.2 and 1.10), 


(Kf, 8) = (S, Kg), fe € ZG) (2) 


Conversely, if the integral operator K with a continuous kernel A(x, y) 
is Hermitian, then this kernel is also Hermitian. 

In fact, it follows from Eq. (2) that the kernel X(x, y) = 4% *(x, y) 
is Hermitian (cf. Sec. 15.2). 

From Eq. (22) of Sec. 15.2 it follows that all iterated kernels X,(x, y) 
of the Hermitian continuous kernel A(x, y) are Hermitian, 


A(x, y) = (A=, y) = AG, y) 


LEMMA. The integral operator K with a continuous kernel A(x, y) maps 
each bounded set in Z(G) into a set bounded in C(G) consisting of equi- 
continuous* functions over G. 


Proof. Let B be a bounded set in A(G): || f ||< A, fe B. By the 
lemma of Sec. 15.1 the operator K maps the set B into a set bounded 


in C(G): || Kf loe < MV VA, f € B. Moreover, since the kernel Xx, y) 
is uniformly continuous over G x G, then for any ¢ > 0 there is a number 
ô > 0 such that 


E 





| A(x’, y) — A(x", y)| < 
VVA 


if | x’ — x” | < 6, x’,x”, and y € G. From this, using inequality (4) of 
Sec. 15.1 and changing %{x, y) to A(x’, y) — A", y), for all fe B 
we obtain 


| KN) = (KNE =| f LAO») — Mx", NFO) dy 


<— VT ISIS e 
VVA 





* A definition of a set of equicontinuous functions is given in Sec. 1.3. 
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if | x’ — x” | < 6, x’, x” € G. This means that the set {(Kf)(x),f € B} 
consists, of equicontinuous functions over G. The lemma is proved. 


2. Arzela’s Lemma. Jf the infinite set B is bounded in C(K), where K is 
a compactum, and if it consists of equicontinuous functions over K, then a 
sequence may be chosen from it which converges in C(K). 


Proof. As we know, a set of points with rational coordinates is count- 
able. Therefore all such points of the set K may be enumerated: x,, X3, .... 
Since, by assumption, the set of numbers {/(x,), f € B} is bounded, then 
using the Bolzano-Weierstrass theorem (cf. Sec. 1.1), we may choose from 
it a convergent sequence f(x), k = 1, 2, .... Moreover, since the set of 
numbers {fX (x2)} is bounded, we may choose from it a convergent sub- 
sequence f$? (x), k = 1,2, ..., and so on. 

We now consider the diagonal sequence f,(x) = f(x), k = 1,2, ..., 
of functions from the set B. For any point x; the numerical sequence 
f(x) k = 1,2, ..., converges, since by construction for k >i this se- 
quence is contained in the convergent sequence f4? (x;), k = 1,2,.... 

We shall now prove that the sequence fp, k = 1, 2, ..., converges uni- 
formly over K. Let ¢ > 0. Since this sequence consists of equicontin- 
uous functions over K, then there will be a number 6 such that for 
kalZ 


| fue) — fe’) | < €/3 (3) 


if | x — x’| < 6, x and x’ € K. Since K is a bounded set, then from the set 
of points x1, Xa, ..., it is possible to choose a finite number of them, 
X1,X%_,---,X,, / = Ke), so that for any point x € K there would be a point 
xi, 1<i</J, such that | x — x;| < 6. If we recall that the sequence 
f(x), k= 1,2, ..., converges over the points x1, X2, ..., Xg, we may 
conclude that there will be a number N = N(e) such that 


| fe) — hœ | <e/3, k,p >N, i=1,2,...,/ (4) 


Let x be an arbitrary point of the set K. Choosing a point x,, 1<i</, 
such that | x — x;| < ô, by virtue of (3) and (4), we obtain 


| Fel) — fo) | S| Ae) — Aes) | + E — HO | 


HHD- < E+E kp>N 
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where N does not depend on x. This means that the sequence fy, k = 1, 
2, ..., converges in itself in C(K). According to the Cauchy theorem (cf. 
Sec. 1.3) this sequence converges in C(K) to a certain function belonging 
to C(K). The lemma is proved. 


Note. Arzela’s lemma expresses the property of compactness of any 
set bounded in C(K) and consisting of functions equicontinuous over K. 
The lemma of Sec. 17.1 asserts that an integral operator with a continuous 
kernel maps each bounded set from G&G) into a compact set in C(G). 
Each operator which has this property is said to be completely continuous 
from Z(G) into C(G). 


3. Integral Equations with an Hermitian Continuous Kernel. Not every 
kernel which is not identically zero has eigenvalues; for instance, as was 
shown in Sec. 15.3, Volterra continuous kernels do not have such numbers. 
Nevertheless, the following theorem is valid. 


THEOREM. Each Hermitian continuous kernel A(x, y) 40 has at least 
one eigenvalue, and the eigenvalue A, with the smallest modulus satisfies the 
variational principle 


Lp IKI 6 


= su 
|a] seza IF Il 








Proof. We shall denote by v the supremum of the functional || K || 
over the set of functions f belonging to Z(G) with a unit norm, 


» = sup || Kf (6) 
If 1 


It follows from Eq. (6) of Sec. 15.1 that over the functions of this set 
|| Kf ||< MV, and so v< MV. Moreover, it is obvious that v > 0. We 
shall prove that v > 0. In fact, for v = 0, by virtue of (6), we should have 
|| Kf || = 0, that is, Kf=0 for all f €e Z(G) and therefore A(x, y) = 0, 
x eG, y eG, (cf. Sec. 15.1), despite what has been supposed. 

From the definition of the supremun » it follows that there is a sequence 
fe, k= 1,2, ..., || Jẹ || = 1 such that 


Il Kf l>v as k— oo (7) 
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moreover the inequality 


ieri- |x )|srise irh fe ZAG) @) 


TKI r) 
is valid. 
We shall now prove that 


Kf, — f; >00 as k->oo in Z(G) (9) 
In fact, using (2), (8), and (7), we obtain 


|| A. — rfi |? = (KA — Ph, KA — fi) 
= (Kf, RA) + hf) — Ps RA) — VR Se) 
= || Kf; |? + ot — 2°(Kfr, Kfe) 
<»? || Kf, |? + 4 — 29? || Kf, |P = v* — » || Kf; |? > 0 


as k— œ 


which is equivalent to limiting result (9). 

According to the lemma of Sec. 17.1, the sequence of functions Kf,, 
k = 1,2, ..., is bounded in C(G) and consists of equicontinuous functions 
over G. But then, according to Arzela’s lemma (cf. Sec. 17.2), there is a 
subsequence p; = Kfe,» i= 1,2, ..., convergent in C(G) to the function 
y e C(G), || y — yi lle > 0 as i>oo. From this, using Eqs. (4) and (5) 
of Sec. 15.1 and result (9), we obtain 


|| Ky — vy lle < || Ky — ys) lle +” Iv — Yi lle 
+ || Ky; — ry Ilo < MV || Ky: llot? ll y— ys: lle 
+ || K(KA, — fi) lle < (MV + 1°) ly — yi Ile 


+MvV/V || KR, — vf, | >9, i— oo 
and therefore 
Ky = vy 


It is clear that y = 0. 

So the function y is the eigenfunction of the kernel .%,(x, y) that cor- 
responds to the eigenvalue 1/»?. But then at least one of the numbers 
+(1/v) is the eigenvalue of the kernel %{x, y) (cf. Sec. 16.4). In this way, 
the eigenvalue å, has absolute value equal to 1/y and therefore, by virtue 
of (6), satisfies the variational principle (5). 
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We now need only to prove the fact that A, is the eigenvalue of the kernel 
A(x, y) with the smallest modulus. In fact, if 2, and p, are the eigenvalue 
and the corresponding eigenfunction, A)Ky) = Po, then, by virtue of (5) 

IK Køl 1 


= u Par aE a 
[Al rea ISN Ilpo Il | Ao | 


and so | 4, | < |å]. The theorem is proved. 











As established in Sec. 17.1, the integral operator K with an Hermitian 
continuous kernel %{x, y) is Hermitian. According to the theorem of Sec. 
1.10, the eigenvalues of the kernel. A(x, y) are real, while the eigenfunctions 
corresponding to the various eigenvalues are orthogonal. Moreover, ac- 
cording to Fredholm’s fourth theorem, the set of eigenvalues is no more 
than countable, while according to Fredholm’s second theorem, the multi- 
plicity of each eigenvalue is finite. Therefore the system of eigenfunctions 
of the operator K is no more than countable and this system may be chosen 
to be orthonormal (cf. Sec. 1.10). 

Taking this theorem and Fredholm’s theorems (cf. Sec. 16.3) into ac- 
count, for integral equations with an Hermitian continuous kernel %{x, y) 
Æ 0 we obtain the following statements: 

The set of eigenvalues {A,} is not empty; it is located on the real axis; 
it is no more than countable and does not have finite limit points; each 
eigenvalue has a finite multiplicity; the system of eigenfunctions {p,} may be 
chosen to be orthonormal, 


(Pr, Pi) = Oxi (10) 


IfAAA,, k= 1,2, ..., then Eq. (1) is uniquely soluble for any inhomo- 
geneous term f € C(G). If à= A,, then for the solubility of Eq. (1) it is 
necessary and sufficient that 


(horns) =0, i=0,1,...,4%—-1 (11) 


where Or, r+1» -+->Pktr,-1 are the eigenfunctions corresponding to the 
eigenvalues A; and r, is the multiplicity of A,. 


4. Integral Equations with an Hermitian Polar Kernel. All the results 
established in Sec. 17.3 for integral equations with an Hermitian continuous 
kernel remain valid for integral equations with an Hermitian polar kernel. 
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In fact, for these integral equations Fredholm’s theorems, and their 
corollaries, are valid (cf. Sec. 16.5). 

Moreover, for the Hermitian polar kernel %{x, y) all the iterated kernels 
A(x, y) are Hermitian and polar, and for p> po = [n/(n— @)] + 1 
these kernels are continuous (cf. Sec. 15.4). 

It now remains to extend the theorem of Sec. 17.3 to include Hermitian 
polar kernels %{x, y) 4 0. We shall write 

v = sup || Kf || (12) 
Wfl=1 
Then, by virtue of A(x, y) 40 and inequality (31) of Sec. 15.4, 0 < v 
< N = N*. As in the proof of the theorem of Sec. 17.3, it follows from (12) 
that there is a sequence fy, k = 1,2, ..., ||, || = 1 such that 


Kf, = vf, —0 as k—oo in ALG) 


From this, applying (31) of Sec. 15.4, for p = 1,2, ..., we obtain 


| Kf — vf; || = || (K= + K- + oe + TNK S, — vf) || 
< (NP 4 NP p e PA) | RT pm PFE. O 
as k— œœ 
that is, 
Kf, — y?f,>0 as k—>—oœ in Z(G) (13) 


But for 2p > po the kernel %,(x, y) is continuous. Therefore, as in the 
proof of the theorem of Sec. 17.3, it follows from the limiting result (13) 
that 1/»?? is the eigenvalue of the kernel %,,(x, y). But then since the 
kernel (x, y) in Hermitian, and therefore all its eigenvalues are real, at 
least one of the numbers +(1/v) is an eigenvalue A, of this kernel (cf. Sec. 
16.4). From this and from (12) it follows that variational principle (5) is 
valid for the eigenvalue A,. Clearly A, is the eigenvalue of the kernel %{x, y) 
having the smallest modulus. This completes our extension of the theorem 
of Sec. 17.3 to Hermitian polar kernels. 
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1. The Hilbert-Schmidt Theorem for an Hermitian Continuous Kernel. 
Let âi, Aa, ..., be the eigenvalues of the Hermitian continuous kernel 
A(x, y) ~0, arranged in order of size of their modulus, | A,| <|A.|<..., 
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and let p4, Pa, ..., be the corresponding orthonormal eigenfunctions, 
(Prs Pi) = Öri. 

As we know, the eigenvalues A, are real, and the eigenfunctions p,(x) 
are continuous over G; the set {å+} is either finite or countable; in the 
latter case | 4; | — co as k — oo. Further, by virtue of the theorem of Sec. 
17.3, the inequality 


eal a7 If fe ZO (1) 


is valid. 
We shall note another inequality* 


co 2 = 
X | a | < | | A(x, y) |2 dy, xEG (2) 
k=1 k G 


[Below, in Sec. 18.2, it will be shown that in inequality (2) the equality 
sign in fact occurs.] 

Inequality (2) for a fixed x € G is Bessel’s inequality (cf. Sec. 1.6) for 
the function X(x, y), whose Fourier coefficients, according to the ortho- 
normal system {g;,(y)}, are equal to 


= = = = ae 
(Fi p) = | He Guy) dy = Kor = G- Ful) 
k 
We shall introduce the sequence of Hermitian continuous kernels 


A(x, y) = Ax, y) — $ LORO, p=1,2,... (3) 


i 


The corresponding integral Hermitian operators K®’ obey the formula 





P? 
Kop— Kf- Y Llp, fe ZO) (4) 
We shall prove that Api1, Anping, -.-, ANd pt1» Pp+2> ---, Comprise all the 
eigenvalues and eigenfunctions of the kernel 2% (x, y). 
In fact, by virtue of (4), we have 


Ko, = Kp, — È oe Pi = Kp = J Pe k>pt+1 


* If the kernel 2% (x, y) has a finite number of eigenvalues 2, âz, ..., Ay, then we 
shall assume that 4, = œo for k >N. 
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so that A, and p}, k > p + 1, are in fact the eigenvalues and the eigenfunc- 
tions of the kernel %)(x, y). Conversely, let A, and pọ be the eigenvalue 
and the corresponding eigenfunction of the kernel P(x, y); that is, by 
virtue of (4), 


p : 
Po = AK Hy = AgKGy — Aq 3 {fos Pi) Pi (5) 


i 
From this, for k = 1,2, ...,p we obtain 


P . . 
(Pos Pr) = AlKGPo; Pr) — Ao 2 Gogolo 


= Algo, Kpa) — bo $ Pee 4, 
= 6, p) — + os p) = 0 
At i Àk Í 


and so, by virtue of (5), Po = ApKq@. In this way, A) and p, are the eigen- 
value and the corresponding eigenfunction of the kernel A(x, y). Since 
Po is orthogonal to all the eigenfunctions 9,,@2, ..., p, then it follows 
that A, coincides with one of the eigenvalues A,,,, Api2, ..-, and so Po 
may be considered equal to p, for some k>p+1. 

In this way, Ap} is the eigenvalue of the kernel .%)(x, y) having the 
smallest modulus. Applying inequality (1) to this kernel and taking (4) 
into consideration, we obtain the inequality 


fl fe © 


7 | Apas | 


Se an 





Koy = |z- $ LO 





Let the Hermitian kernel “%(x, y) have a finite number of eigenvalues: 
Ay, 4g, ..+; Ay. By what has been proved, the Hermitian kernel 4%“ (x, y) 
does not have eigenvalues, and so, by the theorem of Sec. 17.3, A (x, y) 
= 0, so that, by virtue of (3) 

N (x)@; 
A(x, y) — 2 pi(x)P: V) (7) 
i=1 A; 
that is, the kernel x, y) is degenerate. 
From this, recalling that a degenerate kernel always has a finite number 
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of eigenvalues (cf. Sec. 16.2), we deduce the following result: Jn order that 
an Hermitian continuous kernel should be degenerate, it is necessary and 
sufficient that it have a finite number of eigenvalues. 

We shall say that a function f(x) is sourcewise represented by the kernel 
A(x, y) if there is a function h € &,(G) such that 


fix) = | Ae yO) dy, x EG (8) 


HILBERT-SCHMIDT THEOREM. If the function f(x) is sourcewise repre- 
sented by the Hermitian continuous kernel A(x, y), f = Kh, then its Fourier 
series involving the eigenfunctions of the kernel A(x, y) converges regularly 
(and therefore uniformly) over G to this function, 


fee) = È, (A popl) = S Oe u(x) 0) 


Proof. Since f = Kh, h € Z(G), then, according to the lemma of Sec. 
15.1,f € C(G) and the Fourier coefficients of the functions f and A involving 
the eigenfunctions {g,} of the kernel %{x, y) are linked by the relation 


US, pr) = (Kh, pr) = (h, Kp) = oe (10) 


If the kernel A(x, y) has a finite number of eigenvalues, then, by virtue 
of (7), 


E 5 oe LP) x) 


and the Hilbert-Schmidt theorem is proved. 

Now let the kernel (x, y) have an infinite number of eigenvalues. In 
this case | A, | — œo as k oo. So, by virtue of (6) and (10), series (9) 
converges to f in A(G): 


c lal 


=s Tal — 0, poo 





|s- Š Upor 








= |x - $ e 


i = 








It remains for us to prove that the series (9) converges regularly over G. 
Using the Cauchy-Buniakowski inequality and inequality (2), for all p 
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and q we obtain 


4 P(x) q 3 1/27 4 | p(x) |? 1/2 
Li een) | <[È l pl] [> 2 | 


<[E awe] Ae] 





<MVT|S met], xe (il) 


By virtue of Bessel’s inequality 
X | Ge) P< IA IP 
k=1 


the right-hand side of inequality (11) tends to zero as p, q — oo. This also 
means that the series (9) converges regularly over G. The theorem is proved. 


We add some corollaries of the Hilbert-Schmidt theorem. 


2. Bilinear Expansion of Iterated Kernels. We shall prove that the iterated 
kernel 2,,(x, y) of the Hermitian continuous kernel A(x, y) can be expanded 
into a bilinear series involving the eigenfunctions of this kernel 


Ale, y) = YO) p= 2,3... (12) 


k 


regularly converging over G x G, 

By virtue of formula (17) of Sec. 15.2, for each y € G the kernel.%,(x, y) 
is sourcewise represented by the kernel %{x, y) and so, by the Hilbert- 
Schmidt theorem, it can be expanded into a regularly converging Fourier 
series involving the eigenfunctions of this kernel 


A(x, y) = 2 (H, Y), PrP) 
Since the kernel .%,(x, y) is Hermitian then 
(Aye y), Pr) = [Aol VPE) dx 


= | Fr. Ole) de = RN) =F, p21 03) 
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In this way, Eq. (12) is proved and the series in (12) is seen to converge 
regularly in x € G for each y € G. 

Specifically, if in formula (12) we set p = 2, x = y, and take into account 
that, by virtue of (17) of Sec. 15.2, 


Hoe, x) = | Ales "VAG, x) dy’ 
= [Aes yA, y’) dy’ = | 1 y) |? dy 
we obtain the equality 


x | g(x) |? = 2 
ye || Ae Pay (14) 


k=1 


It follows from Dini’s lemma (cf. Sec. 1.3) that series (14) converges 
uniformly over G. From this, using the Cauchy—Buniakowski inequality, 
we have 


| py (x)G,() | Ja |? | mC) |? 172 
h a Sa TEP Par a ae Z| 


and so we conclude that the series (12) converges regularly over G x G. 
Integrating the uniformly convergent series (14) termwise, and taking 
the normalization of the eigenfunctions into account, we obtain the formula 


co 


È =r = f, J 120)? dx dy (15) 
k 


f= 
3. Bilinear Expansion of an Hermitian Continuous Kernel. We shall 
investigate the convergence of series (12) for p = 1, and, in particular, we 


shall prove that the Hermitian continuous kernel %{x, y) may be expanded 
into a bilinear series in terms of its own eigenfunctions 


Kx, y)= > aopa ae (16) 


which converges in “4(G) uniformly with respect to y € G, that is, 





Hi p (17) 








? 
ec aa T 
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Equation (13) for p = 1 shows that for each y € G, the Fourier coefficients 
of the kernel %{x, y) in terms of the orthonormal system {,(x)} are equal 
to %,(y)/A;,. Therefore, using Eq. (16) of Sec. 1.6, we obtain the equation 


|X y)— $ ARO) EO) |=! MEG y) |? dx — ya Li , ye G 


from which, by virtue of the uniform convergence of series (14), we conclude 
that the bilinear series (16) converges to the kernel %{x, y) in the sense 
of (17). 

It follows from (17), specifically, that series (16) converges to the kernel 
A(x, y) in Z(G x G), that is, 


ele 


For the bilinear form (Kf, g) we shall prove the formula 





p- $ BOO Padya, p>o (8) 


(Kfe) = ¥ LEN, Sge KO (19) 
In fact, since f € A(G), then, by the Hilbert-Schmidt theorem, 
(K(x) = È LZ oxy 
k=1 k 


and this series converges uniformly over G. Multiplying this series by a 
function Z belonging to (G) (and, consequently, absolutely integrable 
over G; cf. Sec. 1.5) and integrating it termwise over the region G, we 
obtain Eq. (19): 


(Kh) = | , Kja dx = È -LEP | PEO) dx 
= Š C PE, Px) 


k=1 Îr 


Setting f = g in Eq. (19) we obtain a representation of the quadratic 
form (Kf, f) in the form 


K= Ë Lewi, fE AG) (20) 
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Formula (20) is a generalization of the formula for the reduction to 
principal axes of a quadratic form involving a finite number of variables. 


4. Solution of a Nonhomogeneous Integral Equation with an Hermitian 
Continuous Kernel. We construct a formula for the solution of a nonho- 
mogeneous integral equation 


p= Kp +f (21) 


involving an Hermitian continuous kernel A(x, y). 

If AÀ, k =1,2,..., and f € C(G), then the (unique) solution » of 
the integral equation (21) appears in the form of a series uniformly convergent 
over G (by Schmidt’s formula) 


w(x) = AY {EPE g(x) + £0) (22) 


In fact, for A A,, k = 1, 2, ..., the solution of integral equation (21) 
exists and is unique in C(G) for any inhomogeneous term f € C(G) (cf. 
Sec. 16.3). According to the Hilbert-Schmidt theorem, the function Kø 
can be expanded into a uniformly convergent Fourier series involving the 
eigenfunctions of the kernel %{x, y). Therefore 


p=ikp +f=1¥ BPD 9, +f (23) 
We shall calculate the Fourier coefficients (p, p4). From Eq. (21) we have 


(6, 01) = UK, 2)4+-U e) = AQ, Kod + Uo») = + @o+ TAA, 
and, therefore, 


^r = 
(P, pi) = FZ OS Pads k=1,2,... 


from which, by virtue of (23), Schmidt’s formula (22) follows. 
According to the Hilbert-Schmidt theorem 


KNE = ¥ LPP ox) 
k=1 k 


and the series converges uniformly over G. Therefore Schmidt’s formula (22) 
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assumes the form 


wx) =A LPO yea) + R È LOO (a) + SO) 


= Af Als yo) dy +S GEO y(n) +400) 24) 


Moreover, since the bilinear series (12) converges regularly for p = 2, 
it follows that the bilinear series 


S PPO) 
fe AlAs — A) 


converges uniformly and its sum is a continuous function for x € G, y € G, 
A Æ À, k =1,2,..., and is meromorphic in A with simple poles 24. There- 
fore, for AA Ap, k = 1,2, ..., in formula (24) we may change the order 
of summation and integration, as a result of which we obtain 


S PaP) 
wx) = Af, [2M 9 +a ODA 05) 


On the other hand, by the theorem of Sec. 15.2, for small A the solution of 
Eq. (21) is expressed by the resolvent A(x, y; A) of the kernel A(x, y) in 
terms of formula (20) of Sec. 15.2. Therefore 


Y= S PPO) 
Ax, ys =H AE (26) 


In this way, the resolvent A(x, y; A) of the Hermitian continuous kernel 
A(x, y) allows a meromorphic continuation over the whole plane of the 
complex variable å with simple poles A, and with the residues 


a 2 Pirri) (27) 


where Pr, Prti -- -s Prin- are eigenfunctions of the kernel X(x, y), 
corresponding to A,, and r, is the multiplicity of å, (cf. note of Sec. 15.2). 
Using Eq. (16), we write formula (26) in the form 


Baya = Y, POPO (28) 


and this bilinear series converges in (G x G) (cf. Sec. 18.3). 
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Note. Formula (22) remains valid for 4 = A, if, in agreement with 
Fredholm’s third theory, 


(S, Pisi) = 0, i=0,1,..., r — 1 


In this case the solution of Eq. (21) is not unique and its general solution, 
expressed by Eq. (38) of Sec. 1.9, is given by the formula 
S Ph) ce 
Ox) = 45 E GP) FIC) + Y apia) (29) 
k=1 k j i=0 


Ap tay 


where c; are arbitrary constants. 


5. Positive Kernels. The kernel (x, y) is said to be positive if the 
corresponding operator K is positive (cf. Sec. 1.10), that is, 


(KEZ fe Z(G) 


Each positive kernel A(x, y) is Hermitian. 

In fact, since the operator K is Hermitian (cf. Sec. 1.10), then its kernel 
A(x, y) is also Hermitian (cf. Sec. 17.1). 

In order that the Hermitian continuous kernel A(x, y) should be positive, 
it is necessary and sufficient that all its eigenvalues À, be positive. 

In fact, if A, > 0, then, by virtue of (20), (Kf, f) > 0 for f € Z(G), so 
that the kernel %{x, y) is positive. Conversely, if the kernel qx, y) is 
positive, then 


+ = (Kpr, P4) > 9, that is A, >0 
k 


If A(x, y) is a positive continuous kernel, then the following variational 
principle is valid: 





2 sup WHD Fiia (30) 


1 
Îr fe2@) IFIP? 
(f,94)=0,1=1,2,... ,k—1 


and also, the supremum in (30) is attained over any eigenfunction corre- 
sponding to the eigenvalue A,. 

In fact, using formula (20) and taking into account the inequality 4; 
> å> 0, i>k, for all fe Z(G) such that (f, p:i) =0, i=1,2,..., 
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k — 1, we obtain 











(KES) 1 & |e) 1 S 
= SS SS 591) |? 
ive WA Se Om! 
and consequently, by virtue of Bessel’s inequality, the inequality 
(ES) 1 
o= 31 
P Sa g 


is valid. On the other hand, for f = p, we have 


(Kpr, Pr) 1 
Pabedan 32 
lee? a Sa 
Inequality (31) and Eq. (32) establish the validity of variational principle 
(30). 
Setting k = 1 in (30), we obtain 
1 KSS) 


= su 
die ees VE 





(33) 


6. Extension of the Hilbert-Schmidt Theory to Integral Equations with 
an Hermitian Polar Kernel. The Hilbert—Schmidt theorem and its corollaries, 
which have been established in this section for integral equations with an 
Hermitian continuous kernel, are carried over to integral equations with an 
Hermitian weakly polar kernel (cf. Sec. 15.4) 


F(x, y) n 


ADI) eee git? a<z H#*(x,y) =H (x, y) 


2 > 
In fact, for these kernels the results of Sec. 17 are valid. Therefore, as 
analysis of the proof of the Hilbert-Schmidt theorem shows, to extend this 


theorem to weakly polar kernels it is sufficient to establish the following 
lemma. 


LEMMA. The integral operator K with a weakly polar kernel A(x, y) 
maps Z(G) into C(G) and is bounded 


If lle < LIISI (34) 
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where 
2 2 
L max | | Hx »)| dy 


Proof. Let f e A(G). Using the Cauchy—Buniakowski inequality, for 
all x € G we have 


| AN) | =| [3s VO) d| 
<|f Aee] iiszLifl 6 


We shall prove that the function (Kf)(x) is continuous over G. Take an 
e > 0. Then there is a function f, e C(G) such that 


If =A |S eL 


(cf. Sec. 1.5); according to Lemma 1 of Sec. 15.4, Kf, e C(G) and, by virtue 
of inequality (35), 


ENO = KAO =| K-A SLIS- AIS LeeL =e, xeG 


In this way, the function Kf with any arbitrary degree of accuracy may be 
uniformly approximated by continuous functions over G. Therefore Kf 
e C(G). Consequently the operator K maps &%(G) into C(G). In this case 
inequality (34) follows from inequality (35). The lemma is proved. 

Now let the Hermitian kernel %{x, y) be polar with a < n. For such 
kernels the results of Sec. 17 are valid. Therefore, as follows from the proof 
of the Hilbert-Schmidt theorem, series (9) converges in Z(G). Considering 
now that for p> p, = [n/2(n — a)] + 1, the iterated kernels .%,(x, y) 
are Hermitian and weakly polar (cf. Sec. 15.4 and 17.4), we conclude that 
the bilinear series (12) converges regularly for p > 2p,. Further, Eqs. (19) 
and (20), and consequently all the results of Sec. 18.5, are retained. Schmidt’s 
formula (22) remains valid with a change from uniform convergence to 
convergence in Z(G). 


Note. We shall consider the integral equation 
P(x) = å f e0) Hx, YO) dy +f) (36) 


where the kernel %{x, y) is Hermitian and the weight function ọ(y) is a 
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positive and continuous function over G. The change of the unknown 
function to y = +/ ọ @ transforms Eq. (36) to the equivalent integral equa- 
tion 


vox) = å | V CNOA, yO) dy + Vox) 


with an Hermitian kernel V 0(x)o(y)4(x, y). Changing to the original 
equation (36), we see that the Hilbert-Schmidt theory may be carried 
over without change to the integral equation (36) with a non-Hermitian 
kernel 0(y)A%(x, y), provided it is understood to be in the space Z(G; o) 
with the scalar product (f, g) (cf. note of Sec. 1.7). 


7. Jentsch’s Theorem. Many problems of mathematical physics are 
reduced to integral equations with a real Hermitian kernel. Such kernels 
are called symmetrical; they satisfy the equation 4%(x, y) = Ay, x). 

The eigenfunctions of the symmetrical kernel A(x, y) may be chosen to 
be real. 

In fact, if po = pı + ip is the eigenfunction of the kernel “%(x, y) cor- 
responding to the eigenvalue 2%, 


Po = Pı + ie = AgKPo = AgK, + iAyKy, 


then, since %{x, y) and 2, are real, we conclude that the nonzero real and 
imaginary parts p, and p, of the function pọ are also eigenfunctions cor- 
responding to 29, 


Pı = AK; P2 = AKP: 


The kernel Xx, y) is known as a kernel of positive type* if A(x, y) > 0, 
xEG,yeEG. 

Evidently if the kernel (x, y) is of positive type, then all its iterated 
kernels %,(x, y) are of positive type. 


JENTSCH’s THEOREM. If the symmetrical polar kernel A(x, y) is of positive 
type, then its eigenvalue A, with the smallest modulus is positive and simple; 
the corresponding eigenfunction (x) is positive in G. 


Proof. Let A, be the (real) eigenvalue with the smallest modulus of the 
symmetrical (polar) kernel %{x, y) of positive type and let p, be an arbitrary 


* As distinct from a positive kernel (cf. Sec. 18.5). 
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(real) eigenfunction corresponding to A,; 9, = 4,Kq,. Then A? is the smallest 
eigenvalue of the positive polar kernel .%,(x, y) and g; is the eigenfunction 
corresponding to A}; pı = A?K%q,. 

We shall prove that p(x) cannot change sign in the region G, that is, 


ln@)e.0)| =a), %*«EeG, yeG 


In fact, in the opposite case, by virtue of the continuity of the function 
gi(x) (cf. Sec. 16.5), there would be neighborhoods U(x';r) < G and 
U(y'; o) < G such that 


lal ao] > aAA) »«eUr'’sr, ye U(r’;e) 


and so, by virtue of the condition %(x, y) > 0, 


K?| ol, 1 
Kelle fg fy AEA AO de 


1 
> Te l [Aes Dp (xp) dx dy 


2 (K*p1, 1) eg l 
lg IP ai 


which contradicts the variational principle (33). 

We shall prove that the function (x) cannot become zero in the region 
G and therefore can be chosen positive in G. 

In fact, in the opposite case there will be a point x’ € G such that 


oil’) = Af 20, y0) dy = 0 


from which, by virtue of the condition %,(x, y) > 0, the contradiction 
follows: p(y) = 0, y E G. 

Since y,(x) is positive, it follows that A, is positive, as A(x, y) > 0 and 
A, = Kp,/p,> 0. 

We shall prove that A, is a simple eigenvalue. 

In fact, if there were a real eigenfunction p; linearly independent of p, 
and corresponding to 4,, then for all real c the linear combination p, + cy, 
also would be a real eigenfunction corresponding to A, and therefore, by 
what has been proved, it could not become zero in the region G. As c is 
arbitrary, this is impossible. The theorem is proved. 
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Note. Jentsch’s theorem is valid for any polar kernel of positive type 
(without supposing it symmetrical). The corresponding theorem is valid 
also for matrices with positive elements; in this case it is known as Perron’s 
theorem. 


8. Kellogg’s Method. To find approximately the eigenvalue A, having 
the smallest modulus and the corresponding eigenfunctions of the Hermitian 
polar kernel A(x, y), Kellogg’s method of successive approximations is 
used. Suppose that the real function gp belonging to (G) is not orthog- 
onal to all the eigenfunctions corresponding to 4,. We shall construct the 
sequences 


p(x) _ Ie? || z 
Plx) = ToT py = go Po 1,2,... (37) 


where gy?) = K?p are the iterates of the function »® (cf. Sec. 15.1). 
The terms 2) and Pp (x) of these sequences are taken as approximations 
to | A, | and to the corresponding eigenfunction 9,(x). 

We shall give the basis of Kellogg’s method for integral equations with a 
symmetrical weakly polar kernel of positive type. According to Jentsch’s 
theorem for such kernels, A, is positive and simple, so that 0 < A, < | A, | 
<---; the corresponding eigenfunction 9,(x) is positive for x € G; the 
eigenfunctions g;,(x) are real (cf. Sec. 18.7). 


THEOREM. Let A(x, y) be a symmetrical weakly polar kernel of positive 
type. Then for any function y©(x)>0 with ||o || = 1, the sequence 
{åp } converges in a monotonically decreasing fashion toward A,, the se- 
quence {Pp} converges toward p, in Z(G) and in C(G), and the estimates 


A, \2?-2 1 — e2 
0< Aw — <2 (+) A, p=23,... (38) 
2 ci 
A, \?V1—-e 
lem — nls (a AE p=... (39) 
2 1 
Ayy- c? 
lpm — Pr lo a(g) YS, p=2,3,... (40) 


are valid, where 


a= (p,p) L= max | , | A(x, y) |? dy 
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Proof. According to the Hilbert-Schmidt theorem (cf. Sec. 18.1 and 18.6) 
we have 


G(x) = KYO = Y Epea)  p=1,2... (41) 
k=1 ^k 
where, by virtue of Bessel’s inequality, 


> Ese j=l e= p,p) ¢,>0 (42) 


and the series (41) converges uniformly for x € G. 
From Eqs. (41), by virtue of (p;i, PŁ) = ĝiz, there follow the equations 


raps 


lo |? = (pP, p”) = 2 Tr >, p=1,2,... (43) 


We shall prove that the sequence A), p = 1, 2, ..., is monotonic de- 
creasing, and that A) > 21. 
In fact, using the Cauchy-Buniakowski inequality, we obtain 


lo IP = (pP, pP) = (Ke? ™, pP) = (9? , Ko) 
= (PY, p) < LP?” || lo? I 


from which, together with (37), follow the inequalities 


p” Il lge» ll 
lem = Too | Som] T te p=1,2,... 
Further, from the variational principle (5) of Sec. 17.3 (cf. also Sec. 17.4) 
we deduce 


-D || Il e?-» || : If Il 
ENN S aia PIPE Cer ate: SVR 
m lo || | Kp?” || © jeza IKF Il : 





p=1,2,... 


as was to be shown. 
Taking Eqs. (43) into account, we obtain 


|| p'?-» || 
Ap) i A = poi =A; 
1+ yea (erlea)? (A/A) i 
=A TFR GAA | TA =2,3,... (44 
L 1+ ban (¢,/¢,)?(A,/A,)°? 1 Pp (44) 
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We note the inequalities valid for x > y > 0: 
I+x 2 


|: +x 
1 1 
+y +y af Ty 
Applying the first of inequalities (45) with 
a a 
g= —] (= and = —) (— 
È, ( ĉi Îr á 2 Cy Îr 
to the right-hand sides of Eqs. (44), and using (42), we obtain inequalities 


(38) 
n AL S (cu \?( h \ _ A 
0<dw— hs E (2) (ar) (1-35) 
A Ay 2p—2 co Ck 2 Ay ($ e 1 — 3 
<3(@) Bel=ta) a 
We shall prove the equations 


Using Eqs. (41) and (43) we obtain 











Sle sa) 1+ <x (45) 





(p) 
g? 


A, Pa/ l- å 
njoro] ” S a Ge) 


A, Ci 











p=1,2,..., q=0,1,... 

















gy” 2 
| wi grey ” 
Cy 1 co Ch 2 
| (Gs perm 1)" + pow 2, we 
= cı x 1 s à 
a lor 1) + -jpo 2, ie 


1+ YP, (4/6), 
2 


Applying the second of inequalities (45) with 


oi Cy 2 7)” =$ (r 
seia a ai GG 


k=2 k=2 


(47) 
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to the right-hand side of Eqs. (47), and taking (42) into consideration, we 
obtain inequalities (46): 
2 œ / e, \2/ À, \ 2p 
<È (a) (a) 
| È, Cy Îr 
ANP S (co \? A\? 1-—¢ 
s(a) È (4) = (a) 
Az 2 Cy he ct 


Inequalities (39) follow from inequalities (46) by setting g = 0, by virtue 
of (37). We shall prove inequalities (40). Applying inequality (34) of Sec. 
18.6, we obtain 


gy”) _ 
agro] ” 


























gy”) (p—1) 
Pon = % =| pri | rEg), 
gy?) _ 
<thl TT A 











Applying inequality (46), for q = 1 with p replaced by p — 1, to the 
right-hand side of the inequality we have just obtained, we obtain estimates 
(40). The theorem is proved. 


Note. The theorem which has just been proved concerning the conver- 
gence of Kellogg’s method is also valid for symmetrical polar kernels of 
positive type. In this case estimates (40) occur for p > 2p, (cf. Sec. 18.6). 


9. Exercises. (a) Prove: If the kernel % (x,y) is polar and Hermitian and 
f € C(G), then the method of successive approximations of Sec. 15.1 converges in C(G) 
for |2| < |2| with an error O(| 4/A, |P). 

(b) Prove Mercer’s Theorem. If the continuous kernel (x, y) is positive, then its 
bilinear series converges regularly over G x G. 

(c) For Peierl’s integral equation 


—¢ 
g(x) =A J 2 x—yl)p) dy, AE = EF 


prove the result 1,(1 — e7?) > 1, where D is the diameter of the region G c R°. 


CHAPTER 
5 


Boundary Value Problems for Elliptic Equations 


In this chapter we shall study boundary value problems for equations of 
elliptic type. The region G is considered to be bounded, if this point is 
not mentioned specifically, and its boundary S is a piecewise smooth surface. 


§ 19. The Eigenvalue Problem 


1. Formulation of the Eigenvalue Problem. We shall consider the fol- 
lowing linear homogeneous boundary value problem for an equation of 
elliptic type (cf. Sec. 4.4): 


—div(p grad u) + qu = du, xEeG (1) 
Ou 
au + B Ja s =0 (2) 


We shall suppose (cf. Secs. 4.1 and 4.4) 


p eCG, qec, pœ@)>0 a20, xeG 
ae CS), PECS), ax)>0, Lœ)ZO0 (3) 
a(x) + B(x) > 0, xES 


Let S be that part of S on which a(x) > 0 and B(x) > 0 are simultaneously 
true. 
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The problem (1)-(2) is to find a function u(x) of the class C2(G) A CG) 
which satisfies Eq. (1) in the region G and the boundary conditions (2) 
on the boundary S. Obviously problem (1)—(2) always has a zero solution, 
and this solution is of no interest. We must therefore consider problem 
(1)-(2) as an eigenvalue problem (cf. Sec. 1.9) for the operator 


L = —div(p grad) + q 


All the functions f(x) of the class C?(G) ^n C1(G) satisfying the boundary 
condition (2) and the condition that Lf €e Z(G) will be related to the 
domain of definition 4; of the operator L (cf. Sec. 1.8). 

So the problem (1)-(2) is to find those values A (the eigenvalues of the 
operator L) for which the equation 


Lu = hu (4) 


has a nonzero solution u(x) belonging to the domain of definition 4, 
(the eigenfunctions which correspond to this eigenvalue). 


2. Green’s Formulas. If u € C2(G) © C1(G) and v e C(G), then Green’s 
first formula holds: 
| vLudx= | p ee ay td = f po 24 as + { quv dx (5) 
a & Ox; Ox; s* On a 


To prove Eq. (5) we shall take an arbitrary region G’ with a piecewise 
smooth boundary S’, strictly lying in the region G (Fig. 48). Since u € C?(G), 
then u € C*(G’) and so 
ibe vLu dx = f v[—div(p grad u) + qu] dx 

ðv Ou 
24 =- f div(pv grad u) dx + J3 p 3 EETA — dx a quv dx 


Now using the Gauss—Ostrogradski formula, we obtain 
n Ov ðu ðu ow 
fa vLu dx = fer È Ix, te, & — | ogas + ie quv dx 


Allowing G’ to tend to G in this equation, and using the fact that u and 
v € C\(G), we conclude that the limit of the right-hand side exists, so that 
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Fig. 48 


there is a limit of the left-hand side and Eq. (5) is true. For this the integral 
on the left in (5) must be understood to be nonsingular. 


If u and v € CX(G) ^ C1(G), then Green’s second formula holds: 


fi (vLu — uLv) dx = Pl" Se — Ua dS (6) 


To prove formula (6) we interchange u and v in Green’s first formula (5) 
feraf pÝ e i x= f putas f quv dx 


and subtract the equation obtained from Eq. (5). As a result we obtain 
Green’s second formula (6). 

Specifically, for p = 1, q = 0 Green’s formulas (5) and (6) are trans- 
formed into the following [cf. formula (22) of Sec. 6.5]: 


[4u =- f È o A det f. » SH as (7) 


Jj, @4u— uv) dx =f (v Se — oe dS (8) 


3. Properties of the Operator L. The operator L is Hermitian (self ad- 
joint in the sense of Lagrange), 


(Lf, 2) = (f, Le) feed, (9) 


In fact, since the functions f and g belong to the region .4,, then Lf 
e Z(G) and LẸ = Lg € YG) and Green’s second formula (6) with 
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u = f and v = g takes the form 
f, GLS — fla) dx = (Lf, 8) — (S, Le) 
a fo peg 
=| sh- E) (10) 
Moreover the functions f and g satisfy boundary condition (2): 


of +p 2 0 a1) 








= 0, gte] = 


By supposition (3), a + B > 0 over S. Therefore the homogeneous system 
of linear algebraic equations (11) has a nonzero solution («,ß) and so 
its determinant is equal to zero, that is, 





of 
t On 7 = 
_ Og =; E On ls a 
8 Zn |, 


Taking this equation into consideration, we obtain Eq. (9) from Eq. (10), 
and this means that the operator L is Hermitian (cf. Sec. 1.10). 

Let f E€ M. Setting u = f and v = f in Green’s first formula (5) and 
taking into consideration that Lf € Z(G), we obtain 


(pf) = | pleased- | p -dS+f alfde (2) 


It follows from boundary condition (2) that 


Kane if B(x) >0, xes 
f=0, if B(x)=0, xes 


Substituting these results into Eq. (12), we obtain an expression for qua- 
dratic form 


ULA = | Ol grad fl? + alf ax 
+f pgi PAS fem, (13) 


where S, is that part of S on which a(x) > 0 and B(x) > 0. 
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The quadratic form (Lf, f), f € 4,, is known as the energy integral. 

By virtue of suppositions (3), all three terms in the right-hand side of 
(13) are nonnegative. Therefore, disregarding the second and third terms 
and underestimating the first term, we obtain the inequality 


(Lf f) =f?! grad f |? dx > min p(x) | grad f |? dx 


that is, 
(LfS) Po lll grad f| IP, fe 41 (14) 


where pọ = min p(x); since the function p is continuous and positive over 
G, p > 0. 
It follows from inequality (14) that the operator L is positive (cf. Sec. 
1.10), that is, 
“hf/2z0, fed, (15) 


From this, specifically, it follows once more that the operator L is Hermitian 
(cf. Sec. 1.10). 


4. Properties of Eigenvalues and Eigenfunctions of the Operator L 


All eigenvalues of the operator L are nonnegative. This statement is true 
because the operator is positive (cf. Sec. 1.10). 

The eigenfunctions of the operator L corresponding to the different eigen- 
values are orthogonal. This statement is true because the operator is Hermitian 
(cf. Sec. 1.10). 

The eigenfunctions of the operator L may be chosen to be real. This state- 
ment is true because the operator L is real (cf. Sec. 18.7). In fact, let A, 
be an eigenvalue and u, the corresponding eigenfunction of the operator L, 


Luo = Alo, Uy E M, (16) 


Then, separating the real and imaginary parts in Eq. (16), we find that the 
real and imaginary parts of the eigenfunction uo = u, + iu, which are 
distinct from zero are also eigenfunctions corresponding to the eigenvalue 
Ay, Lu; = Agu;, j = 1, 2. 


Lemma. In order that à = Q be an eigenvalue of the operator L, it is 
necessary and sufficient that q = 0 and a = Q. For this 4 = O is a simple 
eigenvalue and u, = const is the corresponding eigenfunction. 
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Proof. Necessity. Let 4 =0 be the eigenvalue of the operator L and 
let uy be the corresponding eigenfunction, so that Lu, = 0, uo E MÁL. 
Applying Eq. (13) to the function u,, we obtain 


0= (Luo, uo) = J, (P | grad us|? + q | uo |3) dx + f p| ol? as 


from which, taking supposition (3) into account, we deduce 
p grad uo = 0, quy = 0, xEeG 


that is, uo = const and q = 0. It follows from boundary condition (2) for 
the eigenfunction u, = const that a = 0. The necessity of the conditions 
is proved. Moreover it is established that u = const is a unique eigenfunc- 
tion corresponding to the eigenvalue å = 0; that is, this eigenvalue is simple. 

Sufficiency. If q = 0 and a = 0, then, by virtue of (3), 8 > 0 and the 
problem (1)-(2) becomes the following: 

—div(p grad u) = du, oe i =0 

for which u, = const is the eigenfunction corresponding to the eigenvalue 
A = 0. The lemma is proved. 


We shall suppose that in boundary condition (2) either 8 =0 or 1; 
that is, that this condition has the form 


either u| = 0, or 2u + u| = 0, a>0 (17) 
s ôn s 
Then, if the boundary S of the region G is a sufficiently smooth surface 
and the coefficients p > 0, q > 0, and a> 0 are sufficiently smooth func- 
tions, the following theorem holds: 


THEOREM 1. The set of eigenvalues of the operator L is countable and 
does not have finite limit points; each eigenvalue has a finite multiplicity. 
Each function belonging to Æ, may be expanded into a regularly converging 
Fourier series involving the eigenfunctions of the operator L. 


This theorem will be proved for two specific cases: (1) for the Sturm- 
Liouville problem (cf. Sec. 20); and (2) for the Dirichlet problem (cf. Sec. 
24). Proof of this theorem in its general form is contained in Miranda’s 
book (Z). 
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On the basis of this theorem and of previous statements, all the eigen- 
values of the operator L may be enumerated in the order of their 
magnitude 


OSAIS... Ap > œ, k —0o (18) 
repeating A, in this series as many times as its multiplicity. We shall denote 


the corresponding eigenfunctions by u, uz, ..., so that in series (18) one 
and only one eigenfunction u, corresponds to each eigenvalue 4,, 


Lu, = Apg, | <r uy, E M, 


Here the eigenfunctions {u,} may be chosen to be real and orthonormal 
(cf. Sec. 1.10) so that 


(Luy,, Ui) = Ay(ug, Ui) = ApOgs (19) 


Moreover, each function f belonging to Æ, may be expanded into Fourier 
series in terms of the orthonormal system {uz}, 


fe) = 2 Cf, up)ug(x) (20) 


and this series converges regularly over G. But by the lemma of Sec. 1.5, 
the set Æ; is dense in ,(G). From this and from the theorem of Sec. 1.7 
we obtain the following theorem. 


THEOREM 2. The system of eigenfunctions of the operator L is complete 
in L(G). 


Multiplying the series (20) scalarly on the left by Lf, for all f belonging 
to æ, we obtain the formula for the energy integral 


(ff) = 2 Cf Aut u) = z (ETL, u) 


= 2 (S, Ame) f, ur) = Dy An | (S; ur) |? (21) 
Now we shall establish the following variational principle (cf. Sec. 18.5): 
: CS) 
Ay = inf L, k=1,2,... 22 
t en UP 


(fj )=0,=1,2,...k-1 
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and the infimum in (22) is attained for any eigenfunction corresponding 
to the eigenvalue A,. 

In fact, using Eq. (21) for the quadratic form (Lf, f), and taking in- 
equalities (18) into account: A; > A, > 0, i> k, for all f E€ 4, such that 
(f, u;) = 0, i= 1,2,...,k — 1, we obtain 


N= Y Al hud > aed Gul 


But, by virtue of Theorem 2 of this subsection, Parseval’s equation (cf. 
Sec. 1.6) is true: 


YI È u= IP 
and so 


(Sf) 
IFIP 


On the other hand, for f = ug, by virtue of (19) we have 


AR 





Lug, u ; 
Te =, (uz, u;) = 0, i= 1,2, vk I 


This establishes the validity of the variational principle (22). 
Setting k = 1 in (22) we obtain, specifically, 


_ . Uff) 
oae ee 


Applying formula (21) to the functions 





p 
M =f = df uidi, D= l2 
i= 


belonging to Æ; and taking into consideration that 


(msm) = (S- > (fuss te) = { co a oe Ce 


we obtain 


(Ly, Np) = x r| (A; ux) |? 
k=p+1 
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From this and from the convergence of the series (21) it follows that 
(Lipsy) > 9, poo (23) 


Applying inequality (14) to the functions 7, and taking (23) into account, 

we obtain, as p > co, 

grad f — Ý (S, ui) grad u; 
i=1 


2 1 
II| grad mp | |? = | <= (Lty, 1p) +0 














The result obtained shows that 
grad f(x) = È (f, ug) grad u(x) (24) 


and the series (24) converges to grad f in (G). 
So we obtain the following theorem. 


THEOREM 3. Iff EM, then the series (20) may be differentiated term 
by term once with respect to x;,i = 1,2, ...,n, and the series (24) obtained 
will converge to Of/Ox; in Z(G). 


Note. The results obtained may be extended to the boundary value 
problem involving the eigenvalues 


Lu = dou, au + poe =0 
s 


where the weight ọ(x) > 0 is a continuous function over G if this problem is 
considered in the space Y3(G; o) (cf. note of Sec. 1.7). 


5. The Fourier Method (Separation of Variables). The Fourier method 
may be used to define eigenvalues and eigenfunctions of a many-dimensiona] 
elliptic operator which permits separation of its variables. The essence of 
this method is as follows. We divide the independent variables into two 
groups, x = (Xi, Xa, <.. Xn) and y = (Y1, ye, -- -s Ym) and let G c R” 
be the region of variation of x and D c R™ be the region of variation 
of y. We shall use S and I to denote the boundaries of the regions G and D, 
respectively. Then (S x D) u (I x G) is the boundary of the region 
G X D c Rm, 

In the region G x D we shall examine the following boundary value 
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problem involving the eigenvalues of an equation of elliptic type 
Lu + Mu = hu (25) 


au + p Se = 0, EE vac 


=0 26 
SxD On |x C9 


where L and M are elliptic operators not depending on y and x, respectively; 
the functions a, 8 do not depend on y and the functions y, 6 do not depend 
on x. 

We shall seek the eigenfunctions of problem (25)-(26) in the form of the 
product X(x)Y(y), 


u(x, y) = X(x) YQ) (27) 
Substituting this expression into Eq. (25), we obtain 


Y(y)LX(x) + X(x)MYQ) = AX(Xx) YY) 
from which 
LX(x) _, _ MY) 
X(x) Y(y) 





(28) 


The left-hand side of Eq. (28) does not depend on y, nor the right-hand 
side on x. Therefore these expressions do not depend either on x or on y; 
that is, they are equal to a constant. Denoting this constant by u and writing 
v = À — u, from (28) we obtain two equations: 


LX = uX (29) 
MY =vY (30) 


In this way, Eq. (25) has split into the two equations (29) and (30), 
or as it is said, the variables have been separated; in addition, an unknown 
parameter u has appeared. 

To deduce the boundary conditions for the functions X(x) and Y(y) 
we shall substitute the product X(x)Y(y) in the boundary conditions (26). 
As a result, after abbreviation, we obtain 





ox 
oY 
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So the boundary value problem involving the eigenvalues (25)-(26) 
becomes two boundary value problems involving the eigenvalues (29)—(31) 
and (30)-(32) with a smaller number of independent variables. We shall 
denote by uzr, X(x), k = 1,2, ..., and »;, Y;(y), j= 1,2, ..., all the 
eigenvalues and the eigenfunctions of the operators L and M, respectively. 
By virtue of (27), 


Aug = Ma + j, Uyj(X, y) = Xi(x) Yj), k,j=1,2,... (33) 


are the eigenvalues and the eigenfunctions of the initial boundary value 
problem (25)-(26). 


Note. Let the orthonormal systems of eigenfunctions {X,} and {Y;} 
be complete in A(G) and Y,(D), respectively (cf. Sec. 19.4). Then by the 
lemma of Sec. 1.7 the system of eigenfunctions {X;,Y;} is orthonormal and 
complete in 4,(G x D). In this case Eqs. (33) give all the eigenvalues and 
eigenfunctions of the boundary value problem (25)-(26). 


6. Examples. (a) Let us consider a boundary value problem involving 
the eigenvalues for a rectangle JI = (0, J) x (0, m) with the boundary L 
(Fig. 49) 

žu ĉu 
Jx T AR uj =0 (34) 

In accordance with the scheme set out in Sec. 19.5, this problem may be 

divided into two one-dimensional boundary value problems: 


—-X"=uX¥, XO=X)=0 (35) 
—Y"=vY, Y(0)=Y(m)=0 (36) 


The eigenvalues and eigenfunctions of these boundary value problems are 
easily calculated. 
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We shall do this for problem (35). We write out the general solution of the 
differential equation (35) 


X(x) = c siny ux + ca cosy ux 


and select the arbitrary constants c, and c, and the parameter u so as to 
satisfy the boundary conditions (35) and the normalization condition 
|| X || = 1. For this it is necessary to put c, = 0 and 4/ pl = ka, k = +1, 
+2, ..., so that 


X(x) = c sin oe 





The normalization condition 


kax I 
T Aea 


Gi 





l l, 
1= | X?(x) dx = af sin? 


gives c, =V 2/1 and, therefore, 
2 
m= (4), XY) = \/F sin ia k=1,2,... 8) 


It follows from the construction just made that problem (35) has no 
other eigenfunctions. The system of eigenfunctions (37) is complete in 
(0, D (cf. Sec. 20.3). 


Analogously for problem (36) we have 


in \? 2 . jn . 
%= (4), ro) = VZ sn 2, PE Sie. B8) 


From (37) and (38), in accordance with Eqs. (33), we obtain the following 
eigenvalues and eigenfunctions of the boundary value problem (34): 





k2 aje 


. kax . jay 
Ax = a(r + mE sin ——— sin aie 


Vv Im (39) 





), Upj(X, y) = 


By virtue of the note of Sec. 19.5, problem (34) has no other eigenvalues 
and eigenfunctions. We remark that the eigenvalues A,; may be repeated; 
that is, Az; = A;,,;, for a certain set of numbers (k, j). The number of such 
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repetitions, which is equal to the integral number of solutions of the equa- 
tion, 
E pe 


PO mm B| m 
gives the multiplicity of the eigenvalue åz,- 
(b) Let us consider the boundary value problem involving the eigenvalues 
for the circle Upg (Fig. 50): 


—Au = du, ul|s, = 0 (40) 


It is convenient to solve this problem in polar coordinates x = r cos p, 
x2 


Fig. 50 


y=rsing, 0<r < R, OX p< 2x. In these coordinates problem (40) 
for the function ar, p) = u(r cos p, r sing) takes the form (cf. Sec. 3.2) 


~ 2a 
E) e Gen a(R, p) = 0 (41) 


1 
v 

The boundary condition for r = 0 must be added to the boundary condi- 
tion for r = R. The boundary condition for r = 0 is that the function 
ü must be bounded in the neighborhood of the point r = 0. Moreover the 
function & must obviously be 2x-periodic with respect to g. 

Applying the Fourier method to problem (41) (cf. Sec. 19.5), for the 
function a(r, p) = P(r)Ð(p) we obtain two one-dimensional boundary value 
problems: 

—" = uP, Dl) = Py + 2x) (42) 


RY + (ar? — pyB=0, |BO)|Ao, AR)=0 (43) 
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The eigenvalues and eigenfunctions of problem (42) are easily calculated, 





m=, (9) = elt, k=0,1,... (44) 


er 


Moreover, Eq. (43) is Bessel’s equation. A bounded solution A(r) 
of this equation, for u = k?, is expressed by the Bessel function* 
IAW ar). To obtain the eigenvalues A, it is necessary to use the second 
boundary condition (43), namely, J,(V 2R) = 0; that is, VAR = kj» 
where Uj, j= 1,2,..., are the positive roots of the Bessel function 
J,(u). From this it follows that 





2 r n 
Ay = mi » Aj) = cays =): J=1,2,... (45) 


where 


1 V2 


Ckj = 
are the eigenvalues and eigenfunctions of the boundary value problem (43) 
for u = k. 

From (44) and (45), according to Eqs. (33) we obtain the following 
eigenvalues and eigenfunctions of the boundary value problem (41), and 
hence of (40),* 

Mig 
R?’ 


Jarl R) ei? 


V aR | Ji (urs) | 
k=0,1,..., p= ly 2han% 





Aig = u(x) = 


(46) 


¥ The elements of the theory of Bessel functions may be found in the books of V. I. 
Smirnov (3, Chap. 6), A. N. Tikhonov and A. A. Samarsky (1, supplement), and V. Ya. 
Arsenin (J, Chap. XI). 

t Strictly speaking, it has only been established so far that the functions u,; satisfy 
Eq. (40) for A = 2x in the circle | x | < R with the point {0} being excluded. But from 
the equation 


(x)= OP \ irp [X1 + ixa \FS (1P x |/2R) ue 
u(x) = Jus R Je p (5 ) 2 To tk+ Dro th Tkt DIGI 


it follows that u,; € C®(Up), and therefore they satisfy Eq. (40) at the point x = 0 also. 
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For each fixed k = 0,1,..., the eigenvalues 4,;, j= 1,2,..., are 
different. Therefore the eigenfunctions us, j = 1,2, ..., are orthogonal 
in (Ur) (cf. Sec. 19.4). It follows from this that the system of Bessel 
functions (45) is orthogonal in the space 44((0, R); r). 

Moreover, for each k = 0, 1, ..., the system of functions (45) is complete 
in 4,((0, R); r).* From this, by the lemma of Sec. 1.7, it follows that the 
system of eigenfunctions defined by Eq. (46) is orthonormal and complete in 
Y(UR) and therefore problem (40) has no other eigenvalues or eigen- 
functions. 

Analogous results are valid for the boundary value problem 


Ou 
— + au = 0, a>0 
on Sp 


— Au = du, 
7. Physical Sense of Eigenvalues and Eigenfunctions. For p = 1 and 
E = 0 the problem (1)-(2) involving the eigenvalues takes the form 


—Au+ q(xju=du, uls=0 (47) 


As is known,* the eigenvalues of problem (47) define the energy levels 
of a quantum particle moving in a external force field with a potential 


_ f g(x), xeG 
vo = | a, x€G 


The corresponding eigenfunctions are wave functions of the steady state 
Schrédinger operator (cf. Sec. 2.7), 


—Au + V(x)u = du (48) 


As we show in Sec. 28, the eigenvalues of the operator L define the fun- 
damental frequencies of the vibrations of bounded regions (of volumes, 
membranes, strings, rods, etc.) and the corresponding eigenfunctions define 
the modes of harmonic vibration. 

The smallest eigenvalue of the steady state transport operator (cf. Sec. 
2.4) also determines the criticality of a nuclear reactor, and the corre- 
sponding eigenfunction determines the density of the neutrons in a reactor 
in a critical condition. 


* See A. N. Tikhonov and A. A. Samarsky (1, supplement). 
t Compare, for instance, L. D. Landau and E. M. Lifschitz (1, Chap. III). 
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8. Uniqueness of the Solution of an Inhomogeneous Boundary Value 
Problem. We shall consider the inhomogeneous boundary value problem 


Lu =f, cu + poe] =v (49) 


belonging to the class C?(G) A CHG). 

If q# 9 or a Æ 0, then the solution of the boundary value problem (49) 
is unique in the class C?(G) ^ CHG). 

In fact, if à e C?(G) A C(G) is another solution of problem (49), then 
the difference 7 = u — @ belongs to Mz and satisfies the homogeneous 
equation Ly = 0; that is, it is an eigenfunction of the operator L cor- 
responding to the eigenvalue 4 = 0. But then, by the lemma of Sec. 19.4, 
q =0 and a = 0, despite the proposition. Therefore 7 = u — i = 0, as 
was to be shown. 


9. Exercises. (a) Prove the following maximum principle: If the function u(x) 
of the class C2(G) ^ C(G) satisfies in the region G the differential inequality —Au+q(x)u 
<0, q => 0, then either u < 0 on G or u(x) takes its (positive) maximum on G on the 
boundary S. 

(b) Using (a), prove: If the function u € C2(G) © C(G) is the solution of the boundary 
value problem 


—Au + q(x)u = F(x),  uļ|s = v(x) (50) 
then the inequality 
F f 
lu lop < LES + Iv loss go = min g(x) 
do zea 


is valid. 

(c) Using (b), prove that the solution of problem (50) is unique in the class C?(G) 
N C(G) and depends continuously on F and v in terms of the norm C (by the condition 
that q > 0). 
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For n = 1 the problem involving the eigenvalues (1)-(2) of Sec. 19.1 is 
known as the Sturm-—Liouville problem, 


Lu = —(pu'y + qu = du, 0<x</ (1) 
hyu(0) — hyu'(0) = 0, Hui) + Hu (h) = 0 (2) 
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According to the conditions (3) of Sec. 19.1, we consider 
p € C'([0, 7), gec(0,/]), p@œ)>0, gqx2o 
h20, A420, ALSO, ALSO, h+h>0, H+H >0 


We recall that the domain of definition z, of the operator L consists of 
the functions u(x) of the class C2(0, /) ^ C1([0, /]), u” e Z(0, 1), satisfying 
the boundary conditions (2). 

Expression (13) of Sec. 19.3 for the quadratic form (Lf, f), f E ML, 
takes the following form: 


ELP = [IF + a FI) de + pO) | M0) + 


A, 





PO|FO |? 


(the last terms to be excluded if h, = 0 or H, = 0, respectively). 


1. Green’s Function. Let us suppose that 2 = 0 is not an eigenvalue 
of the operator L; this means, by virtue of the lemma of Sec. 19.4, that either 
q #0, or h 40, or H, 40. 

We shall consider the boundary value problem 


Lu = —(pu'Y + qu = f(x), ued, (3) 


where f e C(0,/) NAO, I). Since 4 =0 is not an eigenvalue of the 
operator L, the solution of the boundary value problem (3) in the class 
Ms, is unique. We shall construct the solution of this problem. 

Let v, and v, be nonzero (real) solutions of the homogeneous equation 
Lv = 0, satisfying the conditions 


hyv,(0) — havi(0) = 0, — Ayva(/) + Hwi) = 0 (4) 


It follows from the theory of ordinary differential equations that such solu- 
tions always exist and belong to the class C?([0, /]). The solutions v, and v, 
are linearly independent. In fact, in the opposite case v,(x) = cv,(x) and 
therefore, by virtue of (4), the solution v, also satisfies the second boundary 
condition (2). This means that v, is an eigenfunction of the operator L 
corresponding to the eigenvalue 4 = 0, despite the supposition. Therefore 
the Wronskian determinant 


v(x) vax) 


WoS va) y) 


#0, xe [0,1] 
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Moreover, the Ostrogradski-Liouville identity will hold: 
P(x)w(x) = pO)w0), x € [0,7] (5) 


[cf., for instance, L. S. Pontryagin (J, Chap. 3)]. 
We shall seek the solution of problem (3) by the method of variation of 
parameters, 


u(x) = C,(x)v,(x) + C(x v(x) (6) 


In accordance with this method, the functions C, and C, must satisfy the 
system of linear differential equations 


Cm + Cw = 0, Civi + CW = — £ (7) 


with the determinant w(x) + 0. When we have solved this system and used 
identity (5), we shall obtain 


0 
g=) y |= Sees 
to w ers v|  P(O)w(0) 
: ő (8) 
Gall |= fone 
2 wv a p(0)w(0) 


To satisfy boundary conditions (2), we put C,(0) = 0, C,() = 0, since, 
by virtue of (4) and (7), 


Ay[C,(0)v,(0) + C,(0)v.(0)] — he[C,(0)v,(0) + C,(0)v5(0)] 
= C,(0)[hyv,(0) — hwi) + C,(0)[Ayv,(0) — hyv2(0)] = 0 


and, analogously, for the end x = /. Integrating (8) using the conditions 
C,() = 0, C,(0) = 0, we have 


CO ay LAI 


C(x) = f fo) ay 


-700 


If we substitute these expressions into (6), we find the required solution of 
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problem (3) in the form 


1 z 1 
We) = — Soy HO KOO dy + n f omod] 


or 
i u(x) = | Fæ, vy) dy ©) 
where 
aa 1 vi(x)v.(y), OSx<y 
Y(x,y)=—-- pO)w(0) { v(x), yx! gy) 


The function W(x, y) is known as the Green’s function of the boundary value 
problem (3), or of the operator L. 
Therefore the following result has been proved. 


Lemma. If A = 0 is not an eigenvalue of the operator L, then the solution 
of the boundary value problem (3) exists, is unique, and is expressed by Eq. (9). 


Equation (10) gives us the following properties of the Green’s function 
A(x, y). 


(1) It is real and continuous in the ‘closed square JT = [0, /] x [0, /] 
and belongs to the class C? in the closed triangles [0 < x < y< 1] and 


[(0o<y<x<l] (Fig. 51). 
y 


Fig. 51 
(2) It is symmetrical 


Fx, y) = Foy, x) (yell 


(3) On the diagonal x = y the jump in the derivative 97 /ðx is equal to 
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— [1/p(y)], that is, 


ax = ax = pO) , ye (0, D 


(4) Away from the diagonal x = y it satisfies the homogeneous equation 
L,A(x,y)=0, xA#y, yel 
(5) On the sides of the square JI it satisfies the boundary conditions (2): 


aF, y) OFU y) _ 
Ox Ox 


= HȚ (l, y) + H, 3x 


h, FOO, y) = h 0, yE [0, 1] 

Note. It follows from properties (1), (3), and (4) that for each y e (0, /) 
the Green’s function F(x, y) satisfies, in a generalized sense (cf. Sec. 10.1), 
the equation 


L, F(x, y) = d(x — y), x € (0, /) 


Therefore F(x, y) is a perturbation generated by a point source of intensity 
1, situated at the point y. So the Green’s function F(x, y) is a natural gener- 
alization of the fundamental solution (cf. Sec. 10.2) of equations With vari- 
able coefficients which are subject to boundary conditions. 


Example. The Green’s function of the boundary value problem 
—u" = f(x), u(0) = u(1) = 0 
has the form 


= x(1 — y), O<x<y 
an= vy jane 


2. Reduction of the Sturm-Liouville Problem to an Integral Equation. 
We shall show that the Sturm-Liouville problem may be reduced to a 
Fredholm integral equation with a real, symmetrical, and continuous kernel 
F(x, y). 


THEOREM. The boundary value problem 
Lu = łu + f, u EML, feco, DaO, D (11) 


for which A = 0 is not an eigenvalue of the operator L is equivalent to the 
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integral equation 
l l 
u(x) = 2f Fu dy + f Ax, vf) dy, we C(10,1) 02) 


where F(x, y) is the Green’s function of the operator L. 


Proof. If u(x) is the solution of the boundary value problem (11), 
then applying the lemma of Sec. 20.1 with a change of f to Au + f, we obtain 


u(x) = f° Ace, uO) + fO)1 dy 


that is, the function u(x) satisfies integral equation (12). 


Conversely, let the function uo € C([0, /]) satisfy the integral equation 
(12). We shall consider the boundary value problem 


Lu = du +f, u E M, 
By the lemma of Sec. 20.1 the unique solution of this problem is given by 


the equation 
u(x) = f Ax, Du) + £0] dy = wlx) 
from which it follows that uo E€ 4; and satisfies the equation 
Lus = uo + f 
that is, uo is the solution of the boundary value problem (11). The theorem 


is proved. 


When f= 0 the boundary value problem (11) is the Sturm-Liouville 
problem, and therefore the Sturm—Liouville problem (1)-(2) is equivalent 
to a problem involving the eigenvalues of the homogeneous integral 
equation 


u(x) = 4 f Ax, yur) dy (13) 


provided that A = 0 is not an eigenvalue of the operator L. 


We shall now eliminate the assumption that A = 0 is not an eigenvalue of 
the operator L. For this we note that, by virtue of the lemma of Sec. 19.4, 
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u = 0 is not an eigenvalue of the Sturm—Liouville problem 


Lyu = —(pu') + (q + lu = wu (14) 
hu(0) — hu (0) = H,u() + Ayu’ (D = 0 (15) 


But M, = Mz, and therefore problem (14)-(15) is equivalent to problem 
(1)-(2) for w=A+1. 

Therefore the Sturm—Liouville problem (1)-(2) is equivalent to the integral 
equation 


l 
u(x) = (A + 1) f A yu) dy (16) 
where F (x, y) is the Green’s function of the operator L. 


3. Properties of Eigenvalues and Eigenfunctions. We have now estab- 
lished that the Sturm-Liouville problem (1)-(2) is equivalent to the problem 
involving the eigenvalues of the homogeneous integral equation (16) with 
a symmetrical (and therefore Hermitian) continuous kernel F,(x, y). For 
this the eigenvalues A of the problem (1)-(2) are linked with the charac- 
teristic numbers u of the kernel F(x, y) by the equation u = å + 1, and 
the eigenfunctions corresponding to them coincide. Therefore all the 
statements of the theory of integral equations with a symmetrical continuous 
kernel which were developed in Sec. 17 and 18 are also valid for the Sturm- 
Liouville problem. Specifically, the set of eigenvalues {A,} of this problem is 
not empty; it is no more than countable and does not have finite limit points; 
the eigenvalues are real and of finite multiplicity; the eigenfunctions may be 
chosen real and orthonormal. 

But the Sturm—Liouville problem has a number of specific properties. 
We shall note some of them. 


Eigenvalues are nonnegative. This statement is proved in Sec. 19.4. 

The set of eigenvalues is countable. In fact, if this set were finite {2,, åz, 
..., Ay}, then the kernel Z (x, y) would have to be represented in the form 
(cf. Sec. 18.1) 


N 
A(x, y) = y eO (17) 


But u, € C?([0, /]) and therefore Eq. (17) contradicts property (2) of the 
Green’s function Z (x, y). This contradiction proves our assertion. 
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Each eigenvalue is simple. In fact, let u, and u, be eigenfunctions cor- 
responding to the eigenvalue 2. This means that these functions satisfy 
Eq. (1) for 4 = A, and satisfy boundary conditions (2). From the first 
boundary condition (2) 


hyu,(0) — ham (0) = 0,  hyua(0) — hau (0) = 0 
it follows, by virtue of the supposition that h, + h > 0, that 
u,(0) —u'(0) m(0) u(0)|_ 

u,(0) —u;(0) u,(0) u;(0) 


that is, the Wronskian determinant of the solutions u,(x) and u(x) of 
Eq. (1) for A = A, becomes zero at the point x = 0. So these solutions are 
linearly dependent. This also means that A, is a simple eigenvalue of the 
Sturm-Liouville problem (1)-(2). 











THEOREM (V. A. Steklov). Each function f belonging to M, may be 
expanded into a regularly convergent Fourier series involving the eigenfunctions 
{u,} of the Sturm-Liouville problem, 


S(x) = > (S, ux)ux(x) (18) 
Proof. Since f € Æ, then 
Lf=lIf+f=heco,) o 20,1) 


Evidently 4,, = Mz and so f € #1. In this way we see that the function 
fis a solution of the boundary value problem 


Lf= h, fet, 


and, by the lemma of Sec. 19.4, A = 0 is not an eigenvalue of the operator 
Lı. We shall denote the Green’s function of the operator L, by FY,(x, y). 
By the lemma of Sec. 20.1, the function f can be expressed by the integral 


foe) = [i A a) ay 


that is, it can be represented sourcewise by the Hermitian continuous kernel 
F(x, y). By the Hilbert-Schmidt theorem (cf. Sec. 18.1), the function f 
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can be expanded into a regularly convergent Fourier series involving the 
eigenfunctions of the kernel Z (x, y). But the eigenfunctions of the kernel 
G(x, y) coincide with the eigenfunctions of the operator Lı, which in 
their turn coincide with the eigenfunctions {u,} of the operator L. The 
theorem is proved. 

So Theorem 1 of Sec. 19.4 and its corollaries are true for the Sturm- 
Liouville problem. Specifically, the system of eigenfunctions of the Sturm- 
Liouville problem is complete in 2(0, /). 


4. Finding Eigenvalues and Eigenfunctions. We shall set out the process 
of calculating eigenvalues and eigenfunctions of the Sturm—Liouville 
problem (1)-(2). Let u,(x; A) and u(x; A) be the solutions of Eq. (1), 
satisfying the initial conditions: 


u4(0;A4)=1,  w(0;2)=0; u,(0;4)=0, u,(0;A4)=1 


Then the function 
u(x; A) = hu (x; A) + hyue(x; A) (19) 


satisfies Eq. (1) and the first of the boundary conditions (2). To satisfy 
the second of the boundary conditions (2), it is necessary to require 


Hyhyu (l; 2) + Hyhyun(I; 4) + Hehguy (1; A) + Hohu(l; 2) = 0 


The roots 21, 2, ..., of the transcendental equation obtained give all 
the eigenvalues of the Sturm—Liouville problem (1)-(2). The corresponding 
eigenfunctions u, are defined according to Eq. (19) for A= å}, 


u(x) = u(x; Ay) = hau (x; Ay) + hyue(x3 Ax), k=1,2,... 


§ 21. Harmonic Functions 


In this section we shall study the main properties of harmonic functions’ 

The real-valued function u(x) of the class C?(G) is said to be harmonic 
in the region G if it satisfies Laplace’s equation Au = 0 in this region. 

For n = 1 harmonic functions are reduced to linear functions and so 
their theory is of no interest; we shall therefore consider in future that 
n> 2. 


§ 21. HARMONIC FUNCTIONS 279 
The fundamental solution of the Laplace operator (cf. Sec. 10.8) 


Bx) = In| x|, n=2 


1 


Zax) = > (n = 20 


| x [eee n>3 


is a nontrivial example of a harmonic function for x 40. 


1. Green’s Formula. If u € C2(G) and u(x) = 0, x ẹ G, then for x ẹ S 
the following Green’s formula is true: 


u(x) = — a S f EA 


(n — 2)o, Ja |x — y |"? 
1 1 ðu) 1 
a ail a ia a | 5) 
(1) 
u(x) = =f Au(y) ny 








1 1 uo) n ð | T 
o eee N EET =? 


In other words, the function u appears in the form of a sum of three 
Newtonian (logarithmic) potentials 


u(x) = Va(x) + Var) + Vi?) (2) 


where (we shall consider for the sake of definition that n > 3) 


n a 1 Au(y) 
Val) = B+ (4u} = — Goa age 


is the volume potential with a density — [1/(n — 2)o,]{4u}; 


(0) = Ou 1 1 du(y) 
Vn (x) = Sn * (ze ôs) = (n — 2)on f | x—y [8 On aS, 


is the simple layer potential over S with a surface density [1/(n — 2)o,] 
x (ðu/ðn); 

V(x) = —& «* (ud) = aol, u(y) = ee Ry 
” ðn (n — 2)o, Js y 


y |x= yl 
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is the double layer potential over S with a surface density — [1/(n — 2)o,]u. 
We shall prove Green’s formula (1) for n > 3. In Sec. 6.5, (c), formula 
(21) was deduced: 


du = {4u} — 3 ðs ~ 3 (uðs) 6) 


Since the function u has compact support, its convolution with the 
fundamental solution 3, of the Laplace operator exists (cf. Sec. 7.5). 
Therefore, applying formula (13) of Sec. 10.3 and using Eq. (3), for the 
function u we obtain the representation 


u = ee S, * S — &, + (Fe ds) — B+ Z (uðs) 
=Z 5 ea p * (4) 
1 Ou 1 ð 
+ Tyr * Es ôs) + Tapert Gy 99) (4) 


From this, using the definition of Newtonian potentials and Eqs. (29), 
(32), and (33) of Sec. 7.8, we obtain Green’s formula (1) for n > 3. The 
case n = 2 is considered analogously. 

Green’s formula (1) is also valid for functions u of the class C?(G) 
N C\(G) if the integral in it involving the region G is understood to be 
improper (cf. Sec. 19.2). (This integral may not converge absolutely and so 
may not be the volume potential V,,.) 

For proof we shall apply Green’s formula (1) to each subregion G’ € G 
with a piecewise smooth boundary and we shall proceed to the limit as 
G' — G. Using the supposed smoothness of the function u, we see that 
Green’s formula (1) is valid in this case too (cf. Sec. 19.2). 

For the function u of the class C!(G), harmonic in the region G, Green’s 
formula (1) takes the following form: 


5 1 1 du(y) 
HOG lal eae oe 
1 


o 1 1 Ou(y) 
ue) = 35 f(y On 


ð 1 
—u(y) oa ToT dS}, n=2 


—u(y) Fr | dS,, n>3 (5) 
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The surface potentials V(x) and V(x) may be repeatedly differentiated 
under the integral sign an infinite number of times outside S and these po- 
tentials are harmonic functions outside S. It follows from this and from 
formula (5) that each harmonic function is infinitely differentiable.* 


Note. Green’s formula (5) expresses the values of a harmonic function 
in a region in terms of its values and the values of its normal derivative 
over the boundary of this region. This formula is analogous to Cauchy’s 
formula for analytic functions. It is easy to see a further analogy between 
Green’s formula in form (2) and the similar formula (12) of Sec. 12.3 
for the wave equation. 


2. Extension of Green’s Formulas. Let the boundary S of the region G 
be a surface of the class C! (cf. Sec. 1.1) and let the function u e C1(G). 
We shall say that the function u has a correct normal derivative Ou/On 
over S if uniformly for all x € S there is a limit of the normal derivative 
Ou(x’)/On, as x’ > x with x’ € G, x’ € —n,. This limit will be denoted by 
Ou/On = Ou(x)/On,. 

It follows from this definition that the correct normal derivative is con- 
tinuous over S, if it exists. 

Let S be a surface of the class C? (cf. Sec. 1.1). At each point xe S 
we Shall measure along the interior normal —n, a segment of constant length 
6. The set of the ends x’ of these segments is described by the equation 


x =x — On, (6) 


For a sufficiently small ô this set forms a closed surface of the class C1, 
which we shall denote by Ss and shall call a surface parallel to the surface S 
(Fig. 52). 





* And each one is even analytic. 
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The normal n, at the point x’ = x — ôn, € Sz is directed along the normal 
n, where x € S. 

This statement follows from the fact that the surface Ss is an envelope 
of a family of spherical surfaces 


Ca — x1)? + (a — 9)? + +++ + Gn — Xn)? = OF (7) 


having their centers x located on the surface S. We shall prove this fact. 
Let a segment U of the surface S be given by the equation x, = z(x,, ..., 
Xn-1). If we differentiate the equation of the family (7) involving the param- 
eters X,, ...,X,-1, in order to define the envelope of this family covering 
the segment U, we obtain the conditions: 


Xp — Xp + (Xn — x) =0, k=1,2,...,n—-—1 (8) 
Xk 


If we now note that over U the vector n, is proportional to the vector 
(—(0z/0x,), ..., —(0z/Ox,_,), 1), we can deduce from Eqs. (8) and (7) 
the equation of the surface Ss in the form (6). 


Lemma. Let the boundary S of the region G be a surface of the class C? 
and let the function u belonging to C\(G) have a correct normal derivative 
du/On over S. Then for any f € C(G) the following equation is true: 


a ) Ou(x) 
on 





lim ait n) dS, (9) 





dS = | fx) 


where Ss are surfaces parallel to S. 


Proof. Since the normals n, and n, at the points x € S and x’ = x 
— ôn, € Ss are similarly directed, then 


ae ) ; a. ) Ou(x) 
= f%') ae ead (10) 
On, 


Ei 


x —>x, x € -n 


Sœ) = fx) 


by virtue of the definition of the correct normal derivative and the continuity 
of the function f over G. Equation (9) follows from the limiting result (10). 
The lemma is proved. 


It follows from the lemma that Green’s formulas (7) and (8) of Sec. 19.2 
and (1) of Sec. 21.1 remain valid if S is a surface of the class C?, and the 
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functions u, v € C?(G) A C(G) have correct normal derivatives over S and 
Au, Av € Z(G). 

In fact, we shall apply Green’s formulas to any subregion bounded by 
the surface S; parallel to S. Proceeding to the limit as 6 — 0 in these formulas 
and using the limiting result (9), we see that Green’s formulas are valid 
under the conditions we have formulated. 


3. Theorem of the Mean Value. We shall first prove the following 
statement: If the function u € C1(G) is harmonic in the region G, then 


Ou 
| sor = 0 (11) 

Equation (11) follows from Green’s first formula (7) of Sec. 19.2 when 
v=1. 


THEOREM OF THE MEAN VALUE. If the function u(x) is harmonic in the 
sphere Up and continuous on Up, then its value in the center of this sphere 
is equal to the mean value over the spherical surface Sp, 


1 


oR" 


u(0) = | x u(x) dS = om | : u(Rs) ds (12) 


Proof. Applying Green’s formula (5) for the point x = 0 to any sphere 
|x| <o, o < R, and using Eq. (11), for n > 3 we obtain Eq. (12): 


1 1 p ð ð ı 
O= [ger y eS f, O Se p ”] 


1 
Sa | n u(y) dS 


Since the function u(x) is continuous on the closed sphere Up, Eq. (12) is 
also retained when ọ — R. The case n = 2 is considered analogously. The 
theorem is proved. 


4. The Maximum Principle. Using the theorem of the mean value, 
we shall establish the following maximum principle for harmonic functions. 


THEOREM. If the function u(x) Æ const is harmonic in the region G and 
continuous on G, then it cannot assume its minimum and maximum values in 


284 5. BOUNDARY VALUE PROBLEMS FOR ELLIPTIC EQUATIONS 


the region G, that is, 
min u(x) < u(x) < max u(x), xeEG (13) 
zes zes 
Proof. Assume the contrary to be true and let the function u(x) assume 
its maximum value M at a point xo € G, 
M = u(x) = max u(x) (14) 
zeĝ 


Since x, is an interior point of the region G, then there is a sphere U(x; ro) 
of largest radius rọ, contained in G (Fig. 53). 





Fig. 53 
We shall prove that 
u(x) = M, x € Ox; ro) (15) 
It follows from (14) that 
u(x) < M = u(x), x E U(xo; ro) (16) 


If at a point x’ € Ū(xo; ro) there were a u(x’) < M, then, according to 
continuity, the inequality u(x) < M would also hold in a neighborhood 
of this point. But then, applying the formula of the mean value (12) to 
the spherical surface S(xo; o), where ọ = | x’ — xo |, and using inequality 
(16), we obtain 


M 
ds < ——— =M 
| stony HOES < re | sao 


which contradicts (14). So identity (15) is established. 
We shall now take an arbitrary point x, € G lying on the boundary of 
the sphere Ū(xo; ro) (Fig. 53). By what has been proved u(x,) = M. Ap- 


1 


u(xo) = Erag 
n' 
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plying our previous arguments to the point x,, we conclude that u(x) = M 
in the largest sphere U(x,;r,) c G, and so on. In this way the whole 
region G becomes exhausted and so u(x) = M for x € G, despite what has 
been supposed. 

This contradiction shows that our original supposition is untrue; so the 
function u(x) cannot assume its maximum value in the region G. From this, 
replacing u by —u, we conclude that the function u(x) cannot assume its 
minimum value in the region G either. The theorem is proved. 


5. Corollaries of the Maximum Principle 


(a) If the function u € C(G) is harmonic in G, then 


| wex)|<max| u(x)|, x EG a7) 
zeS 


Specifically, if u|s = 0, then u(x) =0, x € G. 
This assertion follows from inequality (13), 


—max | u(x) | < min u(x) < u(x) < max u(x) < max | u(x) |, xEeG 
zes zes zes zes 


(b) If the function u e C(G,) is harmonic in the region G, = RN G 
and u(co) = 0, then 


| u(x) | < max|u(x)|, xe (18) 
zeS 


Specifically, if u|s =0 and u(co) = 0, then u(x) =0 for x EG. 

In fact, let the sphere Up contain the region G. Then S U Sp is the 
boundary of the region Qr = G, N Up (Fig. 54). Applying inequality (17) 
to this region, we obtain 


| u(x)|< max |u(x)|, xeQp (19) 
zeSUSR 


But by assumption u(x) > 0 as | x | — oo, that is 


max | u(x)|—0, Roo 
zeSp 


Therefore, proceeding to the limit as R -> oo in inequality (19), we obtain 
inequality (18). 
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Fig. 54 


(c) If the sequence of functions u,, uz, ..., which are harmonic in the region 
G and continuous on G, converges uniformly over the boundary S, then it 
also converges uniformly over G. 

This statement follows from inequality (17): 


| u(x) — u(x) | < max | u(x) — u (x)| +0, pqro, xEeG 
TE 


An analogous result is valid for the region G, = R”N G on condition 
that u,(co) = 0. 


6. Removal of the Singularities of a Harmonic Function. The following 
theorem concerning the removal of singularities is valid for harmonic 
functions. It is analogous to a corresponding theorem for analytic functions. 


THEOREM. If the function u(x) is harmonic in the region GN {0} and 
satisfies the condition 


u(x) = o(| F(x) |), x—>0 (20) 


then it can be continued harmonically to the point {0}. 


Proof. Let Up € G. We introduce the function a(x) equal to u(x) in 
Op and to zero outside Og. This function is locally integrable and, by virtue 
of (3) of Sec. 21.1, the functional 

~ , Ou ð 
Aŭ + Ja Ôs pg + Ja (uôsp) (21) 
becomes zero over all test functions equal to zero in the neighborhood of 
the point {0}. This means that the generalized function (21) is either equal 
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to zero or its support is the point {0}. Then, by the theorem of Sec. 8.4, 

this generalized function can be represented in the form of a finite combina- 

tion of derivatives of d(x), that is, 
Ou 


ð 
Aü = — —— ds, — On (sz) F 


on © cD (22) 


lx!=0 

Since the function ñ has compact support, its convolution with the 
fundamental solution %, exists (cf. Sec. 7.5). So, applying formula (13) of 
Sec. 10.3, from (22) we obtain the equation 


i= E+ Aŭ = — + (Fe ösp) — S, x Z (uds,) 
+ Ë (Z Do) = VOV E DRE) 23) 
al=0 la!=0 


Since the surface potentials V{® and V{!) are harmonic functions in the 
sphere Up (cf. Sec. 21.1), it follows from (23) and from condition (20) 
that all c, = 0, so that the function 


u(x) = V(x) + VP) 


is harmonic in the sphere Ug. The theorem is proved. 


7. Generalized Harmonic Functions. The real-valued function u € C(G) 
is said to be a generalized harmonic function in the region G if it satisfies 
Laplace’s equation in this region, that is, 


(Au, p) = J u(x) Ap) dx =0, ye DG) (24) 


Obviously each harmonic function is a generalized harmonic function, 
and the following converse theorem is also true: 


' THEOREM. Each generalized harmonic function u(x) in the region G is 
infinitely differentiable and therefore is harmonic in that region. 


Proof. In view of the local character of the theorem, we may consider 
that u e C(G). We continue the function u as zero outside G and let a 
be a continued function. Applying Eq. (13) of Sec. 10.3, we obtain the 
equation 

ü = Aix g, (25) 
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where &, is a fundamental solution of the Laplace operator. Since Añ = Au 
= 0 for x € G and Añ = AO = 0 for x € G,, then supp Añ c S. So, by 
the theorem of Sec. 7.5, for the convolution Aŭ * &, we have the repre- 
sentation 


(Ai * Zr p) = (Ady) - FE), nO) + 4) 
= (Aå), nv) J BEW + E) dE) 
= (Aa(y), nv) | Fe — yp) dx) pe? (26) 
where 7 is an arbitrary function belonging to 2 with a support in 
a neighborhood of S. 


Let G' € G. We choose in (26) an auxiliary function 7 such that supp 7 
N G’ = Ø (Fig. 55). Since the fundamental solution & (x — y) is an 





infinitely differentiable function for x 4 y, then for the chosen 7 and all 
p E P(C’) 
nE — y)~(x) € P(R”) 
Now applying Eq. (14) of Sec. 7.3, (f) to the right-hand side of Eq. (26), 
we obtain 
(Aad * Zr p) = S PENALA), nx — y) dx, py € BG’) 


from which, by virtue of (25), there follows the equation: 


u(x) = (Aa(y), nF —y)), xe 


From this, as in the proof of the lemma of Sec. 7.1, we deduce that 
u € C~(G’). Since the region G’ € G is arbitrary, it follows from this that 
u € C~(G). Therefore the function u(x) satisfies Laplace’s equation in the 
region G in the classical sense (cf. Sec. 10.1); that is, it is harmonic in G. 
The theorem is proved. 
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8. Further Properties of Harmonic Functions. It has been established in 
Sec. 21.7 that the generalized harmonic property and the harmonic property 
are equivalent, and we shall now consider two corollaries of this. 


(a) If the sequence u, uz, ..., of functions which are harmonic in the region 
G converges weakly (specifically, uniformly over each compactum K € G, 
or monotonically) to the function u € C(G), that is, 


J up) dx > fulx)p(x) dx, k—oœ, peD(G) (27) 


then u is a harmonic function in G. 

In fact, each function of the sequence {uz} satisfies the integral condition 
(24). But then, by virtue of (27), the limit function u(x) belonging to C(G) 
will also satisfy Eq. (24); that is, it is a generalized harmonic function and 
therefore a harmonic function in the region G. 

(b) If the function u e C(G) is such that for each point x € G there is a 
number ry = r(x) > 0 such that for all r < ro the mean value condition is 
Satisfied: 


u(x) = spc —, | «Mo — 9) a8, (28) 


then u(x) is a harmonic function in the region G. 

In proving this we may consider that u € C(G); let ñ be the function u 
continued as zero outside G. We take G’ € G. By the Heine-Borel lemma 
(cf. Sec. 1.1), there is a number ro = r,(G’) > 0 such that for all x € G’ 
and r < ry Eq. (28) will be satisfied for the function u(x). 

We form the convolution 


1 1 z 
rine (ar ôs, — -7 6) “a (29) 


where ôg, is a simple layer over the spherical surface S, (cf. Sec. 5.6). Using 
formula (26) of Sec. 7.8, we write the convolution (29) in integral form 


He) = ax J, 1 = y) as, -FO 


r2 
From this, by virtue of (28), it follows that for all r < ro, f,(x) = 0 for 
x € G’. On the other hand, if we use the limiting result (34) of Sec. 6.5 
and the continuity of the convolution (cf. Sec. 7.5), from (29) we obtain 


1 a SEN DE 
f> rg Ab * ti = y 4h r—0O in 2 
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therefore, Aŭ = Au = 0 for x € G’. From this, since G’ € G is arbitrary, 
we conclude that the function u(x) is a generalized harmonic function and 
so is harmonic in the region G. 


9. Analogy of Liouville’s Theorem. The following theorem, which is 
analogous to Liouville’s theorem for analytic functions, is valid for harmonic 
functions in the whole space R”. 


THEOREM. If ue” satisfies Laplace’s equation in the whole space 
R”, then u is a polynomial. 


Proof. Applying the Fourier transform to the equation Au = 0, we 
obtain [cf. Sec. 9.3, (b)] —| &|?F[u](¢) = 0, from which it follows that 
F[u] = 0 for 40, that is, either F[u] = 0 or the support of F[u] is the 
point {0}. By the theorem of Sec. 8.4, F[u] can be represented in the form 


Flul(é) = Ý ¢,D*8(6) 


lal=0 
from which it follows that u is a polynomial. The theorem is proved. 
COROLLARY. If the function u is harmonic in R” and satisfies the inequality 
|u(x)| < CO +|x|)™ xeR, m>0 


then u is a (harmonic) polynomial of degree less than or equal to m. 


10. Exercises. (a) Using the theorem of the mean value (cf. Sec. 21.3), prove 
the following modification of this theorem: If the function u(x) is harmonic in the sphere 
Up and continuous on Up, then 


n 


WO) = SR Joe 





u(x) dx 


(b) Using (a), prove Liouville’s theorem: If the function u(x) is harmonic in R” and 
bounded above (or below), then u(x) = const. 

(c) Using statement (b) of Sec. 21.8, prove the following analogy of the Riemann- 
Schwartz symmetry principle: Let the boundary of the region G contain the open set 
lying in the plane x, = 0, let the function u(x) be harmonic in G and become zero 
over Z; then the odd continuation of the function u(x) into the region G, which is sym- 
metrical to G with respect to the plane x, = 0, is a harmonic function in the region 
Gu Zu Č (Fig. 56). 
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§ 22. Newtonian Potential 


This section will be devoted to a more detailed study of the properties of 
the Newtonian potential in a three-dimensional space (cf. Sec. 7.8). This 
potential is defined as a convolution of a generalized function ọ (a density) 
with the function | x |-, 


1 


yV = 
|x] 


* 0 = —4n Éz * 0 (1) 





\ 


The potential V satisfies Poisson’s equation 
AV = —4ne (2) 


The foundations of the classical theory of potential were laid by A. M. 
Liapunov at the end of the last century. 


1. Volume Potential. If ọ is an (absolutely) integrable function over G 
and e(x) =0 for x € G, = RN ĠĢ, then the Newtonian potential V, 
which is known as the volume potential, is expressed by the integral 


eQ) 
v= TET? 6) 
and is a locally integrable function in R” [cf. Sec. 7.8, (c)]. 

If @ € C(G), then the volume potential V belongs to the class C\(R®), is 
harmonic in G,, and V(co) = 0. 

In fact, since G is a bounded region and ọ € C(G), then the integral in (3) 
converges uniformly with respect to x, defining a function V(x) which is 
continuous in R? (cf. Lemma 1 of Sec. 15.4). 
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Moreover the potential V(x) allows continuous single differentiation 
under the integral sign with respect to all the independent variables, and so 
V e C(R>). 

For x ¢ G the potential V(x) allows continuous differentiation under the 
integral sign in (3) an infinite number of times, so that V € C°(G,). From 
this and from Eq. (2) it follows that AV = ọ = 0 for x € G; that is, the 
potential V is a harmonic function in the region G, (cf. lemma of Sec. 10.1). 

It follows from the boundedness of the region G and from (3) that 
V(x) > 0 as | x|— 00; that is, V(co) = 0. 

If o € CG) © C(G), then V € C%X(G). 

For our proof we shall take a subregion G’ with a piecewise smooth 
boundary S’, strictly lying in the region G. We shall divide the density ọ 
into the sum of two terms, @ = 0, + 02, where e, = ọ for x € RÈN G’ 
and ọ, = 0 for x € G’. For this the potential V is divided into the sum of 
two volume potentials V, and V,, V = V, + V, with the densities 0, 
and @., respectively, 

a0) e0) 
V(x) = lka Tx—y|, dy, V(x) = i; Tx-y[ dy 
By what has been proved V, € C°(G’) and V, € C!(R°). If we differentiate 
the potential V, as a convolution, we shall obtain (cf. Sec. 7.5) 


grad V(x) = grad(—- E * e) = = | aE * grad 0s (4) 
Since 0, € C\(G’), then, by Eq. (15) of Sec. 6.5, 


grad 0, = {grad o3} — en'dg, 


Substituting this expression into (4) and using Eq. (3) for a volume po- 
tential and Eq. (32) of Sec. 7.8 for the potential of a simple layer, we 
shall obtain 








1 1 f 
grad V(x) = a] * {grad o} — Ey * on’ dg 
grad eO) y o(y)n’ 
= |, E2 i e T dS, (5) 


The first term on the right-hand side of (5), as a volume potential with 
a density grad ọ € C(G’), belongs to the class C1(R®), and the second belongs 
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to the class C®(G'). Therefore, grad V, € C1(G’), that is, V, € C?(G’). 
But then V = V, + V, € C?(G') and, since G’ € G is arbitrary, V € C?(G), 
as was to be shown. 


2. Potentials of a Simple and a Double Layer. Let S be a bounded piece- 
wise smooth two-sided* surface, let n be its normal, and let u and v be 
continuous functions over S. The Newtonian potentials 


1 


yo = * bos and vou = — Tx] * as (vôs) 





1 
|x] 





Fig. 57 


which are said to be the potentials of a simple and a double layer, respec- 
tively, are expressed by the integrals 


vow = f mr dS, (6) 
V%) = f O TE D 


and are locally integrable functions in R? [cf. Sec. 7.8, (d)]. These potentials 
satisfy Poisson’s equation 


AV = —4nrpuds, AV = 4r 2 (vôs) (8) 
We shall fix the point x, on S and let n, be its external normal with respect 


* The side of the surface S with which the normal n is associated is ‘considered positive, 
and the opposite side negative (Fig. 57). 
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to S. Differentiating Eq. (6) in the direction ny with x € S and using the 
equation 


ð 1 — x; COS Yay 
——— cos(mox;) = = — 9 
Gag ey z% (nox) 7 Sain. teas (9) 


where Y is the angle between the vector y — x and the normal my (Fig. 57), 
we obtain an expression for the normal derivative of the simple layer 
potential 





OVO(x) ð 1 T COS Pay 
m TSO Gag a oT AS = O “a 
xé S$ 
Analogously, by virtue of the equation 
0 1 COS Pry 
eee cos(nx;) E = 2 Pw 11 
mit eer eee 


where ¢,, is the angle between the vector x — y and the normal n (Fig. 
57), Eq. (7) for the double layer potential V takes the form 


Dy) — _ COS Pry 
V%x) = | 90) i -ry dS, (12) 
The potentials V® and V™ are harmonic functions outside the surface S 
and V®({œ0) =0 and V®Y(œ) = 0; moreover, V e C(R?). 
These properties of the potentials V and V® may be deduced from 
Eqs. (6) and (12) and from Eqs. (8) in the same way as for the volume 
potential (cf. Sec. 22.1). 


Lemma. If x € S, then the potential of the double layer V®(x) with a 
density v = 1 is equal to the solid angle ws(x) subtended by the surface S 
at the point x, that is, 

COS Pry 2 l 
Pre dS, = ws(x) (13) 

Proof. Since x € S, then there is a sphere U(x; ro) which has no common 

points with S. We shall denote by o the stereographic projection of the 


surface S from the center x onto the spherical surface S(x; ro), and let D 
be the region bounded by the surfaces S, ø, and the conical side surface I" 
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with vertex at the point x (Fig. 58). We shall consider that D ~ (%. In the 
opposite case ws(x) = 0 and cos Py, = 0 over S, so that Eq. (13) will be 
trivially satisfied. Since the function | x — y|} is harmonic for y Æ x, 





Fig. 58 


then, if we apply formula (11) of Sec. 21.3 to the region D, we obtain 


Seay Toop T 
+ oie eaT =O (14) 
Allowing that, by virtue of (11), 
mol por. 
y= Tg Es a Ma 


from Eq. (14) we deduce 


1 
vinx) = ie | dS = ws(x) 


ð 1 
=— -ads 
ha 
from which, by virtue of (12), formula (13) follows. The lemma is proved. 


It follows from this lemma: Jf the surface S is the boundary of the region 
G, then Gaussian formulas are valid 


COS Pry —4n, xeEG 
peer = { 6 xEG, (3) 
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3. Physical Sense of Newtonian Potentials. The potential V = (1/| x |) * ọ 
with an arbitrary density ọ with compact support satisfies Poisson’s equation 
AV = —4ao. Therefore, V is the Newtonian or Coulomb potential created 
by the masses or charges which are distributed in space with the density 0. 
Specifically, the continuous distribution of masses or charges creates a vol- 
ume potential; if masses or charges are concentrated over a surface, they 
create a (Newtonian or Coulomb) potential of a simple layer; if there are 
dipoles concentrated over a surface, the Coulomb potential created by 
them is a potential of a double layer. 

As an example we shall calculate the (Coulomb) potential V(x; I) 
which is created by a dipole with a moment +1 at the point 0, oriented in 
the direction 1, | 1| = 1. This potential is created by the distribution [cf. 
Sec. 6.3, (b)] 





7 1 a 
lim È (x — 1e) — — 86)] = — 4 20 
(Fig. 59) and so 
1 ð Bp A a1 
(1) ee tg ER My 2 eS SS ee eee 
ey) iat a (Tar?) a Tx] 
that is, 
VOX; 1) = ee 3 ab a Seos p: (16) 
, a |x| | x |? 


where g is the angle between the vectors x and 1. Figure 60 shows the level 
surfaces of the potential V'(x; 1) (equipotential surfaces). 


BS O)Sal— 


+ 
o> 
2 


Fig. 59 





It follows from Eqs. (12) and (16) that the double layer potential is the 
“sum” of elementary potentials 


cos 
(vy) VOX — y; n) = r(y) r F 
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created by the dipoles over the surface S with a density of moment »(y) 
and directed along the normal n. 


4. Liapunov’s Surfaces. The proposition that S is a Liapunov surface 
involves other properties of the potentials of simple and double layers. 

The closed bounded surface S is known as a Liapunov surface if it satisfies 
the following conditions: 


(a) at each point of S there is a tangent plane; 

(b) there is a number rọ > 0 such that for any point x € S the set 
S © U(x; ro) is connected* and is intersected by straight lines parallel to 
the normal n, at no more than one point; 

(c) the normal n, is Hélder continuous over S; that is, there are numbers 
C>0 and a>0, «<1, such that 


|n,-—ny|<Cl|x—y|* xyes (17) 


It follows from this definition that Liapunov surfaces are contained in 
the class of surfaces with smoothness C!; on the other hand, each bounded 
closed surface of the class C? is a Liapunov surface (for a = 1). 


Lemma. If S is a Liapunoy surface, then there are constants a and b such 
that 
| COS Py |<alx—yl* xyes (18) 


| COS Pary + COS Pry | <b] x’—yl* xyeS, x’ En, (19) 


where x, is the angle between the vector y — x’ and the normal n,. 


Proof. Obviously, it is sufficient to establish Eqs. (18) and (19) for small 
| x — y| and | x’ — y |. We shall choose a number r, > 0 such that r, < ro 
and Cr¢% < 4, and we shall cover the (bounded) surface S with a finite 
number of neighborhoods u, = S N U(x; rı). It is sufficient to prove Eqs. 
(18) and (19) for each such neighborhood. 

By condition (a) there is a normal ny to the surface S at the point x. 
We shall choose a local system of orthogonal coordinates with their origin 
at the point x, directing the y axis along the normal nọ; let i and j be the 
unit vectors along the positive directions of the y, and y, axes, respectively 


* This means that the set S © U(x; ro) is a neighborhood of the point x on the surface 
S (cf. Sec. 1.1). 
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(Fig. 61). By condition (b) the piece u, of the surface S is given by the 
equation y, = f()1, Y2) for f e C1(G), where o is the projection of u, onto 
the (yı, y2) plane. Finally, from condition (c) we have 


|n—ny|<C| y|* < Cre < 3, yeu, (20) 





Fig. 61 


The next equations follow from (20) for all y € u,: 


| @, i) | =| @ — m,i) + , i) | <|- |< Cl y|* 
| @, §)| =| @— n, i) + @, )|<|n-—m|<Cly|* (21) 
(n, n) = (n — m, Wo) +(My, Mo) > 1 — |n- m| > 1- Cly >$ 


Allowing that the results 
of __ mi) of __—s@ i) 


“Oy, = (n, no) ? Oye E (n, no) 








are valid over the surface u,, from (21) we deduce the inequalities 


of (n, i) 
Oy, (n, no) 








0 
<2Cly|, lee |s2clr yeu, (22) 











Moreover, the estimate 
|ys| <ko =y +» (23) 


is valid over the surface u, for some k > 0. If we substitute result (23) into 
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result (22), we obtain 


a 
se |< 2ce + 98? < der |< ae Ois Y) € F 


from which follows result 


jaella- (a) + Ca 





DI "3 = a/Tde (24) 


3Y 


Since f = 0 when ọ = 0, from (24) we have 





0 VV 2d 
Ifl=|f [Zev d [f odo =Y eae 
and so 
= V 2d a1 V 2d «+1 
(AISIT Saa > JEg 


Taking this result and result (20) into consideration, for all y € u,, 


we finally obtain inequality (18): 
=m T57) + (5T) 
n — i, —— — 
(em 57) + (TH 


“Iel- 


<in-ml + Pel<(c+¥29)| yp ale 


We shall now prove result (19) over u,. Using Eqs. (9) and (11) and the 
Cauchy-—Buniakowski inequality, for all y € u, and x’ € R? we obtain the 
equation 














3 y — x 
| COS Pyry + COS Pory | = | £ Tera [cos(myy;) — cos(my;)] | 
wl 


< {J [eos(ny,) — costa) P} 
= {(n, i)? + @, j? + [1 — @ a) PP? 
and so, by virtue of (21), 
| cos gary + cos pyl <V3C|y IF 
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From this, using inequality (23), for all y € u, and x’ € ny we obtain result 
(19): 
| COS Gary + COS Pary | < V3 Clg? + y3)" < bo" 
< bD? + y3 + Ys — x= bjx — y |* 


The lemma is proved. 


5. Properties of Potentials of a Simple and a Double Layer over the 
Surface S. Supposing that the boundary S of the region G is a Liapunov 
surface, we shall establish some properties of the potentials V© and V® 
over S. 

The following equations hold: 


cos —4r, xEG 
f PoF dS, = | In, xes (25) 
i y 0, xéeG, 


To prove Eqs. (25), by virtue of (15), it is sufficient to consider the case 
x € S. If we reject from S the neighborhood u, of the point x, we shall obtain 


COS Pry = COS Pry COS Pay 
een =i Sensis T s agds, + Meery saras, 20) 
Since x € SN uz, then, by virtue of (13), the first integral on the right in 
(26) is the solid angle wg\,,,(x), subtended by the surface SN u, from the 
point x. Therefore, when u, is contracted to the point x, this integral tends 
to —2z (Fig. 62). The second integral on the right in (26), by virtue of result 
(18), converges absolutely and therefore tends to zero as u, —> x. Therefore, 
proceeding to the limit as u,— x in (26), we shall obtain formula (25) for 
xeS. 
The potential of a double layer V(x) is a continuous function over S. 


S\ux 





Fig. 62 
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In fact, by virtue of inequality (18), which is valid over the Liapunov 
surface S, the potential V(x), defined by formula (12), is an integral opera- 
tor with the polar kernel 


COS Pry 


Try’ xeéeSs, yes 


and so, by Lemma 1 of Sec. 15.4, maps each function » € C(S) onto the 
function V™ e C(S). 
We shall now prove that the integral 


COS Wry 
| MO Taye Sy (27) 


where x, is the angle between the vector y — x and the normal n,, is a con- 
tinuous function of x over S. 
In fact, noting that 


Pay = Pys» xyes (28) 
(Fig. 63), from (18) we deduce the result 
| cos py |<a|x—yl*, xyeS (29) 


from which, as for the potential V, it follows that the integral (27) is 
continuous over S. 





Fig. 63 


In agreement with formula (10), we shall denote the integral (27) by 
av (x)/dn, 

(0) 
ye) | as, xes 


co Ya ie o 
J HO Tae rO Gar Ty] - 


[x—yl? 
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The function OV (x)/On is said to be the direct value of the normal deriva- 
tive of the simple layer potential over the surface S; by what has been 
proved it is continuous over S. 

We shall remark also that the potential of the simple layer V(x) is a 
continuous function over S, since V e C(R?) (cf. Sec. 22.2). 


6. Discontinuity of the Potential of a Double Layer. We shall say that a 
Liapunov surface S satisfies condition (A) if there is a number K > 0 
such that 

| COS Pay | 3 
Í, s Sy SK, xER (A) 

Condition (A) is automatically satisfied for convex Liapunov surfaces 
for K = 4n. 

In fact, in this case cos Yey < 0 for x € G, y e S (Fig. 63), and so, by 
virtue of (25), 


| COS Pay | as COS Pry ai xeG 
Pee a eee 2x, xes 


Now let x € G,. Since each ray which emanates from the point x inter- 
sects S at no more than two points, then, by virtue of (13), 


| cos Pa| ye = COS Pry ge _ 
f, T= dS, =2 [a TxE dS, = 2ws, (x) < 4a 


Figure 64 shows the surface S,. 





THEOREM. [If the Liapunoy surface S satisfies condition (A) and v € C(S), 
then the double layer potential V™ belongs to C(G) and C(G,) and its 
limiting values V® and V™ over S from outside and inside S are expressed 
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by the formulas: 


VDE) = (x) + V(x) = 2n(x) + f p0) E dS, (31) 


VD) = 2a) + VY) = —2no(x) + f v0) T si dS, (31’) 
Proof. We shall introduce the function 
W(x’, x) = fe (y) — v(x)] ya Sy x eR, xes 
The function W(x’, x) for x’ = x € S, by virtue of Eq. (25), is equal to 


_ COS Pry 
Wo, x) = | 90) ae 
The function W(x, x) is continuous over S by virtue of the continuity of 
the density v and the potential V™ over S (cf. Sec. 22.5). 
We shall prove that 


dS, + 2nv(x) = 2nv(x) + V(X) (32) 


W(x', x) = Wax, x), 0 x ox ES (33) 
Let e > 0. Since the function v is uniformly continuous over S, then 
there is a number 6 = 6, > 0 such that for all x € S we have: 
|) — 1) <a, V Ete = SA U(x; ô) (34) 
where K is the number entering into condition (A). 
We shall evaluate the difference 
| W(x’, x) — W(x, x) | 
COS Pry COS Pry 
< ey 
< (J+ Ja.) 70) 9601 | te - aT 


dS, (35) 





By virtue of (34) and (A), the first integral on the right in (35) does not 


exceed ¢/2, 
COS Pary COS Pay 


S perO ree gle eae 


E | cos Psn | | cos a) é _é 
< GK AT [=y VS aK OK 








dS, 
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Moreover, the integrand in (35), which is a function of the variables 
(x, x’, y), is uniformly continuous for | x — x’ | < ô/2, x € S, y E SN tz, 
and becomes zero for x’ = x. Therefore there is a number 6’ = 6, < 6/2, 
such that for all x’ € u(x; 6’) the second integral on the right in (35) will 
be less than ¢/2. Consequently, 


| W(x’, x) — Wœ x)| <= + =e x’ EU) xes 


c2 
2 


which proves the limiting result (32). 
Considering x’ € G, and using Eq. (25), we may represent the potential 
V(x’) in the form 


Vo= f DO) — o Ete ds, 


+ v(x) p ness = W(x’, x) (36) 


Proceeding to the limit in this equation as x’ > x € S, x’ € G,, and 
taking limiting result (33) into consideration, we obtain 


VO(x') > We, x) = VV), xes 


from which it follows that V® e C(G,) and, by virtue of (32), Eq. (31) 
is valid. 
The other case is considered analogously. The theorem is proved. 


From Eqs. (31) and (31’) follows the result 
4nv(x) = VP) — V(x), xes (37) 


Note. Equations (31) and (31’) are analogous to Sokhotski’s formulas 
(10) and (10’) of Sec. 5.7. 


7. Discontinuity of the Normal Derivative of the Potential of a Simple 
Layer 


THEOREM. If the Liapunov surface S satisfies the condition (A) and 
u € C(S), then the simple layer potential V has correct normal deriva- 
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tives (OV/On),. and (0V/On)_ over S from outside and inside S, and 


(li i eas apie ee) 











= —2nu(x) + f sit a (38) 
(TLO = 2am) + FO 
= 2np(x) + f nS as (38) 


Proof. Let V be the double layer potential over S with the density 
u. We shall introduce the function 


aVv(x’) 


(W(x 1 
an + V(x’), x €S, xes 


Wi’, x) = 


and we shall prove that as x’ — x e S for x’ En, 


W(x’, x) = W(x, x)= ov) 2 T VOC ) (39) 


By what has been proved (cf. Sec. 22.5) the function W,(x, x) is continuous 
over S. 

Using formulas (10) and (12), we can represent the function W, in the 
form of the integral 


COS Pary + COS Paty dS, 
pee a? 


Wi’, x) =f uO) 


We take an e > 0. Let us evaluate the difference 


COS Pary + COS Pry 
|x’ =y]? 





| W(x’, x) — W(x, x)| < (f + Ja | u) | 


— Stat Pe |as us = S N U(x; ô) 
[a=] nS (40) 


By virtue of results (18), (19), and (29), the first integral on the right in 
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(40) does not exceed the (absolutely) convergent integral 


b 2a 
I. L(y) | eE + Tor) dS; 


and so may be made less than €/2 for sufficiently small 6 = 6,. Further, 
the integrand in (40), which is a function of the variables (x, x’, y), is 
uniformly continuous for | x — x’ | < 6/3, x € S, y € SN us, and becomes 
zero for x’ = x. Therefore there will be a number 6’ = ô, < 6/3 such that 
for all x’ e U(x; 6’) the second integral on the right in (40) will be smaller 
than €/2. Therefore, 


| W(x’, x) — W(x, x)| < e, x’ € U(x; 6’), x En, xeS 
which proves the limiting result (39). _ 
By the theorem of Sec. 22.6, V® e C(G) and 
VP) = Aux) + V(x) 
Therefore the limiting result (39) as x’ > x € S, x’ € n,, takes the form 


VOX) res _ a 
— a SO 
on, 
from which we conclude that the correct normal derivative (@V/On), 
over S from the outside exists (cf. Sec. 21.1) and, because of formula (30), 
is expressed by Eqs. (38). 
The other case is considered analogously. The theorem is proved. 


From Eqs. (38) and (38’) follows the result 
oy ovo 
Sa 





— VP) + Wi, x) = — 20x) + 








4np(x) = E k (x), res (41) 


Note. It may be proved that if the density u is Hélder continuous over S, 
then the potential V belongs to the classes C1\(G) and C1(G,) [cf., for 
example, S. L. Sobolev (1, Chap. XV)]. 


8. Exercises. (a) Show that the simple layer potential for the spherical surface 
Sr with a density u = 1 is equal to 


4x R? 
V(x) = | x | > 
4nR, |x|<R 


|x| >R 
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(b) Using (a), show that the volume potential for the sphere Up with a density ọ = 1 
is equal to 


3 
cae |x| >R 
3| x| 


2nR? — —-| x |’, |x|<R 


§ 23. Boundary Value Problems for Laplace and Poisson Equations in Space 


1. Formulation of the Basic Boundary Value Problems. We shall study 
the following four boundary value problems of types I and II for the three- 
dimensional Laplace equation (cf. Sec. 4.4). We shall consider a region G 
such that G, = R?\ G is a region. 

The interior Dirichlet problem: to find a function u € C(G), harmonic 
in the region G, which assumes prescribed (continuous) values uş over S. 

The exterior Dirichlet problem: to find a function u € C(G,), harmonic 
in the region G,, which takes prescribed (continuous) values uf over S and 
which tends to zero at infinity. 

The interior Neumann problem: to find a function u € C(G), harmonic 
in the region G, which has a prescribed (continuous) correct normal deriva- 
tive uy; over S. 

The exterior Neumann problem: to find a function u € C(G,), harmonic 
in the region G,, which has a prescribed (continuous) correct normal 
derivative uf and which tends to zero at infinity. 


Analogous boundary value problems are set for Poisson’s equation 
Au = -f (1) 


and it is required that u € C?(G) ^ C(G) for interior problems and 
u € C*X(G,) A C(G,) with u(co) = 0 for exterior problems. 
The substitution 


=v+V, ==) ee (2) 


reduces the interior boundary value problems for Poisson’s equation to the 
corresponding interior boundary value problems for Laplace’s equation if 
fe CG) Nn CG). 
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In fact, in this case the volume potential V € C?(G) ^ C\(G) and it 
satisfies Poisson’s equation (1) (cf. Sec. 22.1). But then, by virtue of (2), 
the function v must satisfy Laplace’s equation and the corresponding 
boundary condition. 

The same may be done for exterior boundary value problems. 


2. The Behavior of a Harmonic Function at Infinity. Let the point x lie 
outside the sphere Up. We shall use the inversion mapping 


2 2 
was ga (3) 


The points x and x* are said to be symmetric with respect to the spherical 
surface Sp. Symmetric points satisfy the equation 


|x| | x*| = R? (4) 


and so the inversion mapping is a one-to-one mapping of the exterior of 
the sphere Ug onto Ug \ {0} (Fig. 65). 


SR 
Fig. 65 


Let the function u(x) be harmonic outside the sphere Up. The function 


R R? 
u* (x*) = Tx] up x*) (5) 
is known as the Kelvin transformation of the function u(x). 

We shall prove that the Kelvin transformation retains the harmonic prop- 
erty; that is, the function u*(x*) is harmonic in Up \ {0}. 


§ 23. LAPLACE AND POISSON EQUATIONS IN SPACE 309 


For this we shall use spherical coordinates (cf. Sec. 3.2). Let x = (r, 0, p) 
and u(x) = a(r, 6,y). Then, by virtue of (3) and (4), x* = (0,0, p), o 
= R*/r and, by virtue of (5), 


u(x) = 20,0, 9) = = a =, 0,0) 6) 
Therefore 
1 a/., da 1 ð aa 
* eV LL 
NE) o (e Jo S) +T asin OO (sino 30 wr) 
ee ee alba! 2 Oa 
pane a ELT O 
1 ð aa 1 6a] r 
+ Find 00 (sino 0) + Faint 7 | = ape Aue) 
that is, 


Au*(x*) = m Au(x) (7) 


from which the required property follows. 


THEOREM. Let the function u(x) be harmonic outside the sphere Up and 
let u(co) = 0. Then as | x | 00 





Ho of}. adu = of- T) (8) 


| | 


Proof. Performing the Kelvin transformation (5), we obtain a function 
u*(x*) harmonic in Ug \, {0} and, as x* — 0, satisfying the condition 


u*(x*) = 





1 1 g 
rr 2) = (qag) = l ge 


According to the theorem on the removal of singularities of harmonic 
functions (cf. Sec. 21.6), we conclude that the function u*(x*) is harmonic 
in the sphere Ug. Performing the inverse Kelvin transformation, for the 
function u we obtain the equation 


u(x) = TT (SF x) 


from which Eqs. (8) follow. The theorem is proved. 
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Kelvin’s transformation allows us to change exterior boundary value 
problems into interior ones, and vice versa. 


3. Uniqueness Theorems for the Solution of Boundary Value Problems. 
We shall prove uniqueness theorems for the solution of the boundary value 
problems which were formulated in Sec. 23.1. 

We shall say that the generalized function u(x) tends to zero at infinity 
if it is continuous outside a sphere and if u(co) = 0. 


THEOREM 1. The solution of Poisson’s equation is unique in the class of 
generalized functions which tend to zero at infinity. 


Proof. It is sufficient to establish that Laplace’s equation has only a 
zero solution in the class of generalized functions which tend to zero at 
infinity. However, this follows from the analogy of Liouville’s theorem 
(cf. Sec. 21.9). 


THEOREM 2. The solution of the interior or exterior Dirichlet problem is 
unique and depends continuously on the boundary value up or ug, respectively, 
in the following sense: If | u£ — a | < £ on S, then the corresponding solu- 
tions u and ŭ satisfy the equation 


|u(x)-a(x)|<e xeEG (xeEG,) (9) 


Proof. Applying inequalities (17) and (18) of Sec. 21.5 to the harmonic 
function u — a, 


| u(x) — a(x) | < max | uF(x)— aF(x)|, xEeG (xeG,) 
xes 


we obtain all the statements of the theorem. 


We shall say that a Liapunov surface S is a sufficiently smooth surface 
if it satisfies condition (A) of Sec. 22.6 and if Green’s formulas (7), (8) of 
Sec. 19.2 and (1) of Sec. 21.1 are valid for the functions u and v of the class 
C?(G) © C(G) which have a correct normal derivative over S and Au, 
Av € Z(G). 

It may be proved that condition (A) is always satisfied for bounded closed 
surfaces of the class C?, so that, by virtue of what was said in Sec. 21.2, 
such surfaces are sufficiently smooth. 
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THEOREM 3. If S is a sufficiently smooth surface, then the solution of the 
interior Neumann problem is defined uniquely as far as an arbitrary additive 
constant. A necessary condition of the solubility of this problem is the equality 


f gta) aS + f O= (10) 


Proof. If u and ŭ are two solutions of the interior Neumann problem, 
then their difference n € C(G) is a harmonic function in G and has a zero 
correct normal derivative over S. Applying Green’s formula (7) of Sec. 
19.2 with u = v = n, we obtain 


ôn 
2 — pa 
J, | grad n| dx ={ n= dS =0 


from which it follows that grad 7 = 0 for x € G, so that 7 = u — ñ = const. 

The necessity of condition (10) for the solubility of the interior Neumann 
problem follows from formula (8) of Sec. 19.2 with v = 1, according to 
which 


[a 4s= i 2 ds = | 4udx =- | sax 
if u is the solution of this problem. The theorem is proved. 


THE PHYSICAL MEANING OF CONDITION (10). A steady state flux of 
heat (of an incompressible fluid, of an electric or magnetic field strength, 
cf. Sec. 2) through the closed surface S is equal to the total magnitude 
of all the sources (currents, etc.) outside S (conservation law). 


THEOREM 4. If S is a sufficiently smooth surface, then the solution of 
the exterior Neumann problem is unique. 


Proof. Let u and ñ be two solutions of the exterior Neumann problem. 
Then their difference n € C(G) is a harmonic function in G,, has a zero 
correct normal derivative over S, and tends to zero as | x| — oo. By the 
theorem of Sec. 23.2 the function 7 satisfies the inequalities 


c C. 
| n(x) | Saal | grad n(x) | <P | x | — œ (11) 


Applying Green’s formula (7) of Sec. 19.2 with u = v = 7 to the region 
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Op (Fig. 54), we obtain 
i= | grad n|? dx = f T was fa no. 1 dS = is n 2 "ds (12) 


But from Eqs. (11) it follows that as R —> oo 


cci a 








ôn 
Foe 5 S| < J, Ill eradn| as <2 ae dS = 4x 


Therefore, allowing R to tend to infinity in Eq. (12), we obtain 
i: | grad 4 |? dx = 0 


from which it follows that grad 7 = 0, that is, n(x) = const for x € G,. 
Since 7 — 0 as | x | — 00, then 7 = u — 2=0 for x € G,. The theorem 
is proved. 


4. Reduction of Boundary Value Problems to Integral Equations. We 
shall write out Green’s formula (5) of Sec. 21.1 for n = 3 


ps E Ona es Mt 
ae elles I~ #O) pe ror] S a 


Formula (13) is valid for functions u e C(G) which are harmonic in G 
and which have a correct normal derivative over S if S is a sufficiently 
smooth surface (cf. Sec. 23.3). 

It follows from the uniqueness theorems for the Dirichlet and Neumann 
problems (cf. Sec. 23.3) that, generally speaking, there is no harmonic 
function u with arbitrarily prescribed values u and Ou/On over S. Therefore 
Green’s formula (13) cannot be directly used to solve the boundary value 
problems formulated, as we did in solving Cauchy’s problem (cf. Secs. 12.3, 
14.3). This is the essential difference between a boundary value problem 
for elliptic equations and for the Cauchy problem. 

If we use the theory of Newtonian potential, we may reduce the Dirichlet 
and Neumann problems for Laplace’s equation to Fredholm integral 
equations with a polar kernel. Moreover, using the theory of integral equa- 
tions, we shall prove that these boundary value problems are soluble. 

Let S be a sufficiently smooth surface. We shall seek the solution of 
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Dirichlet’s problems (interior and exterior) in the form of the double layer 
potential 
cos Q, 
VO(x) = | sy) aS, 
MeO ge 

where v is an unknown continuous density over S. The function V™ is 
harmonic in G and G,, and belongs to the classes C(G), C(G,) and C(S) 
and V1(co) = 0 (cf. Sec. 22.2 and 22.6). Therefore, in order that the potential 
V™ give the solution of the interior or exterior Dirichlet problems, it is 
necessary and sufficient that the following respective equations be satisfied: 


V(x) = uf(x), xes (14) 


where V® are the limiting values of V from inside and outside S. By the 
theorem for the discontinuity of the double layer potential (cf. Sec. 22.6), 
Eqs. (14) take the form 


F2nv(x) +Í, O Tar ds, = =ğ(x) xes (15) 


Equations (15) are Fredholm integral equations with respect to the unknown 
density v. 
If we introduce a real parameter A and the kernel 


COS Pr 
Ae y= erin (16) 


we may write integral equations (15) in the single form 


v(x) = Af 2x, yO) dS, + f@), xes (17) 


In this case, for the interior Dirichlet problem 4 = 1 and f= —(u/2z2), 
and for the exterior Dirichlet problem 4 = —1 and f = ug/2z. 

We shall seek the solution of Neumann’s problems (interior and ex- 
terior) analogously in the form of the simple layer potential 


V(x) = | eT = pis 


where u is an unknown continuous density over S. The function V® is 
harmonic in G and G,, continuous in R?, has correct normal derivatives 


314 5. BOUNDARY VALUE PROBLEMS FOR ELLIPTIC EQUATIONS 


(3V /ðn)y over S from inside and outside S, and tends to zero at infinity 
(cf. Secs. 22.2 and 22.7). Therefore, in order that the potential V give the 
solution of the interior or exterior Neumann problems, it is necessary and 
sufficient that the following equations be satisfied, respectively, 





(0) 

(Z-),©=-4@, xes (18) 
ðn Jy 

By the theorem for the discontinuity of the normal derivative of the simple 

layer potential (cf. Sec. 22.7), Eqs. (18) are equivalent to Fredholm’s 

integral equations 


+2au(x) + JMO) Paar dS, = FO, xeS 9 


with respect to the unknown density u. 
From the equation py = Pys for x, y E S (cf. Sec. 22.5), and from (16) 
it follows that the kernel of integral equations (19) is equal to %{y, x) 


= A*(x, y), so that Eqs. (15) and (19) are adjoint to each other. In- 
troducing the parameter A, we can write integral (19) in the single form: 


wx) =A f AE yu) dS, +8@), xeS a79 
In this case, for the interior Neumann problem 4 = —1 and g = u;/2z, 
and for the exterior Neumann problem å = 1 and g = —(uf/2z). 


For a Liapunov surface S the function cos ¢,, is continuous over S x S 
and, by virtue of the lemma of Sec. 22.4, satisfies the equation 


| cos@y|<alx—yl*, a>0 


Therefore, by virtue of (16), the kernel %{x, y) is continuous for x € S, 
y ES, xy, and satisfies the inequality 


| A(x, y) | S alx- yl 


and so is a polar kernel (cf. Sec. 15.4). In this way, all the statements of 
Fredholm’s theory (cf. note of Sec. 16.5) may be applied to the integral 
equation (17) and to Eq. (17*), which is adjoint to it. 
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5. Investigation of Integral Equations of Potential Theory. We shall first 
prove that å = 1 is not an eigenvalue of the kernel .%*(x, y). Assume the 
contrary, and let 2 = 1 be an eigenvalue of this kernel and let u* be the 
eigenfunction corresponding to it 


u(x) = f A, yut(y) dS, = =— Lf WO) ae Sy, xes 
20) 


The eigenfunction u* € C(S) (cf. Sec. 16.5). We shall construct the simple 
layer potential V with a density u*. The function V‘® is harmonic 
outside S, continuous in R?, and becomes zero at infinity (cf. Sec. 22.2). 
Moreover, by virtue of formula (38) of Sec. 22.7 and Eq. (20), its correct 
normal derivative over S from outside is equal to zero. From this, by 
Theorem 4 of Sec. 23.3 concerning the uniqueness of the solution of the 
exterior Neumann problem, we conclude that V(x) =0 for x € G, 
and, specifically, that V |, = 0. But then, by Theorem 2 of Sec. 23.3 
concerning the uniqueness of the solution of the interior Dirichlet problem, 
V(x) = 0 for x € G. So V(x) = 0 for x € R?. Therefore, using formula 
(41) of Sec. 22.7, we conclude that u*(x) = 0 for x € S. 

In this way, 2 = 1 is not an eigenvalue of the kernel .%*(x, y). From 
this, by Fredholm’s second theorem, 4 = 1 is also not an eigenvalue of the 
kernel (x, y). But then, by Fredholm’s third and first theorems the 
integral equations (17) and (17*) for 2 = 1 are uniquely soluble for any 
continuous f and g. Consequently, the following theorem is valid. 


THEOREM 1. The interior Dirichlet problem and the exterior Neumann 
problem are soluble for any continuous data ug and uł, and their solutions 
are the double and simple layer potentials, respectively. 


Now from formula (25) of Sec. 22.5, 


1 COS Pay o 
Sal A= | Aes y) dS, = 1, xes 
it follows that A = —1 is an eigenvalue of the kernel %{x, y), and v = 1 


is the eigenfunction corresponding to it. We shall prove that this is a simple 
eigenvalue. For this, by virtue of Fredholm’s second theorem, it is sufficient 
to show that A = —1 is a simple eigenvalue of the kernel %*(x, y). Let 
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lo be the corresponding eigenfunction, 


1 cos Ņ 
ee * oss te. ie poe ee A, 
wot) = = | AE Dual) dS, = — 3 J aye ms AS, D 
The eigenfunction uo € C(S) (cf. Sec. 16.5). 
We shall construct the simple layer potential with the density xo 


(0) ay Moy ) 
V(x) = J eo dS, (22) 
The function V® is harmonic outside S, continuous in R?, and tends to 
zero as | x|— o0 (cf. Sec. 22.2). Moreover, by virtue of formula (38’) 
of Sec. 22.7 and Eq. (21), its correct normal derivative over S from inside 
is equal to zero. From this, by Theorem 3 of Sec. 23.3 concerning the 
uniqueness of the solution of the interior Neumann problem, we conclude 
that V(x) = C = const, x € G. 

We shall prove that C40. On the contrary, let V(x) = 0 for x € G 
and, specifically, V |s = 0. But then, by Theorem 2 of Sec. 23.3 con- 
cerning the uniqueness of the solution of the exterior Dirichlet problem, 
V(x) =0 for x e G. So V(x) = 0 for x e R*. From this, using Eq. 
(41) of Sec. 22.7, we conclude that u(x) = 0 for x € S, which is impossible. 

Let ñ be another eigenfunction of the kernel 4% *(x, y) corresponding 
to the eigenvalue 2 = —1. By what has been proved, the simple layer 
potential V with a density ñ is equal to the constant C40 over G. 
But then the simple layer potential (C/C)V — V© with the density 
(C/C) to — jig is equal to zero over G, from which it follows that this density 
is identically equal to zero over S; that is, 


(x) = nol, xeées 


Therefore 4 = —1 is a simple eigenvalue of the kernel% * (x, y), and there- 
fore of the kernel 4%(x, y). 
We shall normalize the eigenfunction uo so that 


V(x) = [ee =1, xeG (23) 


The simple layer potential V with the density “> is known as the Robin 
potential. 
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PHYSICAL MEANING OF THE ROBIN POTENTIAL. This is a potential created 
by charges over a conducting surface S, while its density 


(0) 
pols) = — F(A) wy) 


is the charge density located on this surface. 


We shall return to Eqs. (17) and (17*) for A = —1. By Fredholm’s third 
theorem the integral equation (17*) for å = —1 is soluble when and only 
when the inhomogeneous term g is orthogonal to 1. So the following 
theorem holds. 


THEOREM 2. The interior Neumann problem is soluble for any continuous 
function uz which satisfies the orthogonality condition 


f «Mi (x) dS = 0 (24) 


and its solution may be represented by the simple layer potential. 


Moreover, for the solubility of. Eq. (17) for 2 = —1 it is necessary and 
sufficient that the inhomogeneous term f be orthogonal to wo. In this way, 
the exterior Dirichlet problem has a solution, which is represented by the 
double layer potential, for any continuous function ug which is orthogonal 
to the density uo of the Robin potential 


f im) ds = 0 (25) 


The condition of solubility (25) arose because the solution of the exterior 
Dirichlet problem was sought in the form of a double layer potential since 
previously the solution was required to behave like O(| x |-?) as | x | > co. 
However, in formulating this problem it is required only that the solution 
should tend to zero as | x|— oo. In order to consider such solutions 
while at the same time eliminating condition (25), we proceed as follows. 

We shall suppose that 0 € G. We shall seek the solution of the exterior 
Dirichlet problem in the form of a sum of the double layer potential 
V™ with an unknown density v over S and of the Newtonian potential 
a/| x| from a charge at the point x = 0 of unknown magnitude a, 

a a 


ue) = V@) + 7 =f vO as, + TS 8) 
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The corresponding integral equation (17) takes the form 





v(x) = — | Hx, yWO) dS, + a - ET (27) 


By what has been proved for the solubility of integral equation (27), it is 
necessary and sufficient that 


1 
27 





f [Se -r om as =o (28) 


|x] 
Since 0 e G, then by virtue of (23), 


i HAY) ag -e VQ) =1 
s |>] 
and therefore the condition of solubility (28) takes the form 
Ea + 
a= | ub olx) dS 


In this way, the following theorem is seen to be true. 


THEOREM 3. The exterior Dirichlet problem is soluble for any continuous 
function ug and its solution may be represented in the form of a sum of the 
double layer potential and of the potential 


Tar S, mals) 4s 


§ 24. The Green’s Function for the Dirichlet Problem 


1. Definition and Properties of the Green’s Function. The function 
F(x, y) for x e G, y e G is known as the Green’s function of the interior 
Dirichlet problem for the region G, if it satisfies the following properties: 


(1) For each y € G it can be represented in the form 


F(x, y) = + a(x, y) (1) 


4n|x—y| 


where the function g(x, y) is harmonic in G and continuous on G with 
respect to x. 
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(2) For each y € G it satisfies the boundary condition 
Fx, y) zes =0 (2) 


It follows from conditions (1) and (2) that the function F(x, y) is har- 
monic with respect to x in the region GN {y}, is continuous in G\ {y}, 
becomes zero over S, and tends to +00 as x — y. It follows from this, by 
virtue of the maximum principle (cf. Sec. 21.4), that F(x, y) > 0 for 
x € G, y € G. Moreover, the harmonic function g(x, y) satisfies the bound- 
ary condition 

1 


ajx- y|’ xEsS, yeG (3) 


g (x, Y ) Se 
from which it follows that g(x, y) < 0 for x € S, y € G. But then, by virtue 
of the maximum principle, this inequality is also true in the region G; 
that is, g(x, y) <0 for x e G, y € G. So, by virtue of (1), the Green’s 
function satisfies the inequalities 


0< Fx, y) < -7 xeG, yeG, x#y (4) 


al|x—y|’ 
Since the solution of Dirichlet’s problem is unique (cf. Sec. 23.3), it 


follows that the Green’s function F(x, y) is unique, if it exists. 


PHysICAL MEANING OF THE GREEN’S FUNCTION. By definiton, the 
Green’s function F(x, y) satisfies Poisson’s equation in a generalized sense 
for each y E€ G, 


A,F(x, y) = —ô(x— y) xeG 


Fig. 66 
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and becomes zero over the boundary S. Therefore, the function F(x, y) 
may be interpreted as a Coulomb potential (cf. Sec. 22.3) generated inside 
the grounded conducting surface S by the charge +(1/47) at the point 
y € G (Fig. 66). 

The function g(x,y) is continuous with respect to the set of variables 
(x, y) in G x G. 

Let xo € G, yy € G, and (x, y) > (xo, Yo) for x e G, y e G. Using the 
continuity of the function g(x, y) with respect to x, the maximum principle, 
and Eq. (3), we obtain 


| (Xo, Yo) — g, y) | < | 20, Yo) — g, yo) | + | BO yo) — g(x, y) | 
< | &(X0> Yo) — 8(x; Yo) | 


+ ieee i : 


lone eo EE ee A 0 
wes lix y] [x-y] 


which proves the continuity of the function g at the point (xo, yo). 


THEOREM. Jf S is a sufficiently smooth surface, then the Green’s function 
F(x, y) exists, has a correct normal derivative 0F(x, y)/On over S for 
all y € G, and is symmetric: 


Fx, y) = Fy, x) %EG, yeG (5) 


Proof. It is sufficient to establish that there is a symmetric function 
g(x, y) which has, for every y € G, the following properties with respect 
to x: it is harmonic in G, continuous on G, satisfies the boundary condition 
(3), and has a correct normal derivative over S. 

We fix y € G. The function — (1/47) | x — y |-! for x € G, is obviously 
the solution of the exterior Neumann problem with the boundary condition 


u(x, y) = -~- =a rr xeES (6) 


On the other hand, by Theorem 1 of Sec. 23.5, this solution is represented 
by the simple layer potential 


a a no) 7 dS y 


with continuous density u(y’, y) with respect to y’ € S. Therefore, by virtue 
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of the uniqueness of the solution (cf. Sec. 23.3), 


1 


VO(x, y) = Ezi 4n| x —y| ’ 


xEeG, (7) 
The potential V' is harmonic in G and continuous in R? (cf. Sec. 22.2) 
and, by virtue of (7), satisfies the boundary condition (3). Therefore 


£9) = Vy) = [HO dy, xeG O 
From this, by the theorem of Sec. 22.7, it follows that the function g(x, y) 
has a correct normal derivative (from inside) over S and this derivative, 
by virtue of Eqs. (41) of Sec. 22.7 and (6) of Sec. 24.1, is equal to 


Og(x, y) 1 0 1 
2 = 4a (x, y) — -—— = r, xesS 9 
on, M(x, y) — Ge i a (9) 
It remains to prove the symmetry of the function g(x, y). Applying Green’s 
formula (13) of Sec. 23.4 to the function g(x, y) and using boundary condi- 
tions (3) and (9) and Eq. (8), for all x € G and y € G we obtain 


aol 1 ôg’, y) 1 
=a e mye ee | 

= ôg’, y) 

== [209 =f Sy 


+ F gy’, y » |e) Any’, x)| dS, 
= f A [eo y) a) — 80’, x) ee] dS, 
— 4a | 80’, DUO’, x) ay, 


= | l0’, y) de’, x) — g0, x) AO’, yY) ay’ 


_ BO x) 
dS, = x 
ae g0, x) 
The theorem is proved. 


Other properties of the function g(x, y) follow from its symmetry: it is 
continuous with respect to (x, y) in G x G; for each x € G it is harmonic 


322 5. BOUNDARY VALUE PROBLEMS FOR ELLIPTIC EQUATIONS 


with respect to y in G; it assumes the value — (1/47) | x — y | when y € S; 
and it has a correct normal derivative Og(x, y)/On, over S. 


2. Examples of the Construction of a Green’s Function (Reflection Method). 
The most effective way of constructing a Green’s function for a region having 
a sufficiently wide symmetry group is by the reflection method, and we 
shall give a series of examples to illustrate this. 

(a) A SPHERE Ug. Let y € Up for y Æ 0 and 

R2 
ae 
be the symmetric point for y relative to the spherical surface Sp by an 


inversion mapping (cf. Sec. 23.2). 
We shall seek a Green’s function in the form 





ye=y |y||y* |= R (10) 


a 


1 
FD es Ee 


(11) 
where —(a/47) is an unknown charge at the symmetric point y*. The 


function 
a 


g(x, y) = — “4xlx—y* | 
is harmonic in Up and belongs to the class C°(Uz). We shall choose the 
magnitude a so that the function A(x, y) becomes zero over the boundary 
Spg. For this we note that when | x | = R the triangles (0, x, y*) and (0, x, y) 
are similar: one angle in them is common and the adjoining sides, by virtue 
of (10), are proportional (Fig. 67). Therefore when | x| = R the result 
R__|x-y*| 
ly] [x—y| 


is true and, therefore, by virtue of (11), it is necessary to put a = R/| y |. So, 


1 R 
G(x, y) = ———— - ———— 
(y) 4n| x — y| 4n|y||x—y*| 
1 R\y| 


a ees 2 
4n| x —y| 4r | x| y|? — yR? | (12) 


is the Green’s function for a sphere. Formula (12) is also valid when y = 0, 


1 1 


SO eat ER 
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(b) THE HALF-SPACE x, > 0. Let the point y = (yı, Y2, yg) lie in this 
half-space, y > 0. The point P = (y1, Y2, —y3) is said to be symmetric 
for the point y relative to the plane x, = 0 (Fig. 68). It is not difficult 

py’ X3 





Fig. 68 
Fig. 67 


to see that the Green’s function for the half-space x, > 0 is defined by the 
equation 

1 1 

F(x, y) = Zajx— y| E ax yT (13) 


(c) THE HALF-SPHERE | x| < R FOR x > 0. Let the point y lie in this 
x3 





Fig. 69 
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half-sphere; y* is a symmetric point for y relative to the spherical surface 
Sp; J and y* are symmetric points for y and y* relative to the plane x, = 0 
(Fig. 69). The Green’s function is expressed by the equation 


eee ane eee 
4n| x — y| 4n|y||x—y*| 


_ 1 R 
4a |x — F| 4nx|y|| x — y* | 


F(x, y) = 


(14) 


(d) THE QUADRANT x, > 0, x, >0. Let the point y = (yı, ye, ys) lie 
in the quadrant y, > 0, y >0; J and y’ are points symmetric for y 
relative to the planes x, = 0 and x, = 0, respectively; p’ is a point sym- 
metric for F relative to the plane x, = 0 (Fig. 70). 





The Green’s function has the form 


Sor a cae Aa 
4n| x — y| 4n| x — j| 

1 1 
E 4n|x—y'| T 4n| x — y| 


F(x, y) = 


(15) 


The Green’s function is constructed analogously for a wedge of angle 
zjn, where n is an integer and n > 3. 


3. Solution of Boundary Value Problems by Means of the Green’s Function. 
In this subsection we shall suppose that S is a sufficiently smooth surface 
(cf. Sec. 23.3). We shall consider the interior Dirichlet problem for Poisson’s 
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equation 


Au = —f(x),  u|s = u(x), ueC(G) ACG) (16) 


where f € C(G) 7 &(G) and uy € C(S). As we established in Sec. 23.3, 
the solution of this problem is unique. 


THEOREM. If the solution u(x) of problem (16) has a correct normal 
derivative over S, then it can be represented by the equation 


OF ise y) 


u(x) = — f u(y) dS, + | Aes WO)dy, xEG (17) 


Proof. By our conditions the solution u € C2(G) ^ C(G) and has a 
correct normal derivative over S and du = —f for f €e A(G). If we apply 
Green’s formula (1) of Sec. 21.1 to the function u(x) for n = 3 and use 
(16), we shall obtain 





du(y) l 0 1 
a =a], |“ Jx=y| ~ Ho) Ga earl as 


f(y) 
+a leper dy, xéG (18) 


Moreover, for each x e S the function g(x, y) is harmonic with respect 
to y in G, continuous with respect to y on G, and has a correct normal 
derivative Og(x, y)/On, over S. If we apply Green’s formula (8) of Sec. 19.2 
to the functions u(y) and g(x, y), we deduce the equation 


o=] s [Fo ae, y) — wel) se] ds, + Í JOLI) dy, xEG 


If we add this equation to Eq. (18) and use (1) and (3), we obtain Eq. (17). 
The theorem is proved. 


4. Poisson’s Formula. We shall calculate the correct normal derivative 
of the Green’s function for the sphere Upg over the spherical surface Sp. 
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Using expression (12) for this function, we obtain 


OF(x, y) 
on, 


se Oly| | 4a{[x—y| 4x | x | y |? — yR? | 
=E 4 ae Dee 
— 4n ðe 1 (| x/? +e? — 2| x] e cosy)? 


a 1 R\ y| 








lyi=R 





R 


o=R 
Z |x|? — R? 
~ AnR(R? + | x|? — 2R | x | cos y)?? 
ols- 
~ 4aR|x— y|? |sr 





Therefore Eq. (17) for the sphere Ug when f = 0 takes the form 


R?— |x|? 


1 
u(x) > 4nR | | es y |? 


u(y) dS,, |x| <R (19) 


This is Poisson’s (integral) formula. It is analogous to Cauchy’s formula 
for analytic functions. 


We shall prove that Poisson’s formula (19) gives the solution of the interior 
Dirichlet problem for the sphere Up, 


Au=0, uls, =u (20) 


for any function uy which is continuous over Sp. 


In fact the solution u(x) of this problem exists for any continuous function 
Uy and is unique (cf. Sec. 23). In each smaller sphere U,, 0 < R, the function 
u(x) is the solution of the Dirichlet problem with the boundary data 
u|s, and it belongs to the class C°(U,). Therefore, by the theorem of the 
preceding subsection, this solution can be represented as Poisson’s integral 
(19); that is, 


-l è- |x|? 
u(x) = dono hat ale aS, |x| <e 


Proceeding to the limit as ọ — R in this formula and using the continuity 
of u(x) on Up and the boundary condition (20), we obtain Eq. (19). 
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5. Reduction of a Boundary Value Problem to an Integral Equation. 
In the region G we shall consider the boundary value problem for Poisson’s 
equation 


Au = —f(x), u|s =0, u € CG) A C(G) (21) 
We first prove the following lemma. 


Lemma. If f € C(G), then the function 


P(x) = f gœ WW) dy (22) 
is harmonic in the region G. 


Proof. Since the function g(x, y) is continuous with respect to (x, y) 
in G x Gand harmonic with respect to x in G (cf. Sec. 24.1), then V € C(G) 
and for any y € Z(G) the following equalities are true: 


J œp) dx = S IS ee, yO) dy] Ap(x) dx 
= JAWIS g(x, y) Ap) dx] dy 
= J fS 4g(x, yjp(x) dx] dy = 0 


Therefore the function V(x) is a generalized harmonic function and so is 
harmonic in the region G(cf. Sec. 21.7). The lemma is proved. 


THEOREM. If f € CG) C(G), then the (unique) solution of problem 
(21) is expressed by the equation 


u(x) = [| Ae, vo) dy (23) 


and has a correct normal derivative over S. 


Proof. We shall prove that formula (23) gives the solution of problem 
(21). Using (1), we write (23) as the sum of two terms 


u(x) = V(x) + P(x) (24) 


where V is a volume potential with the density f/42 and the function V 
is defined by Eq. (22). 
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By supposition f e C\(G) ^ C(G). Therefore the volume potential 
V € CX(G) A CG) and it satisfies Poisson’s equation (21) (cf. Sec. 22.1). 
By the lemma which has just been proved, the function V(x) is harmonic 
in the region G. So, by virtue of (24), the function u € C?(G) and in the 
region G it satisfies Poisson’s equation (21). 

We shall prove that u e C(G) and becomes zero over S. For this it is 
sufficient to show that 


|u(x’)| “0, xx x eG (25) 


Let e > 0. Then by virtue of Eq. (4), there is a subregion G’ € G (Fig. 
71), such that 


fo 


e y = 
<5] leee aF dy < F> x eG (26) 


Fong NO ay 


But the function g(x’, y) is uniformly continuous with respect to (x’, y) 
over G x G’ (cf. Sec. 24.1) and so, by virtue of (1), the Green’s function 
F(x’, y) is uniformly continuous with respect to (x’, y) over (GN G”)x G’, 





where G” is any subregion such that G’ € G” € G (Fig. 71). Therefore, if 
we allow the function F(x’, y) to become zero for x’ e S, y e G’, we 
conclude that there is a subregion G” € G, sufficiently close to G, such that 


| f| FeO) |] <en x EGN" 
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from which, and from (26), follows the inequality 
| ue’) | = | J, Fe fo) ay | z | f, Fe WO) ay 
+| favo Ac, IYO) dy | <Ż+4= e 


which is valid for all x’ € GN G”. This proves the limiting result (25). 

We shall prove that the function u(x) has a correct normal derivative 
over S. Since V e C1(R®) (cf. Sec. 22.1), then, by virtue of (24), for our 
purpose it is sufficient to establish that the function V(x) has a correct 
normal derivative over S. By what has been proved, V € C(G) is harmonic 
in G and satisfies the boundary condition V |s = —V|s. We shall construct 
the potential of a simple layer V with a continuous density, solving the 
exterior Neumann problem with ut = —(0V/On) |g (cf. Sec. 23.5). The 
volume potential — V(x) is also the solution of this problem (cf. Sec. 22.1). 
Therefore, since the exterior Neumann problem has a unique solution (cf. 
Sec. 23.3), we conclude that V(x) = — V(x) for x € G,. Specifically, 
v|, = —V |s. From this, by the uniqueness theorem for the solution of 
the interior Dirichlet problem (cf. Sec. 23.3), we obtain V(x) = V(x) 
for x € G. Since the potential of a simple layer V has a correct normal 
derivative (from inside) over S (cf. Sec. 22.7), it follows that the function 
V has the same properties. The theorem is proved. 

We shall now establish that the boundary value problem 


—Au = łu + f(x), uly =0, ue C(G)n CG) (27) 
is equivalent to the integral equation 
u(x) = | Ax, uly) +O) dy, we CG) (28) 


if fe CG) A C(G). 
In fact, let the function u € C(G) be the solution of the integral equation 
(28); that is, by virtue of (1), 


uo) = Ge [OA oy + f aC DUM) + FON] dy 28) 


The first term on the right in (28’) is the volume potential and so belongs 
to the class C1(R*) (cf. Sec. 22.1), while the second term is a harmonic 
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function in the region G (cf. the lemma of this subsection). Therefore, 
u € C\(G) and so Au +f € C\(G) ^n C(G). By the theorem of this sub- 
section, the function u(x) is the solution of the boundary value problem (27). 

Conversely, if the function u,(x) is the solution of the boundary value 
problem (27), then it is the (unique) solution of the boundary value problem 
(21) subject to the change of f to Au, + f. Since du, + f € CG) A C(G), 
then, by the theorem of this subsection, this solution may be expressed by 
the integral (23) by changing f to Au, + f; that is, the function u satisfies 
the integral equation (28). This proves that problems (27) and (28) are 
equivalent. 


6. Properties of Eigenvalues and Eigenfunctions. We shall consider the 
homogeneous boundary value problems involving the eigenvalues (the 
interior Dirichlet problem) 


Au+iu=0, uls=0, ueC(G)rnCc@G) (29) 


It was shown in the preceding subsection that the problem (29) is equiva- 
lent to a problem involving the eigenvalues of the homogeneous integral 
equation 

u(x) =å | Ax yy) dy, we CG) (30) 


with a symmetric (and therefore Hermitian) kernel F(x, y) (cf. Sec. 24.1). 
We shall prove that the kernel (x, y) is weakly polar (cf. Sec. 15.4). 
For this the function g(x, y), which was prescribed and is continuous over 
(G x G) U (G x G) (ef. Sec. 24.1), can be continued over G x G by 
putting, according to (3), 
1 


“dalx—y]” xes, yes 


g(x, y) = — 

With this continuation the function g(x, y) is continuous over G x G, 

except at those points for which x = y with y € S. But then, by virtue of 

(1), the Green’s function F(x, y) is continuous for x € G and y € G with 

x Æ y and so, by virtue of (4), the kernel W(x, y) is weakly polar (a = 1, 
n= 3). 

Therefore all the propositions of the theory of integral equations with 

a symmetric weakly polar kernel which were proved in Secs. 17 and 18 are 

valid for Eq. (30). But the eigenvalues and eigenfunctions of the boundary 
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value problem (29) coincide with the eigenvalues and the corresponding 
eigenfunctions of the kernel F(x, y). So for the boundary value problem 
(29) it is possible to prove Theorem 1 of Sec. 19.4 completely, and also to 
establish some other properties concerning this problem. 


THEOREM. The set of eigenvalues {A,} of the boundary value problem (29) 
is countable and has no finite limit points, and A, > 0; each eigenvalue A, 
has finite multiplicity. The smallest eigenvalue 2, is simple, while the eigen- 
function corresponding to it u,(x) > 0 for x € G. The eigenfunctions {u,} 
may be chosen to be real and orthonormal; they have a correct normal deriva- 
tive over S. Each function f belonging to 4,* can be expanded into a regularly 
converging Fourier series involving the eigenfunctions {u,}. 


Proof. Fredholm’s theorems (cf. Sec. 16.5) prove that the set {A,} has 
no finite limit points and that each eigenvalue A, has finite multiplicity. 
Since the kernel F(x, y) is real and Hermitian, the eigenfunctions {uz} 
may be chosen real and orthonormal (cf. Secs. 17.4 and 18.7). 

The eigenfunction u, € C2(G) ^ C(G) is also the solution for A = A, 
of the boundary value problem (29) and of the integral equation (30). 
Therefore, by the theorem of Sec. 24.5, u(x) has a correct normal derivative 
over S. From this, and from Green’s formula (7) of Sec. 19.2, when u = v 
= ux it follows that 


Ay = Ag(ug, Ue) = — (Aur, ur) = f grad u; |? dx > 0 


The fact that A, is simple, together with the fact that u,(x) is positive in G, 
follow from Jentsch’s theorem (cf. Sec. 18.7) since, by virtue of (4), the 
kernel F(x, y) is of positive type. 

Let f e M4. Then the function f(x) is the (unique) solution of the 
boundary value problem 


Af = —h, f\s =0 


where h = —Af e C(G) N Z(G). By the theorem of Sec. 24.3, the func- 
tion f(x) may be represented sourcewise by the kernel F(x, y) and so, 
according to the Hilbert-Schmidt theorem (cf. Sec. 18.6), it can be ex- 
panded into a regularly convergent Fourier series involving the eigen- 
functions {u,}. The theorem is proved. 


* That is, f € CG) A CG), Af € ZAG), and f |s = 0 (cf. Sec. 19.1). 
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In this way, Theorem 1 of Sec. 19.4 and its corollaries are true for the 
boundary value problem (29). Specifically, the system of eigenfunctions 
{u,} of this problem is complete in (G). 


Note. Using the note of Sec. 22.7, it is possible to prove that the eigen- 
functions u, € C1(G); moreover u, € C~(G) (cf. Sec. 27). 


7. Exercises. (a) Using Poisson’s formula (19), prove Harnack’s inequality 


EEP 
— |x)? 


which is valid for any function u(x) > 0, which is harmonic in the sphere Up and con- 
tinuous on Op. 

(b) Using Harnack’s inequality, prove the theorem: Each increasing sequence of 
harmonic functions in the region G converges either to +00 (uniformly over each com- 
pactum K c G) or to a function harmonic in G. 

(c) Prove the equation 


R(R — | x1) 


RE" OE a 


u(0) < u(x) < 


l, |x| <R 


R -— |x|? 
4nR hoci |x- y]? ae ae Ss ea 





, |x|>R 


(d) Using (c), prove that Poisson’s integral 


x|?—R 
ak We SH) 5) |x| >R 


gives the solution of the exterior Dirichlet problem for the sphere Up. 
(e) Show that the n-dimensional Poisson’s integral 


ated eit 
0,R haro rO dS, 


gives the solution of the interior Dirichlet problem for the sphere Ug c R”. 
(f) Show that the solutions of the Dirichlet and Neumann problems for the half- 
space x > 0 are given, respectively, by the equations 


xs f UY) dS, 81l f u(y) dS, 


2m Jys=0 |x — y|? 2a Jy |x — y| 


U1, ya) = O y|, ws ¥2) = O(| y -5 
as 
l y l >; e>0. 
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§ 25. Spherical Functions 


1. Definition of Spherical Functions. Each homogeneous harmonic poly- 
nomial of degree / considered over the unit spherical surface S} c R” is 
said to be a spherical function (spherical harmonic) of order I = 0,1, .... 
In this way, equation 


ro = uir) = Ter s= 





(1) 


establishes a one-to-one correspondence between the spherical functions 
Y,(s) for s € S, of order / and the homogeneous harmonic polynomials 
u(x) with x € R”. 

The spherical functions Y, and Y; of different orders are orthogonal in 
FS), 


(Yn Yr) = | p TOY) ds=0, 1#! 2) 


In fact, if we apply Green’s formula (8) of Sec. 19.2 for the sphere U, 
to the harmonic polynomials 








u) = |x| Y a ) up(x) = |x|” Yr) 


|x] x 


we obtain 


ry O|x|'Y, a(|x|" Yy 
o= f [ix r EO - | xp r, ML) as 
= (1—1) f Yus)¥u(s) ds 


as was to be shown. 

As an example we shall calculate all the spherical functions Y,, / = 0, 1, 
..., over the circumference S, (n = 2). It is convenient to do this in the 
polar coordinates (r, g), O<r<oo, 0< p< 2a. Applying Laplace’s 
operator (cf. Sec. 3.2) to the harmonic polynomial 


u(x) = Yi) (3) 
for the spherical function Y, we obtain the differential equation 


Yj’ + PY, =0 
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from which 
Y,(y) = a, cos Ip + b; sin Ip, b= O (4) 


So spherical functions over the circumference are trigonometric functions. 
In this case, by virtue of (3) and (4), the formula 


u(x) = r'(a, cos lp + b, sin lp) = a; Re z! + b; Im zt, z= x + ix, 


gives the general form of a homogeneous harmonic polynomial of order 
l in R. 

Our problem is to calculate all the spherical functions Y;,/=0,1,..., 
over the spherical surface S, for n = 3. 


2. The Differential Equation for Spherical Functions. We shall find the 
differential equation for spherical functions over the spherical surface S, 
for n = 3. It is convenient to do this in the spherical coordinates (r, 0, p), 
0<r<ow, 0<60< a2, OX p< 2n. Applying Laplace’s operator (cf. 
Sec. 3.2) to the harmonic polynomial 


u(x) = r'Y,(6, p) (5) 
for the spherical function Y, we obtain the differential equation 
1 ô 3Y, 1 @Y, 
‘sind 00 (sino 00 on) + ae mo ae t@+dn=0 ©) 


We shall seek the solution of Eq. (6) in the class of functions C™(S,). 

In order that the function Y, be a spherical function of order l, it is necessary 
and sufficient that it belong to the class C°(S,) and satisfy Eq. (6). 

The necessity of these conditions has already been proved. We shall 
prove their sufficiency. Let the function Y, € C%(S,) be the solution of 
Eq. (6). Then the function u;, constructed according to formula (5), satisfies 
Laplace’s equation in spherical coordinates and so is harmonic in RN {0}. 
Moreover, this function is bounded in the neighborhood of the point 
x = 0. According to the theorem concerning the removal of singularities 
of harmonic functions (cf. Sec. 21.6), the function u; is harmonic in R8. 
It is also homogeneous of degree /. From this, using the analogy of Liouville’s 
theorem (cf. Sec. 21.9), we conclude that u;(x) is a homogeneous harmonic 
polynomial of order /. This also means that the function Y, is a spherical 
function of order /. 
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We shall find the solutions of Eq. (6) by separation of variables (cf. 
Sec. 19.5). According to the general scheme of this method, we seek the 
solution Y, of Eq. (6) in the form of the product 


¥,0, p) = P (cos 6)®(y) (7) 


Substituting this expression in Eq. (6), for the functions and. we obtain 
the equations 
©” + 176 =0 (8) 


1 d /. ,aF(cos 6) v 
where v is an unknown parameter. 

In order that the function (7) should be uniquely defined over the spherical 
surface S,, it is necessary that ® should be a 2x-periodic function. But 
Eq. (8) has such solutions only for v = m?, m = 0, 1, ..., where 


D(y) = emo (10) 


In this way, the problem of finding spherical functions has been reduced 
to the solution of Eq. (9) for v = m?, for m = 0, 1, .... Making the change 
of variable u = cos 0 in this equation, for the function. #(u) we obtain 
the equation 

mè? 
1—= g 





[1 — uY + P= (1+1)? (11) 


The solutions of Eq. (11) at the points +1 must take finite values so that 
| A(+1)| < æ. 
3. Legendre Polynomials. For m = 0, Eq. (11) takes the form 
(A-wW)AY ++ 1P = O0 (12) 
We shall check that the polynomials 


1 d! 
AY) = sar Gar T D l=0,1,... (13) 


which are known as Legendre polynomials, satisfy Eq. (12). 
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In fact, putting W, = (u? — 1)! and differentiating the identity 
(u? — 1)W, — 2luW, = 0 
l+ 1 times, we obtain 
(= WE + UWE — I+ DWP = 0 


In this way, the function W®, and therefore the polynomial Z, satisfy 
Eq. (12). 
We shall display the first four Legendre polynomials: 


AM =1, AW=4 AW='wW-% Aw) = $w — gu 
It follows directly from Eq. (13) that 
AQ) =1 (14) 


The Legendre polynomial BZ is a unique linearly independent solution of 
Eq. (12) belonging to the class C*({—1, 1)). 
In fact, for each solution F e C?([—1,1]) of Eq. (12), the result 


Pil) = WI + DAC) 


is valid. Therefore the Wronskian determinant for the solutions A and P 
becomes Zero at the point u = 1, and so the solutions A and P are lin- 
early dependent. 

Legendre polynomials form an orthogonal system in Z,(—1, 1). 

In fact, since the Legendre polynomial Au) satisfies Eq. (11) for 
m = 0, then, by virtue of (10) and (7), Al(cos 0) e C~(S,) and satisfies 
Eq. (6). Therefore A(cos 0) is a spherical function of order / (cf. Sec. 
25.2). However, spherical functions of different orders are orthogonal in 
AlS) (cf. Sec. 25.1). Therefore, 


2n Í "y Rw) Fu) du = | al Hoos 0) F.(cos6) sin ddp =0, IAI’ 


4. The Generating Function. Let x = (r,0, p) and y = (0,0,1). We 
shall expand the function 


1 1 Cal 


ToT Oa rost F A a r a ee O 
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into a series involving powers of r, 


(1 — 2r cos 6 + r?)-1/2 = Y a,(cos 6)r! (16) 
=o 

Series (16) converges for | r| < 1 and9 € [0, 7], and it can be differentiated 
term by term with respect to r and 6 an infinite number of times, when the 
series obtained will converge uniformly with respect to (r, 6) in [—ro, ro] 
x [0, x] for any ro < 1. Applying Laplace’s operator to successive terms 
of Eq. (16) and assuming that the function (15) is harmonic in the sphere 
|x| <1, for all r e (0,1) we obtain 


es. oe 1 d /. da, 
= y= 1-2 
0 z Alai(cos 6)r'] A | ind a (sin 6 P ) + (I+ Da 





It follows from this that each term in the last sum must be zero, and 
therefore the functions @,(u) satisfy Eq. (12). Therefore œ(u) = CLA (lu) 
(cf. Sec. 25.3), and expansion (16) takes the form 


(1 — 2r cos 0 + r?)-¥? = > Ci A (cos 6)r! (17) 
=0 


To define the constants C, we set 0 = 0 in (17) and use the equation 
A(1) =1. As a result we obtain 


1 


sae ae cd 


from which it follows that C, = 1. 
So the expansion 


(1-2 try Au, |r| <1 (18) 





must follow. The function (1 — 2ru + r?)-¥? is known as the generating 
function for Legendre polynomials. 

From formula (18) it is easy to obtain the recurrence relations between 
Legendre polynomials: 


C+) Ain — A+ DpAW +AU) =0 (19) 
++ DAN =Fin) — Pia) (20) 


For this, if we differentiate the identity (18) with respect to r and u, 
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and then multiply by 1 — 2ru + r?, we shall obtain the identities 
(ur) AW = (1 = ru +) YAW 
=0 =0 
ry Aur = (1 2r +) YE Raye! 
1=0 l=0 


Comparing the coefficients for equal powers of r, we obtain the results 
(19) and 
Rw) = Piau) — UPU) + Fin (21) 


If we differentiate Eq. (19) we have 
U+ DPU) U+ DRU) — U+ uP) + Liaw) = 0 


Excluding the product yZ’ (u) from this equation and from Eq. (21), we 
obtain Eq. (20). 
We shall prove the result 


2 
F |P= [Fw du = WaT (22) 


For this we express one of the factors 4 of the integrand in terms of 
Bı and G_, by using Eq. (19). Using the orthogonality of the poly- 
nomials Z and A_,, we obtain 


21-1 [=] 
A See z-a) du 





A= f! AAd =f AAS 


21-1 
l 





f, AA du 


Expressing the product u Z in terms of Eq. (19) and using the orthogonality 
of the polynomials A_, and 4,,, we obtain 








ae +1 

Pas 

| Fr = Fal py ia + pp Fs) 
= Sie , 
= al 
from which Eq. (22) follows 
2—1 2-3 1 ln 22 
I Spe ora a el ae 
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The system of Legendre polynomials GF, 1=0,1,..., is complete in 
F,(—1, 1). 

This statement follows from the theorem of Sec. 1.7 and from Weier- 
strass’s theorem (cf. Sec. 1.3), according to which a set of polynomials, 
and therefore a set of linear combinations of Legendre polynomials is 
dense in C({[—1, 1]) and in 4(—1, 1). 

In this way, each function f € Y,(—1, 1) can be expanded into a Fourier 
series involving Legendre polynomials 


fu) = ¥ =F DAW 





which is convergent in 2(—1, 1) (cf. Sec. 1.7). 


5. Associated Legendre Functions. We shall check that the functions 
Pnu) = (1 — "PP (uw), 1=0,1,..., m=0,1,...,1 (23) 


which are known as associated Legendre functions, satisfy Eq. (11). 
In fact, if in Eq. (11) we make the change of variable 


Plu) = (1 — pzu) 
then for the function z we shall obtain the equation 
(1 — w)” — 2u(m + 1)z' + (P +1— m? — mz =0 (24) 


On the other hand, if we differentiate Eq. (12) m times, we see that the 
derivative P\™ satisfies Eq. (24). Consequently, the associated Legendre 
functions Fr satisfy Eq. (11). 

Multiplying Eq. (24) by (1 — u)”, we set z = P{™ and write it in the 
form 


[= PDY = —C— m+ m+ 10 — Pm (25) 


For each m > 0 the system of associated Legendre functions P?, | = m, 
m-+1,..., is orthogonal in Z(—1, 1) and, moreover, 


mn +m)! 2 
IAP P= yr ET (26) 
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This statement is true when m = 0 because the Legendre polynomials 
A =P} (cf. Secs. 25.3 and 25.4). From this, if we use the definition of the 
functions 7”, together with Eq. (25), replacing m by m — 1, we obtain 


1 1 
(Pr, Pp) = | PIPE du = i A BP PPL de 


1 


= (l n uIP MF m-i) f, P-D I WPm du 





-1 
= (I— m—1)(1+ m) f T (1 — ptr Pom DPD dy 


= (+ m)l — m + (P, Pg) 
=(1+m)(l+m-— 1) — m +1) — m + (Pr, Pm 


(+m)! (i + m)! 2 
Gam = amr rey ou (27) 


as was to be shown. 

For each m > 0 the system of associated Legendre functions 7, | = m, 
m+1,..., is complete in Z(—1, 1). 

In fact, let us take an arbitrary function f belonging to the class 2 (—1, 1) 
which is dense in 43(—1, 1) (cf. Sec. 1.5). Then 


ye) =f) — wy? E€ D(-1, 1) 


According to Weierstrass’s theorem (cf. Sec. 1.3), the function y may be 
approximated with arbitrary accuracy in C({[—1, 1]) by polynomials, and 
therefore also by linear combinations of the derivatives 7, 1] =m, 
m+ 1,.... It follows that the function f may be approximated with 
arbitrary accuracy in 24(—1, 1) by linear combinations of functions of the 
system. F”, I = m, m + 1, ..., which, by virtue of the theorem of Sec. 1.7, 
also proves the completeness of this system. 


6. Spherical Functions. By virtue of (7), (10), and (23), the following 
set of solutions of Eq. (6) has been obtained: 


P(cos 0) cos mp, m=0,1,...,1 
Y"(6, p) = 4 F (cos 6) sin|m|g, m=-—1,—2,...,—], (28) 
7=0,1,... 
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It is clear that these functions belong to the class C~(S,). Therefore Y"(6, y) 
are spherical functions (cf. Sec. 25.2). 

The spherical functions Y”, m = 0 +1,..., +l of order / are linearly 
independent, and their linear combinations 


l 
Y(s)= >} aim Y™m(s) (29) 


m=— 


with arbitrary coefficients «{™, are also spherical functions of order l. 
The spherical functions {Y”} form an orthogonal and complete system in 

Z,(S;), and 

1 + Som (+ | m|)! 

21+1 (l—|m))! 





|| Y» ||? = 2x (30) 


In fact, the trigonometric system {e*"®, m = 0, 1, ...} is orthogonal and 
complete in 23(0, 27), and for each m = 0, 1, ..., the system of asso- 
ciated Legendre functions {7?"(u), 1 = m,m + 1, ...} is orthogonal and 
complete in %⁄(—1, 1) (cf. Sec. 25.5). Therefore, by the lemma of Sec. 1.7, 
the system of functions 


{PM(u) cos mp, P \"(u) sin| m|g, 1=0,1,..., m=0,1,...,0} 
is orthogonal and complete in 4%[(—1, 1) x (0, 27)], and, consequently, 


the system of spherical functions {Y7#(0, p)} is orthogonal and complete 
in A (S,). Formula (30) follows from (26): 


n fn 2 
|| ym |? = y p [Y”(0, p)]? sin 6 dO dp 


of 5 2n (cos? mp a 1+ bom (+ | m|)! 
=): 7, OAN a mph dp = 2x 271 Q= |m]) 


The completeness of the orthogonal system of spherical functions {Y?"} 


means that each function f € %4 (S,) can be expanded into a Fourier series 
in terms of these functions 


oo l oo 
fe) => E amyre) = Y Yi) G1) 


which is convergent in %(S,). In accordance with (30), the coefficients 
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a\™ of the series (31) are given by the formula 


gm tI =| m)y 


= Qn + dom) (F |m) f : [7 r, p)Y”(0, p) sin dð dp (32) 


Let Q,(s) be an arbitrary spherical function of order /. Then (Q;, Yy) = 0 
for lÆ l (cf. Sec. 25.1) and in expansion (31) for the function Q, there 
remains only one term Y,, so that Q; = Y,. Thus we have proved that: 


The spherical functions {Yj} exhaust all linearly independent spherical 
functions; Eq. (29) gives the general expression for a spherical function of 
order l. 


Note. The spherical functions Y7”, m = 0, +1, ..., +l, are eigenfunc- 
tions of Beltrami’s operator 


1 0 ( 20 1 oY 


end Oe Oe) aint oe TAS 


00 
corresponding to the eigenvalue 4 = I(l + 1) of multiplicity 2/ + 1. 
7. Laplace’s Formula. Let Y,(s) be a spherical function of order /. If 


we apply Green’s formula (13) of Sec. 23.4 for the sphere U, to the harmonic 
polynomial r'Y,(s), then for r < 1 we obtain 





l atl s’ |? Ys] 1 
l = 
r Y,(s) me 4 ðn, [x—s = s] 
ð 1 
— Ys’) hn, oT ds’ (33) 
But, by virtue of (18), 
1 = 1 E co eee 
[xs] ls, i re, sy trp M DCA) 
0 1 0 1 


s 90 [o° — 2re(s, s’) + r?]'? 








onl 


rk 


02 ; 
Ge Ls Alls, s) oft | 








-E k+ D AG sr (35) 
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and the series (34) and (35) converge uniformly with respect to (s, s’) 
for each r < 1 (cf. Sec. 25.4). Substituting Eqs. (34) and (35) in Eq. (33) 
and integrating term by term we obtain 


rY) = Gf, [E È Pal srt 


+ Ys’) ay (kk +1) Rs, syr] ds! 


co 


1 l 
Fe ey fa CHEE DNC) Rls) a, r<l 


From which, since r is arbitrary, we find the following important integral 
equation for spherical functions* 


f, Yo) ACs, s) ds’ = ¥i(s) on (36) 


wer 


We shall replace s by s’ in Eq. (31). If we multiply this equation by 
A((s, s’)), integrate it term by term with respect to s’ € S,, and use Eq. 
(36), we obtain the equation 


eth 





¥,(s) = J AE) RG s')) as! (37) 
Equation (37) at once gives all the coefficients in the spherical function Y, 
that occur in the expansion (31) of the arbitrary function f € A(S). It is 
known as Laplace’s formula. 


8. Separation of Variables in Laplace’s Equation. We shall construct 
solutions of Laplace’s equation Au = 0 in R? by separation of variables 
using the spherical coordinates (r, 0, g). In these coordinates Laplace’s 
equation has the form (cf. Sec. 3.2) 


1 8 /, ü 1 ð aa 1 ü 
ada a (r ar) ta snd 00 (sin 36 æ) + ante o 


(38) 
* An equivalent formula for the addition of Legendre polynomials has the form: 


2 (d—]|m]|)! 


l 
PD = E, OF bm) CFL mE 


Yrs) Yi"(s’) 
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where 
u(r, 0, p) = u(r sin 6 cos g, r sin 0 sin g, r cos 0) 


In accordance with the general scheme of the method of separation of 
variables (cf. Sec. 19.5), we seek the solution & of Eq. (38) in the form of 
the product 

ar, 0, p) = Ar) V6, p) (39) 


Substituting this expression in Eq. (38), for the functions # and Y we 
obtain the equations 


(PB — wR =0 (40) 
1 0 p oY 1 ory 
mane op (sin 9 -S) Tama age rS en 


where u is an unknown parameter. Here Y € C™(S,). 

When u = I(l + 1), /=0,1,..., Eq. (41) has solutions of the class 
C~(S,) and these solutions are the spherical functions Y”, m = 0, +1, 
... £1 (cf. Sec. 25.6). Equation (40) for A = I(l + 1) has two linearly 
independent solutions, r! and r——!. 

So, by virtue of (39), Laplace’s equation has the following set of linearly 
independent solutions: 


ry,(6, p), PL Y,(0, p), l= 0, l, see (42) 


where r'Y, is a harmonic polynomial of degree / and r-1Y, is a harmonic 
function in R?\ {0}. 


Example. We shall find the eigenvalues and the eigenfunctions of the 
boundary value problem 


—Au = du, uls, =0 (43) 


for the sphere Ug. The eigenfunctions of this problem in spherical co- 
ordinates will be sought in the form of the product (39). If we separate the 
variables, for the function Z we obtain the boundary value problem 


(PB) + dr? — wBR=0, |BO)|<co, AR)=0 (4) 


and for the function Y we obtain Eq. (41). When u = I(l + 1), /=0, 1, 
..., Eq. (41) has the solutions Y”, m = 0, +1, ..., +/ (cf. Sec. 25.6). 
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For u = I(l + 1), the solution of Eq. (44) which is bounded at the origin 
is the function 





r 


e = Ja A8) (45) 
s 


To satisfy the boundary condition on the end r = R, it is necessary to put 
VAR = uy in (45), where u, are the positive roots of the Bessel function 
Jis1/2- SO, 








ie Mij 


j RE’ Urmj(X) = Cimi 


Jma uyy) O 40) 


r 


l=0,1,..., m=0,+1,....44 j=1,2,... 
where, by virtue of (30), 
R pn pin r —1/2 
cm = {fo Se Jo” Jean( mu Fe). eT dr do ap) 
1 


ar T+ ôm G+ mD 
R| Jissia(ay) | [7 TL Hr] 





are the eigenvalues and eigenfunctions of the boundary value problem. 
As in Sec. 19.6, it can be established that the system of eigenfunctions (46) 
is complete in. (Up), and therefore problem (43) has no other eigenvalues 
and eigenfunctions. 


9. Solution of the Dirichlet and Neumann Problems for a Sphere. We 
shall use spherical functions to construct a solution of the Dirichlet and 
Neumann problems (interior and exterior) for the sphere Up (cf. Sec. 23.1). 

Let f be a given continuous function over the spherical surface Sp. Then 
J (Rs) can be expanded into a Fourier series in terms of the spherical functions 


co 


f(Rs) = È, Y(s), ses (47) 


where, by virtue of (37), 


yo = FE S, ARS) A, s) as 
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Series (47) converges in (Spr) (cf. Sec. 25.6). We shall suppose that this 
series converges in C(Sp). 


Then i 
ae A i 
u, 0g) = X (FZ) VG. r<R (48) 
is the solution of the interior Dirichlet problem with uy = f; 
(r, 6 y= 5 4 (4) re )+C, r<R (49) 
uir, U, Q) = de 1 R 1U, Q >, 


is the solution of the interior Neumann problem with uy = f subject to 
the condition that 


Y= z f „JRs ds’ = — f „IOS = (80) 


oo R l+1 
ur, 0p) =Y (Z) rO, r>R (51) 
=0 
is the solution of the exterior Dirichlet problem with uf = f; 
o0 R R l+1 
ut, bp) =- S ra E) reo r>R 6 


is the solution of the exterior Neumann problem with uf = f. 

In fact, the series (48) consists of harmonic polynomials and by supposi- 
tion converges in C(Sp). Therefore this series converges in C(Upr) (cf. 
Sec. 21.5) and defines a function u which is harmonic in Up [cf. Sec. 21.8, 
(a)], continuous on Ug, and takes, by virtue of (47), the value f over Sp. 
This means that series (48) gives the solution of the interior Dirichlet 
problem for the sphere Ug with uy = f. 

On the basis of Abel’s test the series 


È 7 NG) 


converges together with the series (47) in C(S,z). From this, repeating our 
previous arguments, we conclude that series (49) converges in C(O) and 
defines a function u which is harmonic in Up and continuous on Ug. More- 
over, this series can be differentiated term by term with respect to r 


a p) _ > (4) "ne. p) (53) 
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since the series (53), by virtue of Abel’s test, converges in C(O). Finally, 
in accordance with (47), the sum of the series (53) over Sp coincides with 
f whenever the function f satisfies condition (50) for the solubility of the 
interior Neumann problem (cf. Sec. 23.5). This means that series (49) 
gives the solution of the interior Neumann problem for the sphere Ug 
with uy = f whenever the condition for solubility (50) is satisfied. 


It can be proved analogously that series (51) and (52) give the solutions 
of the corresponding exterior boundary value problems. 
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For a point (x, y) of the plane R? it is convenient to use the notation 
z = x + İy or Z = x — iy. We shall consider that G is a bounded region 
in R? with a piecewise smooth boundary S. 

The majority of results obtained in Secs. 22-24 for boundary value prob- 
lems of three variables may be carried over to two-dimensional boundary 
value problems with a change of the fundamental solution 33(x) 
= —(1/42| x |) to the fundamental solution 3(z) = (1/27) In| z |. There 
are, however, some differences in formulating and solving these problems 
which concern the peculiarity of the behavior of the fundamental solution 
Z at infinity. 


1. Behavior of a Harmonic Function at Infinity. As in Sec. 23.2, the in- 
version mapping with respect to the circumference Sp can be expressed 
by means of the equation 


* — = 
Zz [zP- 


(1) 





R? R? 
Ea 


Let the function u(x, y) = u(z) be harmonic outside the circle Upg. Its 
Kelvin transformation (cf. Sec. 23.2) is defined by the formula 


u*(z*) = ol er a = of =) (2) 


The Kelvin transformation retains the harmonic property; that is, the 
function u*(z*) is harmonic in Up \ {0}. 
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In fact, in polar coordinates (cf. Sec. 3.2) the Kelvin transformation (2) 
takes the form 


R? 
u*(z*) = u*(0, p) = q£, p) 
and therefore 


1 ð / ðü* 1 Oa 
K(o*®) — — pe ete OE 


ri [1i 2 Ou de Ou ri 
walala te ae] n r O 
from which the required statement follows. 


THEOREM. Let the function u(z) be harmonic in the region G, = RÈN G, 
continuous on G, and bounded. Then the following statements are valid: 


| u(z)| < max|u(z)|, zeēā, (3) 
zeS 
limu(z)=a, |z|—-0o (4) 
| grad u(z) | = (nF) | z| +00 (5) 


Proof. Let the circle Up lie outside the region G, and let Gf N {0} and 
S* be the images of G, and S resulting from the inversion mapping (1) 
(Fig. 72). It is clear that S* is the boundary of the region G*. For this the 
function u(z), in accordance with the Kelvin transformation (2), maps into 





Fig. 72 
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the function u*(z*) which is harmonic in Gf \, {0}, continuous in Gf 
\ {0}, and bounded in the neighborhood of the point 0. According to 
the theorem concerning the removal of singularities of the harmonic func- 
tions (cf. Sec. 21.6), we conclude that the function u*(z*) is harmonic in 
the region G¥ and continuous on G*. Since G¥ is a bounded region (it lies 
in the circle Ug), then by the maximum principle (cf. Sec. 21.5) 


| u*(z*) | < max | u*(z*) | (6) 
z*eS* 
Inverting the Kelvin transformation we obtain 
R? 
= 1* 
u(z) =u (TF z) 
from which, and from (6), all the statements of the theorem follow. 


2. Formulation and Uniqueness of the Solutions of the Basic Boundary 
Value Problems. The basic boundary value problems for Laplace’s equa- 
tion in a plane are formulated in the same way as the corresponding 
problems in a space (cf. Sec. 23.1), except that for exterior problems the 
solution need only be bounded as | z | —— co (and not necessarily tending 
to zero). We assume that G, = R?\ G is a region. 

A Liapunov line and a sufficiently smooth line are defined as for a space 
(cf. Secs. 22.4 and 23.3); in this case condition (A) has the form: 


f, pts as.< ze R? (A) 

The following uniqueness theorems are valid for basic boundary value 
problems for Laplace’s equation. 

The solution of the interior or exterior Dirichlet problem is unique and 
depends continuously on the boundary data ug and uf, respectively. 

If S is a sufficiently smooth line, then the solution of the interior or exterior 
Neumann problem is defined uniquely as far as an arbitrary additive constant, 
and 


f i) 4S =0 or f ,Mi@) as =0 (7) 


is a necessary condition for the solubility of the corresponding problem. 
The proof of these statements resembles the proofs of Theorems 2-4 
of Sec. 23.3, and the theorem of Sec. 26.1 is also used. The necessary solu- 
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bility condition (7) for the exterior Neumann problem is the main difference. 
We shall prove the need for this condition. Let u(z) be the solution of the 
exterior Neumann problem subject to the boundary condition uf over S. 
Since u € C(G,) is harmonic in G, and has a correct normal derivative over 
S equal to —uț, then, applying Eq. (8) of Sec. 19.2 to the region Qr when 
v = 1 (Fig. 54), we obtain 


Ou 
= [,w@awt], p g= 


Proceeding to the limit as R —> oo in this equation and using Eq. (5), we 
obtain condition (7). 


3. Logarithmic Potential. A logarithmic potential is defined as the 
convolution of a generalized function @ with the function —In|z| (cf. 
Sec. 7.8): 

= —In|z|*e@ = —2nB, «0 (8) 
The logarithmic potential V satisfies Poisson’s equation 


AV = —2n0 (9) 


Specific instances of logarithmic potentials are: the potential 
1 ; 
ve) = j eO ngra C= E+ in 0) 


the simple layer potential 


1 1 
Vz) = ln [z] x bos => Í, u(t) In [eel dS, (11) 


and the double layer potential 


yv(z) = —In rat * 4 (vôs) 
a 1 
=f zn sr io) teat dS, (12) 


These potentials have the following properties: 
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If o € C(G), then the potential V € C1(R*) is harmonic in G, and when 
| z| +00 


Ve) = nase a(t) dë dn + O( i) (13) 


If, moreover, @ € C1(G), then V € C(G). 
If u € C(S), then the simple layer potential V € C(R*), is harmonic 
outside S and as | z | — © 


1 1 
(z) = z 
voo = mn fO dS + lr) (14) 
If a Liapunoy line S satisfies condition (A), then the potential V(z) has the 


correct normal derivatives (QV/On),. and (0V/On)_ over S from outside 
and inside S, respectively, and 








(0) (0) 
(TO= mue) +O = ane) + f, noT PE dS, 
(15) 
(0) 
(T) @ = ame) +O = ane) + J MOTE AS: 015) 


Ifv e C(S), then the double layer potential V™ is harmonic outside S and 
vog) = o(—) |z| 00 (16) 


If S is a Liapunov line, then VY € C(S) and 
—2n, xEG 
See oo —n, xes (17) 
0, xEG, 
If a Liapunov line S satisfies condition (A), then the potential V®(z) 


belongs to the classes C(G) and C(G,) and its limiting values V and V® 
over S from outside and inside S, respectively, are expressed by the equations 


ViO(z) = av(z) + V®(z) = nv(z) + Í, »(C) eran a dS; (18) 


VO (z) = —ar(z) + VP (z) = —nr(z) +Í, (6) gos oT dS, (18) 
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Proof of these properties is analogous to the corresponding proof in a 
three-dimensional case (cf. Sec. 22). There is a difference only in proving Eqs. 
(13) and (14). We shall prove Eq. (13); Eq. (14) is proved analogously. 
Using (10), we have 


V(z) — nos, oC) dë dy = f(t) nL dë ay (19) 


Let G lie in the sphere Up and let | z| > 2R. Then for all ¢ € G we have 
the inequalities: 
|z|- R<|z—ċ|<|z| +R 


2R |z| |z| 
sae seh 
[z] ~~ Jz] +R |z—¢| 


from which, and from (19), Eq. (13) follows: 


|z| 2R 
he ja 


a aaa waaa 


e(t) | dÈ dy = — 
Sga olla 

PHYSICAL SENSE OF THE FUNDAMENTAL SOLUTION %,(z). The electrostatic 
potential created by charges lying over the segment | x| < N of the x; 
axis with linear density —(1/47), that is, by the distribution 


enG x) = — q> ÒE) ON — | xa) 


is equal over the plane x, = 0 to* 


1 ô 1 
vyg 0) = - —+~— + ©. gy — | xa) + 4 men) 
Vliet 
_ 1I dx, 1 
= real + =— In(2N) 


A/TapP toe 2n 
- a nee + VEF D| 
N 
N +yz FN 


* We add to the convolution an appropriate constant (1/27) In(2N). 





+= > Inn ) 


1 
=z In|z|+ sn 
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Proceeding to the limit as N — œœ in this equation, we obtain 
1 
a Vy(z, 0) = z ml z| = Bz) 


In this way, the fundamental solution 2,(z) is seen to be the electrostatic 
potential created by the charges which lie over the x, axis with a linear 
density — (1/42); that is, by the distribution o(z, x) = — (1/4) d(z) - 1(x3) 
(cf. Sec. 10.4). 


4. Solubility of the Boundary Value Problems Formulated. We shall 
suppose that the boundary S of the region G is a sufficiently smooth line 
and that G, = R?N G is a region. 

As in Sec. 23.4, the solution of the interior Dirichlet problem will be 
sought in the form of a double layer potential 


voe) = f E T ri v € C(S) (20) 


the solution of the exterior Dirichlet problem will be sought in the form 
of the sum of a double layer potential V® and an unknown constant a; 
the solution of the Neumann problems (interior or exterior) will be sought 
in the form of a simple layer potential 


ve) =f Omp wes) QD 


For the unknown densities v and u and the number a, by virtue of formulas 
(15), (15’), (18), and (18’), we obtain the integral equations 


vz) = Af He, MO dS + fe), zes (22) 


me) = Af He, OMO dS +E) zes 0%) 
with the polar kernels (adjoint to each other) 
1 COS Pag 1 COS Pa 
K = — H * = — 23 
om Te @ == 7S @3) 


For this, A = 1 and f = —(uj/x) correspond to the interior, and 4 = —1 
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and f= (uj — a)/x to the exterior Dirichlet problems; 4 = —1 and 
g = u;/zx to the interior, and A = 1 and g = —(uf/z) to the exterior Neu- 
mann problems. 

Let u be the continuous solution of Eq. (22*) for A = 1 and g = —(uj/z). 
Integrating this equation over the surface S and using (23) and (17), we 
obtain 


a hhee” M(E) dS, dS, — + | tE) dS 


le Of, JE dS, dS, — f toas 


= — f u) ds — Lf ui (z) dS 
that is, 
J He) ds = — ~ f RAOLY (24) 


We shall prove that 2 = 1 is not an eigenvalue of the kernel %*(z, ¢). 
Conversely, let 2 = 1 be an eigenvalue of this kernel and let u* be the 
eigenfunction corresponding to it 


1 5 
we) = J HG Out) dS = f TEBE wt) ds, T 


Then u* € C(S) and, in agreement with (24), 
f 0ds = 0 (26) 


We now construct the simple layer potential V with a density u*. The 
function V e C(R?) is harmonic outside S and, by virtue of (26) and (14), 
V (co) = 0. Moreover, by virtue of (15) and (25), its correct normal deriv- 
ative over S from outside is equal to zero. From this, using the uniqueness 
of the solution of an exterior Neumann problem and the interior Dirichlet 
problem (cf. Sec. 26.2), as in Sec. 23.5, we conclude that V(z) = 0 for 
z € R?, and, consequently, u*(z) = 0 for z € S, which is impossible. 
According to Fredholm’s theorems, Eqs. (22) and (22*) for A = 1 are 
uniquely soluble in C(S) for any continuous f and g. For this, for the 
solution u of Eq. (22*) when A = 1 and g = —(uf/z), result (24) is valid. 
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So if condition (7) is satisfied, then, by virtue of (14), V'(co) = 0. So the 
following theorem is proved: 


THEOREM 1. The interior Dirichlet problem is soluble for any uy € C(S). 
The exterior Neumann problem is soluble for any uf € C(S) which satisfies 
the solubility condition (7). 


It follows from formula (17) that A = —1 is an eigenvalue of the kernel 
A(z, €) and v = 1 is an eigenfunction corresponding to it. By Fredholm’s 
second theorem 4 = —1 is an eigenvalue of the adjoint kernel % *(z, £). 
Let uo be the corresponding eigenfunction, 


Moz) = — | 2*6 C)Mo(C) dS; 
=- f PET mal) dS., zes (27) 


We know that uo € C(S) (cf. Sec. 16.5). We shall prove that 
f mod) as = CAO (28) 


On the other hand, let C = 0. We shall construct a simple layer potential 
with the density “4, (Robin’s potential) 


VOG) = f, u) Ina, (29) 


The function V e C(R?) is harmonic outside S, and, by virtue of the 
condition that C = 0, V(co) = 0 (cf. Sec. 26.3). Moreover, it follows 
from (15’) and (27) that its correct normal derivative over S from inside is 
equal to zero. From this, since the solution of the interior Neumann problem 
is unique up to an additive constant, we conclude that V)(z) = const = C, 
for z € G. But then, since the solution of the exterior Dirichlet problem is 
unique (cf. Sec. 26.2), V(z) = C, for z € G, and, consequently, u(z) = 0 
for z € S, which is impossible. 

In this way we see C + 0. From this, reasoning as in Sec. 23.5, we conc- 
lude that A = —1 is a simple eigenvalue of the kernel % *(z, Ẹ) and there- 
fore of the kernel 4 (z, Č). 

We shall normalize the eigenfunction uo so that C= 1. By what has 
been proved the corresponding Robin’s potential V(z) = const for 
zeéeG. 
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By Fredholm’s third theorem, integral equations (22) and (22*) for 

= —1 are soluble when, and only when, their inhomogeneous terms f 
and g are orthogonal to the eigenfunctions uo and 1, respectively. For the 
exterior Dirichlet problem this condition takes the form 


L f E) — apl) as = 0 


that is, by virtue of (28) (as C = 1), it can always be satisfied by a suitable 
choice of constant a 


a= f 18 (olz) dS (30) 
So the following theorem is true: 


THEOREM 2. The exterior Dirichlet problem is soluble for any ug € C(S). 
The interior Neumann problem is soluble for any uz; € C(S) which satisfies 
the solubility condition (7). 


5. Solution of Boundary Value Problems for a Circle. It is easy to solve 
integral equations (22) and (22*) for the circle comprising the circumference 
Sp, and this makes it possible to construct solutions of boundary value 
problems for the circle Up in explicit form. 

In fact, by virtue of the result (cf. Fig. 73) 


|z|?=|z—C|?+ R?4 2R|z— č | cos gpg, |¢|/=R (31) 
we obtain 


Z, ESR 
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Therefore the integral equations (22) and (22*) take the single form: 
(z) = — zej »(C) dS + f(z) |z|=R (32) 
2nR J iti=R i 
Solving this equation (cf. Sec. 16.1), we obtain 
@=- -Lue +r f. vedas (33 
v(z) = z Mo GER J ier Up ) 
for A = 1 and f = —(up/z) (interior Dirichlet problem); 


1 1 
v(z) = TT ug (z) ~ DnR es us (£) dS 


i (34) 
= ot: 
es a OLS 
for A= —1 and f= uf/n — ajn (exterior Dirichlet problem); 
| oe ; — 
ug)=- i), if fop Ods = (35) 
for à = —1 and f= u/n (interior Neumann problem); 
iS oe : + = 
mo) E) if fo p iOS =0 G6) 


for à = 1 and f= (l/x)ut (exterior Neumann problem). 

If we substitute expression (33) for the density »(z) in the double layer 
potential (20) and use Eqs. (17) and (31), we obtain the solution of the 
interior Dirichlet problem: 


sa f =R E u () + aR EK fenn” w (6°) as] T as: 
= (n| — 28 cos Pe _COS Par __ 
7 aR Scan OX |z—ċ| T ar laar | |z= | ds.) ds 
st ol —2R| z — ¢| cosy, — | z — ¢ |? 
~ 27R fa =R ee ei 


1 
= nR Ts pOT = ¢ |2 
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that is, this solution is represented by Poisson’s integral formula 


R- |z|? 


1 
We) = R 2nR la =R wO > =ke Be ESR ey 


Analogously, if we substitute expressions (34) for the density »(z) and 
the constant @ in the sum V‘)(z) + a, we shall obtain the solution of the 
exterior Dirichlet problem: 


u(z) = EES gan tO EE as, |z|>R 638) 


Finally, if we substitute expressions (35) and (36) for the density u(z) 
in the simple layer potential (21), we shall obtain the solutions of the 
interior and exterior Neumann problems, respectively: 


1 1 

ue a leas uy (C) ara +C, | z| <R (39) 
1 

ue) =- fap tOn] z- tlds +C |z|>R 0) 


6. The Green’s Function for the Dirichlet Problem. The Green’s function 
for the interior Dirichlet problem for the region G is the function F(z, ¢) 
which has the following properties (cf. Sec. 24.1): for each ¢ € G it can 
be written in the form 


Fz, f) = On In | + g(z, c) (41) 


1 
[z= č 
where the function g(z, ¢) is harmonic in G and continuous on G with 

respect to z, and satisfies the boundary condition 


F(z, t) lees =0 (42) 


It follows from the maximum principle that the Green’s function satisfies 
the inequality 
D 
[Iz=]? 


where D is the diameter of the region G. The Green’s function F(z, ¢) 
possesses all the other properties set out in Sec. 24.1. 


0 < Hz, t) < =n zéG, C eG, zt (43) 
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Now let G be a simply-connected region bounded by a piecewise smooth 
curve S, and let w = w(z) be a function giving a conformal mapping of the 
region G onto the unit circle | w| < 1. Then the function 


w(z) — w(¢) 
1 — w(2)w(z) 


gives a conformal mapping of the region G onto the unit circle | œ| < 1, 
and the point ¢ € G maps into the point 0. Therefore, for every ¢ € G, 
this function can be represented in the form 


w(z, 6) = (z — (z, 2) (45) 


o(z, ¢) = (44) 


where the function (z, C) is analytic in the region G, y(z, ¢) 40 for 
z € G; and y € C(G) [cf., for instance, M. A. Evgrafov (1, Chaps. V and 
IX)]. 

We shall check that the function 


F(z, č) = — >n | w(z, ¿| = — a Re In w(z, ¢) (46) 


is the Green’s function of the Dirichlet problem for the region G. 
In fact, it follows from (45) that function (46) appears in the form (41), 
and the function 


g6 D= — se In| yz, |= — Ren yl, 6) 


the real part of the analytic function In (z, ¢) with p(z, ¢) 4 0, is harmonic 
in G and continuous on G. Moreover, by virtue of the equation | w(z, ¢) | = 1 
for z € S, the function (46) also satisfies condition (42). 
As an example we shall construct the Green’s function for the circle 
| z| < R. The function 
_ R@- 2) 
o(z, 6) = Rat 
maps the circle |z| < R onto the unit circle | œ| < 1, and the point ¢ 
maps into the point 0. Therefore, by virtue of (46), 
R? — zË 1 R? — zË 


— Re In 


Re gl m Re. 


Fz t) = yha 








is the Green’s function for the circle | z| < R. 
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7. Solution of the Dirichlet Problem for a Simply-Connected Region. 
The method of conformal mappings allows us to obtain a representation of 
the solution of the Dirichlet problem for any simply-connected region. This 
representation is a generalization of Poisson’s formula. 

First, using the equation 





woah = Ref te, |¢|=R 


T= tF z 
we shall represent Poisson’s formula (37) in the form 


“ 1 È = z dt 
ulz) = Re zy f anO E (48) 





Let the function u, be continuous over the boundary S of the simply- 
connected region G. Moreover, let the function z = z(w) conformally map 
the circle | w| < 1 onto the region G and let w = w(z) be the inverse map- 
ping. Then z € C(U,); we shall suppose that w e C1\(G). Under this mapping 
the function u)(z) maps into the function u,[z(w)], which is continuous 
over the circumference | w| = 1. Using formula (48) we may construct 
the solution of the Dirichlet problem for the circular region | w| < 1 with 
the boundary condition u,[z(w)]: 


1 w+w dw 
Ce Re ni faa” zol Tw 


w 





Changing to the old variables z and ¢ in this formula with w = w(z) 
and w = w(¢), we obtain the required solution of the Dirichlet problem 
for the region G with the boundary condition uo: 


= l w(¢) + w(z) w'(2) 
u(z) = Re = | WO) way wi te FES 49) 





Note. As we know, the real and imaginary parts of an analytic function 
are harmonic functions. Conversely, if the function u(z) is harmonic, then, 
if we construct the conjugate function 








we shall obtain the analytic function f(z) = u(z) + iv(z), of which the real 
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part is the function u(z). This makes it possible to use the method of the 
theory of analytic functions when solving and investigating boundary value 
problems for harmonic functions in a plane [cf. M. A. Lavrentiev and B. V. 
Shabat (/)]. 


8. Exercises. (a) Using formula (35) of Sec. 6.5 and the fundamental solution 
1/xz of the Cauchy—Riemann operator (cf. Sec. 10.10), deduce the analog of Green’s 
formula: If u € C\(G) O CG), then the result 


1 1 ult) 
ae ¢ 0 


uÇ) 


ae dé, zEG 





u(z) = 


is true. 

(b) Using (a), prove: If u € C1(G) © C(G) and satisfies the Cauchy-Riemann condi- 
tion, 0u/0Z = 0 for z e€ G, then u(z) is an analytic function in the region G and Cauchy’s 
formula is valid: 








teins a | 





u) =- f x uC?) zd, zeG 


(c) Using the method of Sec. 21.9, prove Liouville’s theorem for analytic functions. 
(d) Show that the simple layer potential for the circle | z | = R having the density 
# = 1 is equal to 
—2nR1nR zi<R 
Ve) = — | Plz- tlds =] ; Iz|s 
l= 


—2nRin|z|, |z| >R 
(e) Using (d), show that the logarithmic potential for the circular region |z| < R 
with density ọ = 1 is equal to 
2 1 a 2 
—2R InR- > = = lz] |z|<R 


—aR? In| z|, |Z| ƏR 


V(z) = 


(f) Show that the following functions are Green’s functions of the Dirichlet problem: 

















sin : E ; for the half plane y>0 
= n ae for the semicircle |z| < R, y>0 
Lpi = | for the quarter plane x>0, y>0 
27 _~ al 
Lin ete | for the strip O<y<a 
2n “et — 1 
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(g) Show that the solutions of the Dirichlet and Neumann problems for the half-plane 
y > 0 are given, respectively, by the equations 


ae uo(€) oS = x im u,(€) In[(x — £)? + y?] dé 
if 
u(é) = O(| E|, wl) = O(| €|--*) 
|E| +00; e>0. 


§ 27. Helmholtz’s Equation 


The equation 
Au + k?u = —f(x) (1) 


is known as Helmholtz’s equation (cf. Sec. 2.3). For k = 0 it coincides 
with Poisson’s equation. The theory of Helmholtz’s equation is close to 
that of Poisson’s equation, but there are a few peculiarities concerning the 
uniqueness of the solution (for k? > 0). 

We shall consider Eq. (1) in a three-dimensional space so that n = 3. 
The corresponding fundamental solutions are expressed by the equations 
(cf. Sec. 10.9) 


g(x) = 


etklz! 
~ “dn |x|’ 


e~tklz! 


0) =~ aTa] 


In future we suppose that k > 0. 


1. Sommerfeld Radiation Conditions. As we showed in Sec. 23.3, the 
solution of Poisson’s equation in a whole space is unique in the class of 
(generalized) functions and tends to zero at infinity. But this statement is 
not true for Helmholtz’s equation since the corresponding homogeneous 
equation 

Au + k?u = 0 (2) 


has a nonzero solution in R° 


4x | x | 


but tending to zero as | x|— oo [like O(| x|-)]. 
In order to isolate the class of unique solutions for Helmholtz’s equation 
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in nonbounded regions which are the exterior of bounded regions, there 
must be additional restrictions on the behavior of the solution at infinity. 
These restrictions are the so-called Sommerfeld radiation conditions: 


u(x) = O(| x |, ET — iku(x) = o(| x|), |x| 00 (3) 


or 
ux) = O(|x|-9, Z 


a] x] + iku(x) = o(| x|), | x | +0 8) 





Later (cf. Sec. 27.5) we shall explain the physical meaning of the radiation 
conditions: Conditions (3) correspond to divergent waves (outgoing to 
infinity), while conditions (3) correspond to convergent waves (incoming 
from infinity). It is easy to check that the fundamental solutions 3’(x) and 
#(x) satisfy the radiation conditions (3) and (3), respectively. We note 
that for harmonic functions (k = 0), the radiation conditions follow from 
only one requirement: u(x) = o(1) as | x|—> o0 (cf. Sec. 23.2). On the 
other hand, it can be shown* that for k > 0 each solution of the homo- 
geneous Helmholtz equation which satisfies the second of the radiation 
conditions (3) or (3) also satisfies the first condition: u(x) = O(| x |7»). 


2. The Homogeneous Helmholtz Equation. The solutions of the homo- 
geneous Helmholtz equation (2) have properties which are analogous to 
those of harmonic functions. We shall note some of these. 

(a) If the function u € C(G) satisfies Eq. (2) in the generalized sense in 
the region G, then u e C~(G). This statement is proved in the same way 
as for harmonic functions (cf. Sec. 21.7). 

(b) Let the boundary S of the region G be a sufficiently smooth surface 
(in the sense of Sec. 23.3). If the function u € C(G) satisfies Eq. (2) in the 
region G and has a correct normal derivative over S, then the following equa- 
tions are true: 





explik| x— y|) Ou(y) _ exp(ik | x — y|) 
eal pao Oy Tea 
(4) 

ol exp(—ik | x—y|) Ou(y) _ ð exp(—ik | x—y|) 
sah ar a Jn u(y) >— me s 
(4) 


* Compare I. N. Vekua (2). 
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Proof of these equations is analogous to the proof of Green’s formula 
(5) of Sec. 21.1 for harmonic functions. 

(c) If the generalized function u belonging to 7” satisfies the homogeneous 
Helmholtz equation in a whole space, then u € 6y. In fact, applying the 
Fourier transform to Eq. (2), we obtain 


(— | £|? + )Flu] = 0 


from which it follows that F[u] = 0 when | £| 4k; that is, F[u] is a gener- 
alized function with compact support. But then, by the theorem of Sec. 9.4, 


u e F[F[u]] € 0m 


(d) We shall say that the generalized function u satisfies the radiation 
conditions (3) or (3) if there is a number R = R(u) > 0 such that u € 
C!(R?N Up) and satisfies the conditions (3) or (3). 

If the generalized function u satisfies the homogeneous Helmholtz equation 
in R? and the radiation conditions (3) or (3), then u(x) =0 for x € R. 

In fact, let the solution u of Eq. (2) satisfy conditions (3). Then u € 7” 
and, by virtue of (c), u € C®(R?). If we apply formula (4) to the sphere 
Up of arbitrary radius R, for | x| < R we obtain 








1 exp(ik | x — y |) du(y) exp(ik | x =D] 
= eo —— irik OO OOOO ds. 
u(x) em |x—y| aly DI |x—y| g 
o1 sets yD [2u uy 
z” | x-y] ô| y| oe 
, R — | x| cos y R — | x | cos y 
taofi- B= L217) Ja 
iku(y) =F] + u(y) [x y? y 
Taking conditions (3) into account 
C uly) | se 
<—, — iku < —— =R 
luo)| <% IT o) [v| 


where n(R)— 0 as R — œo, and using the inequalities 


R—|x|<|y—x|<R+ |x|, |x|<R_ |yl= 
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we shall evaluate the last integral for large R: 


1 1 n(R) 
Lul r So R—-|x| | R 


kC ae ee C(R + |x|) 
+ Rep llI I+ LD + eae AS 
2kC | x| R+|x| 
or |) + BS + ee a R 
<ET +R prta) lls 


Letting R tend to infinity in the right-hand side of this inequality, we 
conclude that u(x) = 0, as was to be shown. 
The case of conditions (3) may be considered analogously. 


Note. A more general statement* is true: If the boundary S of the region 
G is a sufficiently smooth surface, the function u € C(G,) satisfies the homo- 
geneous Helmholtz equation in the region G, = R?\G, has a correct 
normal derivative over S, and satisfies the radiation conditions (3) or (3) 
and the boundary condition u |s = 0 or (du/On) |s = 0, then u(x) = 0 for 
x EG. 


3. Potentials. Let ọ be a generalized function. The convolutions 


vy etkizl bn p= e-ikizi 4 F 
= +0 = —4n& xo, = *o = He xo 

|x] BEJI 
are analogous to Newtonian potentials. If ọ has compact support then these 
potentials belong to 7” (cf. Sec. 8.6) and satisfy Helmholtz’s equation 
(cf. Sec. 10.3): 





Au + k?u = —4ne 


In this way, the solutions of Helmholtz’s equation (1) exist in 7” for 
any generalized function f with compact support and are represented by the 
potentials 


u= —F xf, ü=- +f (5) 


For this the solution is unique in the class of generalized functions which 
satisfy the radiation conditions (3) or (3) [cf. Sec. 27.2, (d)]. 


* Compare I. N. Vekua (2) and V. I. Smirnov (2, Chap. IV, Sec. 2). 
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If @ € C(G) and e(x) =0 for x € Gi = R®N G, then the potentials 
V and V are expressed by the integrals 


vo = f SPLAT PD oa Peay = f PEE oy) ay 


These potentials belong to the class C1(R*) © C®(G,), and in the region 
G, satisfy the homogeneous equation (2) and the conditions (3) and (3), 
respectively. 

This statement is proved in the same way as for a volume Newtonian 
potential (cf. Sec. 22.1). Only the radiation conditions need be checked. 
We shall suppose that G c Up for | x| > R and, consequently, 


|x| -R<|x|-lylSlx—-ylSlelt+lylSlxl+R © 


for all y € G. Therefore 


and the first of conditions (3) is established. To establish the second of 
conditions (3), we shall isolate the dependence of the potential V(x) on 
| x|, putting x =|x|s with |s| =1: 


(|x|? +] |? — 2|x||y»| cosy)? 


1 
Te PS apa lel el = Od) 


| x 


M(lx1s)= f 20) 
cos y = (s, r) 


Then 


V(x) exp(ik| x— y|) f |x| — |y | cosy 
a ONO eae) eee 





+ ik(| x| —|»| cosy —|x— yl] ay 


and so, by virtue of inequalities (6), 








ôv) _, 
aa ikV(x) | 
Leol (LeL+Ly Hie 
= Perea x=] +klyl tke] =x- 


1 |x| + ži 
< a (Pee + 2#R) f,1e0)| d = oll x 
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The potential V is considered analogously. 

If ọ = wos or ọ = —(0/On)(vdg), where u and v € C(S), then the corre- 
sponding potentials V and V are analogous to surface (simple and double 
layer) potentials and are expressed by the integrals: 


P(x) = f eon 2D wy) as, 
V(x) = Í, #6) a oxi > al ds, 


a _ ð exp(—ik| x — y|) 
V(x) = Í: v(y) On, ~x- dS, 


The properties of the potentials V, VO, V, and V are analogous 
to the properties of the corresponding Newtonian potentials (cf. Sec. 22). 
Outside the surface S these potentials are infinitely differentiable and satisfy 
the homogeneous equation (2) and the radiation conditions (3) or (3), re- 
spectively, for this V® and V €e C(R?). If S is a Liapunov surface and 
satisfies condition (A) of Sec. 22.6, then the potentials V and V have a 
correct normal derivative over S from outside and inside S and these derivatives 
are, respectively, equal to 








(e ) = F 2np(x) + Í, uO — mr e ds, (1) 
(0) ne 2 
(Fp) 09 = Fate) + J, nO) gp SPELT Das, O 


the double layer potentials V® and V™ belong to the class C(G) ^ C(G,) 
N C(S) and their limiting values over S from outside and inside S are, respect- 
ively, equal to 


V(x) = +27v(x) + f O) a seer ds, (8) 
V(x) = 422y(x) + f xy) =—— exp(—ik | x — y|) dS, (8) 
* s ~ On, [x-y] 
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4. The Limiting Absorption Principle. We shall add the term ieu to the 
left-hand side of Helmholtz’s equation: 


Au, + (k? + is)u, = —f(x) (9) 


When £ +0, for any generalized function f with compact support Eq. (9) 
has a unique solution in the class 7’, and this solution is expressed by the 
convolution 


u= Gey dV EFE x es (10) 


In fact, the convolution (10) exists in 7” (cf. Sec. 8.6) and satisfies Eq. 
(9), since the function 


1 ie 
es a k + ie| x |) 


is the corresponding fundamental solution (cf. Sec. 10.9). The uniqueness 
of the solution of Eq. (9) in the class 7” follows from the uniqueness of 
the solution of the homogeneous equation 


Au + (k? + is)u = 0 
that is, of the equation 
(— | £|? + k? + ie)F[u] = 0 


Let f € C(G), f(x) = 0 for x € G,. In this case solution (10) of Eq. (9) 
can be written in the form of the integral 


api Etil- aya aw 


1 
ue) =a J, |x—y| 


Proceeding to the limit in formula (11) as e —> +0 or —O, and putting 
V k? + i0 = +k, we obtain, by virtue of (5), the solution u or ü of Eq. 
(1) that satisfies conditions (3) or (3), respectively, 


Him u = ge f, PED fe) ay = ue) 


im u(x) = ge f, SPO LP yy dy = atx) 
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In this way, the following statement, which is known as the limiting ab- 
sorption principle, is established: The solution of Eq. (1) which satisfies 
conditions (3) or (3) is the limit uniformly in x of the unique solution of Eq. 
(9) as e — +0, respectively. 

The limiting absorption principle allows us to isolate the unique solution 
of Helmholtz’s equation without troubling about its behavior at infinity; 
in this case the solution obtained will automatically satisfy the radiation 
conditions (3) or (3). 


5. The Limiting Amplitude Principle. This principle is that the solutions 
u and ii of Eq. (1) which satisfy conditions (3) or (3) are the respective limits 


u(x) = lim ey, (x, t) (12) 
too 
(x) = lim e-**y_(x, t) = lim e*v_(x, —t) (12) 
too t+—0o 


where v(x, t) is the solution of the (generalized) Cauchy problem for a 
wave equation with the right-hand side 6(t)e™™ (x) and with zero initial data: 


Cv, = OAF), v(x, t) = 0, t<0 (13) 


In fact, let the function f € C(G), f(x) = 0 for x € G,. Then the unique 
(generalized) solution v, of the Cauchy problem (13) is expressed by the 
retarded potential (cf. Sec. 12.3): 





Loe exp(ik | x — y |) 
n= Ff ea te (14) 
Let G c Ur. Then |x—y|<|x|+R, and therefore |x—y|<t 
for all ye G if t>|x|-+R (Fig. 74). Therefore formula (14) in the 
region t > | x| + R takes the form 





—ikt ; =, 
nen = Sf SPRL YD ayy 


that is, by virtue of (5), 
v(x, t) = e-u(x) 


from which limiting result (12) for u(x) follows. The solution a(x) is con- 
sidered analogously. 
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In this way, the solution of Helmholtz’s equation (1) which satisfies the 
radiation conditions (3) or (3) may be considered as the amplitude of a 
steady state oscillation, obtained by a limiting process from transient 
oscillations caused by a periodic exterior perturbation with the frequency 
k and the amplitude f(x). In this case the limiting amplitude u(x) corresponds 


to a divergent wave, and the amplitude a(x) to a convergent wave. 
t 





t2\|x|+R 


-7 ~ 


m4 


x2 


Fig. 74 


6. Boundary Value Problems for Helmholtz’s Equation. Let the boundary 
S of the region G be a sufficiently smooth surface, while G, = R?\_ G 
is a region. The Dirichlet and Neumann problems (interior and exterior) 
for Helmholtz’s equation are formulated as for Poisson’s equation (cf. 
Sec. 23.1). In the case of the exterior problems, it is required that the 
solution should satisfy radiation conditions (3) or (3) at infinity. 

If A = k? is not an eigenvalue of the interior Dirichlet or Neumann 
problem for Laplace’s equation, then the solution of the corresponding 
interior boundary value problem for Helmholtz’s equation is unique. 

We note that the set of exceptional values k, for which the uniqueness 
of solution of the interior boundary value problems is violated, is countable 
(cf. Secs. 19.4 and 24.6). 

The solutions of the boundary value problems which have been formu- 
lated for the homogeneous Helmholtz equation are constructed by the 
methods of the theory of the potential in the same way that was used in 
Sec. 23 for Laplace’s equation. 
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The solution of the Dirichlet problem [interior and exterior, satisfying 
conditions (3)] is sought in the form of a double layer potential V® with 
unknown density v € C(S). By virtue of (8) the function v must satisfy the 
integral equation 


v(x) = A |, Hx, yoy) dS +f), xes (15) 


where 
_ 1 2 exp(ik| x —y|) 
HoD = m e 


= = ike | x — |) i eg eplik] x y|) 
For this, A= 1 and f= —(up/2z) correspond to the interior Dirichlet 
problem, and 4 = —1 and f = uf/2z to the exterior one. 

The solution of the Neumann problem [interior and exterior, satisfying 
conditions (3)] is sought in the form of a simple layer potential 7 with 
an unknown density u € C(S). By virtue of (7) the function u must satisfy 
the integral equation adjoint to Eq. (15), 


Mex) = Af A yu) dS, + 8), xe S (15) 
and A = —1 and g = u;/2x correspond to the interior Neumann problem, 
and 4 = 1 and g = —(ut/2z) to the exterior one. 


Applying Fredholm’s theorems to integral equations (15) and (15*), 
and using the uniqueness theorem (cf. note of Sec. 27.2) as for Laplace’s 
equation (cf. Sec. 23.5), we obtain the following theorem. 


THEOREM. If A = k? is not an eigenvalue of the interior Dirichlet and 
Neumann problems for Laplace’s equation, then the boundary value problems 
(interior and exterior) for the homogeneous Helmholtz equation are uniquely 
soluble in the form of the corresponding potentials for any continuous boundary 
values.* 


Note. Scattering problems may be reduced to boundary value problems 
for Helmholtz’s equation. For instance, let there be an incident plane wave 
exp[ik(a, x)] with | a | = 1, which is subjected to change because of some 


* The solubility of the exterior boundary value problems occurs for all values of the 
parameter k? [cf. I. N. Vekua (2)]. 
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obstruction which generates a scattered wave u(x). The obstruction may 
be described by the boundary condition u |s = 0 or (Ou/On) |s = 0. Then 
the scattered wave u, must satisfy the boundary condition 


aoe . ðu) 9 : 
u |s = —explik(a, x)] |s or eaa Fn PEG x)] 5 


and the radiation conditions (3); that is, it must be a divergent wave. 


7. Exercises. (a) Let ọ be a generalized function with compact support. Prove that 
the potentials V and V with the density @ satisfy the radiation conditions (3) and (3); 
respectively. 

(b) Let the function u(x) of the class C(O) satisfy the homogeneous Helmholtz equa- 
tion in the sphere Ug. Prove the analog of the theorem of the arithmetic mean: 


kR 


HO) 4x sin kR Js 


u(Rs) ds 


(c) Let k? lie in the plane of the complex variable z with the cut: Im z = 0, Rez > 0. 
Prove that the solution of Helmholtz’s equation is unique in the class Z’. 
(d) Show that in the n-dimensional case the Sommerfeld radiation conditions 


Ou(x) 


u(x) = O(| x [aati ð | x | 





F ku(x) = o(| x |"), | x| +00 


guarantee the uniqueness of the solution of exterior boundary value problems for Helm- 
holtz’s equation. 

(e) Prove the following positive maximum principle: The solution of the homogeneous 
Helmholtz equation for k? <0 cannot assume a positive maximum value at interior 
points of the region where this solution is defined. 

(f) Using (e), prove the uniqueness of the solution of boundary value problems for 
Helmholtz’s equation when k? < 0 (for exterior problems, in the class of functions tending 
to zero at infinity) and its continuous dependence on the data of the problem. 

(g) Construct the theory of the potential for Helmholtz’s equation when k? < 0. 

(h) Prove: If f € D'(R") satisfies the homogeneous Helmholtz equation in the region 
G, then f e CG); k? is any (complex) number. 


a 


CHAPTER 
6 


The Mixed Problem 


In this chapter we shall consider the mixed problem for equations of 
hyperbolic and parabolic types. 


§ 28. Fourier’s Method 


Fourier’s method (the separation of variables) is one of the most effective 
ways of solving many-dimensional boundary value problems. In Sec. 19 
this method was applied to boundary value problems involving eigenvalues. 
In this section Fourier’s method is formally applied to the solution of 
boundary value problems for equations of different types. The following 
sections of this chapter deal with foundations of Fourier’s method applied 
to mixed problems for equations of hyperbolic and parabolic types. 

Let the operator L be defined by the differential expression 


Lu = —div(p grad u) + qu, xeG 
and the boundary condition 
Ou 
au + B Ba 3 =0 


and the functions p(x), q(x), a(x), and B(x) satisfy conditions (3) of Sec. 
19.1. 
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We assume that the eigenvalues {A,} of the operator L are positive, 
0<A,<4,<..., while the corresponding eigenfunctions {X;}, 


LX, = A,0X;, X; EG, k=l, 2; 


are real and form a complete orthonormal system in the space 24(G; o) 
with the scalar product (f, Z) involving the weight function o(x) > 0, 
x €G, o € C(G). (Sufficient conditions under which these assumptions 
are realized are given in Sec. 19.4.) 


1. The Homogeneous Hyperbolic Equation. We shall consider the mixed 
problem for the homogeneous equation of hyperbolic type (cf. Sec. 4.5) 
in the infinite cylinder H. = G x (0, c0) 


u 





ege = —Lu (1) 

ð = 
u |t=+0 = U(X), a = = u(x), xEG (2) 
au + pF | = 0, t>0 (3) 





Fourier’s method is essentially as follows: We shall construct a sufficient 
number of solutions of Eq. (1) which may be represented by the product 


T(t)X(x) (4) 


and which satisfy the boundary condition (3); out of these solutions we 
shall construct a linear combination which satisfies the initial conditions 
(2); under certain conditions it is natural to expect that the linear combina- 
tion obtained will satisfy Eq. (1) and the boundary condition (3); that is, 
will be the solution of the problem (1)-(2)-(3). 

So we shall seek the solution of Eq. (1) in the form of the product (4), 
and we shall require that the function X(x) should satisfy the boundary 
condition (3). Substituting expression (4) in Eq. (1) and dividing it by 
eTX, we obtain 

T(t) LX(x) 


Ti) VOX 6) 


The left-hand side of Eq. (5) does not depend on x, nor the right-hand 
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side on ¢. Therefore, each of these magnitudes does not depend either on 
x or on ¢, that is, it is a constant. If we denote this constant by —A (cf. 
Sec. 19.5), from Eq. (5) for the unknown functions T and X and the param- 
eter A we obtain the equations 


LX = 20X (6) 
T’ +AT=0 (7) 


Therefore Eq. (1) has split into the two equations (6) and (7) with a smaller 
number of independent variables; that is, the variables have been separated. 

The solutions X(x) of Eq. (6) must satisfy the boundary condition (3). 
Therefore we may take the eigenfunctions ¥, and the eigenvalues A, of 
the operator L as X and A, respectively. The general solution of Eq. (6) 
for A = A, > 0 has the form 


T,(t) = a, COS At t+ b; sin Ar t (8) 


where a, and b, are arbitrary constants. 
In this way, by virtue of (4) and (8), a countable number of particular 
(linearly independent) solutions of Eq. (1) have been constructed 


T,(t)X;(x) = (a, cos At t+ by sin V Ar t)X,(x), k= 1, 2, eK (9) 


which satisfy the boundary condition (3) and which contain the arbitrary 
constants a, and b,. Naturally, each finite sum of solutions (9) will again 
satisfy Eq. (1) and the boundary condition (3). 

We shall construct the formal series 


> TDX) = : (a, cos 4/ My t + by sins/ Ag DXz(x) (10) 


We choose the coefficients a, and b, such that the series (10) formally 
satisfies the initial conditions (2): 


S a,Xp(x) = u(x), rv Tr bX (x) = u(x) 


kz 
that is, since the orthonormal system {X,} is complete in (G; o), 


1 
a, = Wo, Xile = f QMX de, bi = —— (m, X) 1) 


k 
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So, for the solution u(x,t) of the mixed problem (1)-(2)-(3) we have 
obtained a formal expansion involving the eigenfunctions {X,} of the 
operator L, 


u(x, t) = ¥° (a, cos y/ iz t + by sin V Ay t)X;(x) (12) 
k=1 


We shall call this series the formal solution of the mixed problem (1)-(2)-(3); 
the k-th term of series (12), equal to 


Ty (t)Xy(x) = NiX ,(x) sin Ay t + a%) 
where 


: a by 
N, =y @ + b? sin a, = —— cos @, = —— 
k k k? k N, k N 


k 


is said to be the harmonic component with fundamental frequency V A, 
and amplitude N,X;(x). 


2. The Inhomogeneous Hyperbolic Equation. We shall set out another, 
more general, variant of Fourier’s method, which is used to construct a 
formal solution of the mixed problem for the inhomogeneous equation of 
hyperbolic type 


u 


For each ¢ > 0 we shall expand the solution u(x, t) of the problem (13)-(2)- 
(3) into a Fourier series involving the eigenfunctions {X;,} of the operator L, 


u(x, t) = 2 TOX), Tat) = (& Xi) (14) 


By virtue of (2), (14), and (11), the unknown functions 7;(t) must satisfy 
the initial conditions: 


T,(0) = | , eulx, OXL) dx = (uo, Xie = ar 
3 y (15) 
TO) = | 00) MC x(x) dx = (uy, Xo = V Tr br 


We shall construct a differential equation for the functions 7,. If we 
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multiply Eq. (13) by X,, integrate over G, and carry out the formal cal- 
culations, we obtain 


Ou d d 
ME Xt = Ger J ar GE 


= —(Lu, X;,) + (F, X;) 
= — (u, LX;) + (F, X;) nm —A,(u, Xue + (F, X) 





that is, by virtue of (14), the functions T, satisfy the equation 
Ty + Auli = c(t), k= 1, 2, exerts (16) 
where 
cilt) = (F, Xp) = fF, OX) dx (17) 
Solving the Cauchy problem for Eq. (16) with initial conditions (15), 
we have (cf. Sec. 12.1) 


T,(t) = a; COS At t + bi sin At t 


T. f eaa) siny a (t— r) dr (18) 
Wan 


k 





If we substitute expression (18) into the series (14), we obtain the formal 
solution of the mixed problem (13)-(2)-(3) 


u(x, t)= Ý [as cos4/ apt T brin t 
k=1 
1 





rs f : elt) sin s/h (t — 7) dr |X,(x) (19) 


k 


We note that the first two terms in the series (19), by virtue of (12), 
give a formal solution of the mixed problem for F = 0; the third term is the 
solution of this problem for up = u = 0. 

Let uy = u, = 0 and 


F(x, t) = C sin wto(x)X;(x) (20) 
Then 


a, = b, = 0, c(t) = C sin wt(X;, Xz), = Coz sin wt 
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and therefore, by virtue of (18), 





T(t) = Cou i; sin wt sin 4/ A; (t — T) dt 
At 


= a (— sin / A,t — sin wt) 
4 (he 


Therefore the formal series (19) is reduced to the single term 





A peat (= 


Py ae 
PEAMANT 


which is the real solution of the problem. For a‘ å; solution (21) takes 
the form 


sin Vit — sin ot) xa) 21) 


u(x, t) = cen (save — tcos Vist) i) (22) 
2Vai Vi 


It follows from Eq. (22) that the effect of the periodic external perturba- 
tion (20) with a frequency equal to one of the fundamental frequencies 


V å; is to cause the amplitude of oscillations to increase without limit for 
t— oo; that is, resonance is said to take place. 


3. The Parabolic Equation. We shall consider the mixed problem for 
an equation of parabolic type (cf. Sec. 4.5) 


o Ou = —Lu + F(x, t) (23) 
ôt 
u |t=+0 = u(x), xeG (24) 
au +6 S| = 0, t>0 (25) 


in the cylinder H. = G x (0,00). 

We shall use Fourier’s method in the form given in the preceding sub- 
section to construct a formal solution of the mixed problem (23)-(24)-(25). 
In accordance with this method, the solution u(x, t) will be sought in the 
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form of series (14). For the functions T,(t) we obtain the Cauchy problem: 
T; + AT = c(t), T,(0) = Ag, k= 1, 2, eee (26) 


where c,(t) and a, are defined by Eqs. (17) and (15), respectively. Solving 
the Cauchy problem (26) we obtain (cf. Sec. 12.1) 


Te(t) = aye! + f° caf) exp[—A(t — 1)] dr (27) 


and so the formal solution of the mixed problem (23)-(24)-(25) is expressed 
by the series 


œ t 
u(x, 1) = ¥ (ar expt) + ff cafe) expl—Ax(t = D] def 28) 


4. Schrödinger’s Equation. The mixed problem for Schrödinger’s equa- 
tion (cf. Sec. 2.7) 


2 
in OY. — 


Y | +0 = p(x), xeG (30) 
Oy 
—=—| =0, t>0 31 
ap + BoE (31) 


is considered in the same way as the mixed problem (23)-(24)-(25). For 
the functions T, we have the following Cauchy problem: 


ihT;, — ATi = 0, T,(0) = ay = (Yo, Xx) (32) 


from which 


Tiga exp( — + aut) (33) 


and therefore the formal solution of the mixed problem (29)-(30)-(31) is 
expressed by the series 


v(x, 1) = by Ps exp(— dat )Xi(x) (34) 


where X; are the eigenfunctions of the operator L for p = h?/2m and q = V. 
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5. The Elliptic Equation. We shall consider the boundary value problem 
for the equation of elliptic type 


82 
e ar = Lu + F(x; t) (35) 

u lr-o = u(x), u |i = U(X), xeG (36) 

au + BF! =o, 0O<t<!/ (37) 


in the finite cylinder H, = G x (0, J). 
The formal solution of this problem will be sought in the form of series 
(14). The unknown functions T,(t) must satisfy equation 


T; = Ant: = c,(t), k= 1, 2, eae (38) 
and the boundary conditions 
T,(0) = (Uo, Xt) =ar,  Ta(D) = (ur, Xie = br (39) 


the functions c(t) are defined by Eq. (17). 
We shall construct the solution of the boundary value problem (38)-(39). 
The function 
sinh yy A, (l — t sinh / A; t 
v(t) = T;(t) — goby ee — b, —— 


sinh~/ A, l sinh +/ A, I 


satisfies Eq. (38) and the boundary conditions v,(0) = v,(J) = 0. Therefore 
this function is expressible by the equation (cf. Sec. 20.2) 


l 
v(t) = — [Alt vex(x) dr (40) 
where 
Flt, 1) = 1 ea O<t<t 
ENa A i ee ae 
V/ A, sinha A, l l sinh w/ A, (i — t) sinhyf Apt, tx<t<l 


is the Green’s function for the boundary value problem (cf. Sec. 20.1) 


—v"' + Aw = — clt), v0) = on() = 0 
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Consequently, 
sinh 1/ A; (J — t) ja sinh 4/ A, t 
pae eee 
sinh 4y/ A, l sinh 4/ A; l 


In this way, the formal solution of the boundary value problem (35)- 
(36)-(37) is expressed by the series 


ux, t= F [ap EV HCW |p, Sah nt 
i sinh y A, l sinh 4/ A; l 


TÐ =a -Í i Gt, r)e,(t) dr (41) 


6. Examples 


(a) OSCILLATION OF A FIXED STRING. This problem is reducible to the 
solution of the mixed problem in the half-strip (0,7) x (0,00) for the 
one-dimensional wave equation (cf. Sec. 2.1) 


Ou 
Clau = 0, u |i=+0 = u(x), BE = u(x) 
t=+0 
(43) 
u Lee =u ea =0 


The corresponding problem involving eigenvalues is the Sturm—Liouville 
problem: 
—aX" = 1X, X(0) = XY) =0 


Therefore (cf. Sec. 19.6) 


2 
a= (=F), X,(x) = | sin t k=1,2,... 


and the formal solution of problem (43) is expressed by the series 








t + b; sin ina 











u(x, t) = $- § (ar cos si 


k=] 


1) sin - (44) 


where 








l . kax I l . kax 
a; = Í u(x) sin i dx, b; = Rra Í, u(x) sin 7 dx 
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Each harmonic component 


T,(t)X;(x) = N; |- sin Kon sin( ra t+ ay), EEND oe 


comprises a standing wave with the fundamental frequency krajl and the 


amplitude 
N k / 4 sin = 


The zero (n/k)l, n = 0,1, ..., k, of the amplitude are known as nodes, 
while its extrema occurring at the points [(n + 0.5)/k], n=0,1,..., 


k — 1, are the antinodes of this standing wave (Fig. 75). 
k=1 











Fig. 75 


The harmonic component T,X, with the smallest fundamental frequency 


vV 4, = xafjl is known as the basic tone; the other harmonic components 
T,X,,1;X3, ..., With the fundamental frequencies 


27 3 
VA, = T» VAs = =, 


form a series of sequential overtones. The solution (44) is formed from the 
separate tones (the basic tone and the overtones), and their combined 
effect creates the timbre of the sound emitted by a fixed string. 








(b) HEAT DIFFUSION IN A BOUNDED Rop. We shall consider the mixed 
problem for a one-dimensional heat conduction equation: 
Ou Ou 


“at a? Pe? u | p40 = Uo(X) u | eno = U |= = 0 (45) 
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The formal solution of problem (45) is expressed by the series 








Qe 2 y2 
ken?a 1) in knx (46) 


2 co 
u(x, t) = T È ay, exp( — j j 


(c) OSCILLATIONS OF A FIXED MEMBRANE. The problem is reducible to 
the solution of a mixed problem for the two-dimensional wave equation 


Ou 


Chu = 0, u | m+0 = u(x), Ir ni = u(x), u ls =0 (47) 





The corresponding problem involving eigenvalues takes the form 
—-@AX=1X, X|s=0 


For the rectangle (0, /) x (0, m) (cf. Sec. 19.6) 








k2 j? 2 ., k : 
Ay = nat r + 5), Xy, y) = 1 a 
Im 
kj = 1, 25. 244 


and the formal solution of problem (47) is expressed by the double series 


2 


4 k 72 \ 1/2 
u(x, y, Nias 2 I cos mal r i +5) t 











Be PVG) kax Jay 
+ by; sin nal F + 5) r| sin 7} sin —— (48) 
where 

l 
arj = Í P u(x, y) gi sin a dx dy 
by = m y r u(x, y) sin sin ii dx dy 

7a k?m?2 +j j2]2 

For the circle Uz (cf. Sec. 19.6) 
a 1 r\. 
Ig = Mis Re Xy, y) = Jus -e 


Rx | Jeunes) | 


k=0,1,.... j=1,2,... 
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where u+; are the positive roots of the equation J,(u) = 0. The formal 
solution of problem (47) is expressed by the double series 





| ae a 
u(x, Y, t) = aR 2, 2 (4 Cos oe t 


py \ Igloys(r/R 
+ by; sin as ma r) eat T e (49) 





where 


R pen r k 
arj = Í, J u(x, Dm phr dr dọ 





—tk 
ae rofe B u(x, Dnm- =e ?r dr dp 


(d) The formal solution of the mixed problem for the two-dimensional 
heat conduction equation, 


ô 
Fae Au, ulmo =u), ujs=0 (50) 


has the form: for the rectangle (0, /) x (0, m) 





oo 2 72, 
u(x, y, t) = 4 P arj exp| -xa + Z) sin Ex sin +a. (51) 
J= 
for the circle U 
1 09 o0 2 a J r/R ; 
M090 = sar a tthe er 


(e) OSCILLATION OF A SPHERICAL VOLUME. We Shall consider the mixed 
problem (47) for the three-dimensional wave equation in the cylinder 
Up x (0,00). The corresponding eigenvalues and eigenfunctions were 
calculated in Sec. 25.8: 

a 
Ay = Mj R 
r 
J mn (a $) Y;"(6, p) 
[TRIN 1 + Som (|m)! 1? 
r R| Tiss) | [z DETE A aT 


m = 0, +1,..., 4) J= lh aeg 2=0,1,... 


Xim(x) = 
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where u are the positive roots of the equation J),1/;.(4) = 0. The formal 
solution of the hea is ere by the series 











Lya 
u(x, t) = È (a im COS t 
) nRT = j=1 a a a ‘i p! 1 
Hya ) TMI 
b.. t UFM) Una 
+ bim sin R 1+ bom CHIM! Dirly) 
xJ mn t) ¥i"(@6, p) mY 


where 
R pn pan r : 
Btn = f j ij f ; TOTE =) Y7"(6, )r? dr sin 6 d0 dp 


Í i Í i f 5 u(x)J tanus t) Y?"(6, v)r*? dr sin 0 dO dp 
0 0/0 


bim = 





apy 


(f) The formal solution of the mixed problem (50) for the three-di- 
mensional heat conduction equation in the cylinder Up X (0,00) is ex- 
pressed by the series 


co co l 2 a 
u(x, t) = ae = o 2: Alim exp( ni Re r) 
x 2l + 1 (l A | m p! Juveltylr/R)] YT (0, p) (54) 
1+ dom U+ |m|)! [Jisae(uy)P 


(g) We shall consider in the cylinder Ug x (0,00) the mixed problem 
for Schrédinger’s equation 


ih —— o aaa 


m 


k2 
Aan Im Ay + V(| x ly, Y lro = Po(X), yp | sp = 0 (55) 


with the potential V depending only on | x|. The corresponding problem 
involving eigenvalues takes the form 


k2 


or, in spherical coordinates, 


ofi ð a 1 0 sind) 
2m, E al or ‘sin? 6 00 ( 06 
1 3X 
r?sinO dg? a | EPEA 


| X0, 0,p)| <20,  X(R,6,~) =0 (56) 
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The eigenvalues and eigenfunctions of the boundary value problem (56) 
are defined by the method of separation of variables. Putting 


= 20 6,9) 


and proceding as in Sec. 25.8, we shall obtain 


Op ti C= [mp pt Br) 
Ay» Xim) _ | x(l ae om) (+ | m|)! | : 


m=0,+1,....4h j=1,2,..., 1=0,1,... 


Y'O, p) 





where 2,; and #,,(r), j = 1,2, ... are the eigenvalues and the eigenfunc- 
tions of the one-dimensional boundary value problem 


V—-’D)B=0, B0)=A(R) =0 





2m 
D" + ey DP + E 


The formal solution of problem (55) is expressed by the series 
21+1 (—|m|)! 
jal sa a e 
O ee E ai e- A) IF bm C+] ml)! 
X Pylr) YO, p) (57) 
where 
R pn pan R 
lijm = i à f 3 Í, u(x) P ;(r)Yr (0, p)r dr sin 6 db dp 


The eigenvalues 2; define the energy levels of the quantum particle; 
the indices / and m are said to be the orbital (azimuth) and magnetic quan- 
tum numbers, respectively. 

(h) The formal solution of the Dirichlet problem 


Au =0, u [pon = U |z=a = 0, u |y=0 = U(X), u | yar = u(x) (58) 


in the rectangle (0, a) x (0, /) is expressed by the series 








kay 2) sin(krzx/a) 


sinh kal/a G2) 


u(x, y) = ZS (4 sinh kx = 
=] 


where 


2 by si nh 








i= f iN TE ik Coe ae 


§ 28. FOURIER’S METHOD 387 
(i) We shall consider the Dirichlet problem in the three-dimensional 

cylinder Up x (0, h): 
Au = 0, u Isp = u)(z), u leno =u leas =0 (60) 


In cylindrical coordinates, for the function (r, z) = u(x, y, z) this problem 
takes the form* 


1 ð /, 0%) | PH _ 
T Or (r F) J = 
a(R, z) = uo(Z), (r, 0) = ar, h) =0 (61) 


If we solve the boundary value problem (61) by the method of separation 
of variables, a(r, z) = A(r)Z(z), for the functions and Z we shall obtain 
the boundary value problems 


Z"+IZ=0, Z0)=Z(h)=0 


w+ Z 1% =0, | BO) | < 


The solutions of these boundary value problems are easily found to be 


ken? V 2 . kaz r 
Ay = TP’ Z,(Z) = F sin F7” Ar) = exls( ke z) 


where J, is the modified Bessel function with an imaginary argument 
h(x) = Jo(ix). 
The formal solution of problem (61), and therefore of problem (60), 
is expressed by the series 
2 T[ka(r/h)] ._ kaz 


h 2 9% Tika(R/h)| O h (62) 


u(x) = u(r, z) = 


where 


h 
a, = i uo(Z) sin we dz 


7. Exercises. (a) Prove: If uj’ € F2(0,), (0) = ull) = uy (0) = uy (i) = 0, 
uy E€ H,(0, D, u,(0) = u, (D = 0, then the series (44) represents the classical solution 
of problem (43). 

(b) Prove: If uE A,(0, 1), uo(0) = uo(l) = 0, then the series (46) represents the 
classical solution of problem (45). 


* The solution ir, z) evidently does not depend on g. 


388 6. THE MIXED PROBLEM 


(c) Prove: If uo and u; € C?(G), uo |g = u; |s = 0, then the series 


WEE ` (u, Xi) sinh y/ a, (l — y) EE sinh yy A, y X) 
sinh yy å; I sinh 4y/ A, l 


gives the solution of the following Dirichlet problem for Laplace’s equation in the cylinder 
G x (0, D: 


(ha 
D + Au=0, uly =u) uly = uE), uly =0 


§ 29. The Mixed Problem for an Equation of Hyperbolic Type 


In this section we shall consider the mixed problem for an equation of 
hyperbolic type (cf. Sec. 4.5): 





2 
4 can = div(p grad u) — qu + F(x, t) = —Lu + F(x, t) 
(x, t) € Ho = G x (0, 00) (1) 
a ss 
u | t-40 = u(x), a = u(x), xEG (2) 
t=+40 
au + Boe =0, t20 (3) 





We shall assume that the functions ọ, p, q, a, and f do not depend on t, 
and that they satisfy other conditions of Sec. 28; G is a bounded region and 
its boundary S is a piecewise smooth surface, Sy is that part of S for which 
a(x) > 0 and B(x) > 0 simultaneously. 


1. The Classical Solution. The Energy Integral. The function u(x,t) 
of the class C(I[,,) © CF.) which satisfies Eq. (1) in the cylinder 
I, initial conditions (2) on the lower base, and boundary condition (3) 
on the side surface of this cylinder is said to be the classical solution of the 
mixed problem (1)-(2)-(3). 

The smoothness conditions 


FE CHo) u EC, u € CG) 


and the consistency condition 


Oy + B ĝuo maS 
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are necessary conditions for the existence of the classical solution of the 
problem (1)-(2)-(3). 

The method of energy integrals is most effective when studying boundary 
value problems for hyperbolic equations. Let u(x, t) be the classical solution 
of the problem (1)-(2)-(3). The magnitude 


ro= Ff, lee E) + p| grad u|? + gut] dx + ste p3 ds 


which is the sum of the kinėtic and potential energy of an oscillating system 
at the instant of time ¢, is known as the energy integral. 

Let u(x,t) be the classical solution of the problem (1)-(2)-(3) and F € 
C({,,). Then the result 


PO) =P f ' f Fœ) aon dr, t20 (4) 


is true, where 
1 1 a 
20) = 2 2 2 2 
J?(0) = |, (out + p | grad wo | + qs) dx +> J, pz was 


For our proof we shall take the arbitrary number £ > 0 and the arbitrary 
region G’ Œ G with the piecewise smooth surface S’ (Fig. 76). Multiplying 
Eq. (1) by Ou/Ot, integrating over the cylinder G’ x (e, T), and using 
Green’s first formula (cf. Sec. 19.2), we obtain 





Ou Ou ðu 
f @’X(e,T) Ea F ae j wxm ðt (e Or? 


=| ef se Sarde f? [de at 


+ Lu) dx dt 





1 u \? T Ou 
ir feelse) | i dx + ie i p(erad u, grad Fa 
Ou Ou ,., 
a Aa I a dS ile qu Ge de | a 


1 
=z fo + p | grad u |? + nel f dx 


-f fS- ou S- dS' di 
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Proceeding to the limit as e — +0 and G’—G and using the fact that 
u € C\(fTp) and F e C(f{z), we obtain the equation 


Sh [e E dx- f fp Lu OM as ay 


= Iz FÊ dy dt (5) 





From boundary condition (3) follows the result over S: ĝðu/ðn = —(a/B)u 
if B > 0; u = 0 if p = 0. Therefore 


-hei ast h Sarp Stra 


from which and from (5), replacing T by t, we obtain formula (4). The 
theorem is proved. 


T 
dS 


0 








COROLLARY. For F = Q Eq. (4) takes the form 
PA) = PO), t20 (6) 


THE PHYSICAL MEANING OF EQ. (6). The complete energy of an oscil- 
lating system does not change with time when exterior perturbations are 
absent (the law of energy conservation). 
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2. Uniqueness and Continuous Dependence of the Classical Solution. We 
shall use the method of energy integrals to prove that the classical solution 
of the mixed problem (1)-(2)-(3) is unique and continuously dependent. 


Differentiating Eq. (4) with respect to ¢, we obtain 


IOA = | F, 1) A Ou De G0 (7) 


If we apply the Cauchy—Buniakowsky inequality to the right-hand side of 
Eq. (7), we deduce the inequality 


2JJ' 





=| 8) 





Assuming now that ọ(x) > 0, ọ € C(G), and therefore e(x) > o, for a 
certain ọọ > 0, we obtain the sequence of inequalities 


Ou 


2 1 mea 
“Ot 


— i 
a or) dx< O) 











that is, 





(9) 











We may prove the validity of the result 


I grad w | |< PJ (10) 


analogously, where pọ = min p(x), x € G, po > 0. 
Substituting inequality (9) into inequality (8) and simplifying, we obtain 
the inequality 


ros<—— IF I t20 


200 
Integrating, we obtain the differential inequality for J, 


Ht) < JO) + — f IF dr (11) 
V 200 
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From (9), (10), and (11) we deduce the results 
|= Nig Oe |F l|dr, 120 (12) 
ôt Qo Qo 0 


||] grad u | is VŽ —— J(0) + 


We shall now evaluate the function || u ||. Differentiating the equation 














Sani t>0 (13) 
V OoPo 


w= f 12, 0) dx 


with respect to t, using the Cauchy-Buniakowsky inequality and allowing 
inequality (12), we obtain 


0 
2 julu =2f uae dx<2 lu 


<2 ui (P10 ++ friar 


that is, after dividing by 2 || u ||, 














2 1 ft 
vi <2 20 + — F || dr, t20 
lu < V-70 +y f, IE lld 


Integrating this differential inequality, we have 


lui< hu lo + Zox + fi fY NF arar 


where || u ||) is the value of the function || u || at the point tf = 0; that is, 
=, 2 — fen 2 
Iu l8 = f 22C, 0) dx = f uB(x) dx = I mo |I 


Changing the order of integration in the last integral, we obtain the required 
result 


luis hw + sor +f E- Fld, 120 04) 


Now, using the results (12) through (14), we shall prove the following 
theorem. 
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THEOREM. The classical solution of the problem (1)-(2)-(3) is unique and 
depends continuously on uy, u,, and F in the sense that if F €e C(Ūr), 
F e C(Ūr), and 


|F-Fi<e O<t<T; |lu — tH llo < eo 


||| grad uo — grad ü | || < £, lu — & |S e (15) 


then the corresponding (classical) solutions u(x,t) and ii(x, t) satisfy the 
inequalities for 0 < t < T: 


lu — BS (eo + Teo + Tes + Te, +Z) (16) 


|| grad u — grad @| || < C(eo + £o + £1 + Te) (17) 
ðu Oi i 
ar pr |< Cleo + es + e, + Te) (18) 














and the number C does not depend on ug, u,, F, t, or T. 


Proof. To prove uniqueness, it is sufficient to establish that the classical 
solution u(x, t) of the homogeneous problem (1)-(2)-(3) (for uy = u, = 0 
and F = 0) is unique, that is, u(x, t) = 0, (x, t) € L (cf. Sec. 1.9). But 
this follows from inequality (14), since || uo || = 0, J(0) = 0, and F = 0. 

To prove continuous dependence we shall form the difference n = u — ŭ. 
The function 7 is the classical solution of the problem (1)-(2)-(3) with the 
replacement of F, up, and u, by F — F, uo — ña, and u, — ñ, respectively. 
Using inequalities (15) for the solution 7 we may evaluate the magnitude 
of the energy integral J?(0), 


2340) = J lon — &%)* + p | grad uo — grad dy |? + q(uio — io)?] dx 
+f P= (uo — i)? dS < max o(x)e} + max p) (e)? 
So B aeG ze 


+ [Vmax g(x) + o max p -5 TOE C(e? + eb? + e?) 


ZESo 


< CHE + & + &)? 


where V is the volume of the region G, ø is the area of the piece Sy, and C? 
is a number greater than the numbers max ọ, max p, and V max q +o 
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Fi 


max p(a/B). In this way we obtain the result 
V ZJO) < Ceo + £o + &) (19) 


If we now apply inequality (14) to the solution 7, 


In I< Im il+ Y5- JO + fE 2) F P dr 


and use inequalities (15) and (19), we obtain for all ¢ e [0, T] the result 
(16) 
1/2 1 
In = [f @o— to dx] + — cilen + 06 + a 
Qo 


+f (t—tr)dtSayfVt $ 
Qo v0 





Ci(£o + & + &) 
Qo 


to Ts C(eo+ eo + eT + al +57) 


for a suitable choice of constant C. 
Inequalities (17) and (18) are established analogously, by means of 
inequalities (12), (13), and (19). The theorem is proved. 


Proof that the classical solution of the problem (1)-(2)-(3) exists presents 
considerable difficulty. To avoid these difficulties the concept of a generalized 
solution of the problem is introduced, as for the Cauchy problem, since 
the existence of a generalized solution is established much more simply. 
Before doing this we shall study in more detail the functions belonging to 
Z(G) which depend on a parameter. 


3. Functions Continuous in (G). For every t € [a, b] let the function 
u(x, t) belong to Y4(G). The function u(x, t) is said to be continuous in 
Z(G) with respect to the variable t on [a, b] if for any t € [a, b] 


u(x, t')> u(x,t), tot in Z(G) 


It follows from this definition: If the function u(x, t) is continuous in 
Z(G) with respect to ¢ on [a, b], then the norm || u(x, t) || is continuous 
with respect to ¢ on [a, b]; for any f € Z(G) the scalar product (u(x, t), f) 
is continuous with respect to ¢ in [a, b]; u €e Z(G x (a, b)). 
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In fact, the continuity of || u || follows from the inequality 
| |] ux, t) || u, D II] < luce, t) — ul, t) || 


which is a consequence of Minkowski’s inequality. The continuity of (u, f) 
follows from the Cauchy—Buniakowsky inequality 


| (ue, tA) — Us, 0, f)| < lu, 0.) u, 1) II 


The fact that u belongs to (G x (a, b)) follows from the finiteness of 
(a, b), the continuity of || u ||, and the equation 


Pf luce 1) |? dx de = f || u(x, £) |È dt 
a/v@ a í 
The sequence of functions u(x, t), k = 1,2, ..., is said to converge to 


the function u(x, t) in Z(G) uniformly with respect to t on [a, b] if 


lu t) — u(x,t) || 30, k-+00 


for this we shall write 


tela,b] 7 
y= uy k->o in Z(G) 


It follows from this definition that 
u,—>u, k—->oo in Z(G x (a,b)) 


lue, D ES Jue, t |, k> 


Lemma 1. Jf the sequence u,(x, t), k= 1, 2,..., of functions which 
are continuous in Z(G) with respect to t on [a, b], converge to the function 
u(x, t) in Z(G) uniformly with respect to t on [a,b] then u(x,t) is a 
continuous function in Z(G) with respect to t on [a, b]. 


Proof. We take an arbitrary e > 0. There is a number m = m, such that 
I Un (x; t) g u(x, t) | < é/3, te [a, b] 


By the stated conditions the function u,,(x, t) is continuous in 24(G) with 
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respect to t € [a, b]. Therefore there is a number ô = ô, such that 
|| Un (x, t) — n(x, t) || < 6/3, |t'—t|<6, t,t [a,b] 
Consequently, using Minkowski’s inequality, we obtain 


|| u(x, t) — u(x, t) || < |] we, t) — U(x, t) |] + I] em t) 
“= Un(X, t) I T I Um (X, t) a u(x, t) Il 


(3 £ e€ 
SS aa ia tm 


for all | ¢ — t| < 6, t’,t € [a,b]. The lemma is proved. 
The sequence of functions u,(x, t), k = 1,2,..., is said to converge 
in itself in Z(G) uniformly with respect to t on [a, b] if 


Uy — Uy = 0, k, p>oco in A(G) 


Lemma 2. [If the sequence of functions u,(x, t), k = 1,2, ..., converges 
in itself in Z(G) uniformly with respect to t on [a, b], then there is a function 
u(x, t), continuous in Z(G) with respect to t on [a, b], such that 


te|a,b| 


u, ==> u, k—>oo in Z(G) 


Proof. By the Riesz—Fischer theorem (cf. Sec. 1.5), for each ¢ € [a, b] 
there is a function u(x,t) € £4(G) such that 


u,—u, ko>o in Z(G) (20) 


Moreover it is possible to choose a subsequence u, (x, t), i=1,2,..., 
such that 


Mie) — mo DI<sr, te [ad] en 


But, by virtue of (20), for each ¢ € [a, b] 


u= lim Ur, = Uk, + (Utia — u) + (kipa = Uka) F- 
‘co 


and so, by virtue of (21), 


I u— Uk; | < |l Un, Pm Uk, li T | Uys ~~ Un, | + Soa 


1 1 1 ; 
< tga Toe = per E ee ae 
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from which it follows that the subsequence {u;,,} converges to u in 2,(G) 
uniformly with respect to t € [a, b]. And then from the inequality 


I] we — u [TS || ue — ur, I| + Mle, — u Mh 


we conclude that the sequence {u,} converges to the function u in 2(G) 
uniformly with respect to ¢ on [a, b]. By Lemma 1 of this subsection, the 
function u(x, t) is continuous in Y4(G) with respect to t on [a, b]. The lemma 
is proved. 


4. The Generalized Solution. Let there be sequences of functions 
F, € C(Ū), Ur € C!(G), and up € C(G), k = 1,2, ..., such that for 
k — œ 


F, 223 F in A(G) for any T>0 


Uro —> Uy in C(G), gradu —>gradu, in Z(G) (22) 
Un >u in Z(G) 


and for each k = 1, 2, ..., there is a classical solution u;,(x, t) of the mixed 
problem 





0? , 

e-ga = — Ln + Fil, t) (1) 

Ou 1 

uk |i=+0 = Uņ(x), ar = Ups (x) (2) 
t=+0 





ô 
au, +P -gE | =? 68’) 





We shall prove that there is a function u(x, t), continuous in Z(G) with 
respect to t on [0, c0), and such that for any T > 0 


telo, T'I 


u, ==> u, k=>œ in A(G) (23) 


The function u(x, t) is said to be the generalized solution of the problem 


(1)-(2)-@). 
In fact, if we apply inequality (16) of the theorem of Sec. 29.2 to the differ- 
ence u, — up, for all t € [0, T] and T > 0 we obtain 


|| ue — Up || < CLA + T) || uzo — upo llo + T ||| grad uro — grad upp || | 


T? 
+ T [lum — up || + max || Fe — Fy ||] 
ost<T 
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from which, by virtue of (22), it follows that the sequence {u,} converges 
in itself in (G) uniformly with respect to ¢ in [0, T]. By Lemma 2 of the 
preceding subsection there is a function u(x, t), continuous in (G) with 
respect to ¢ on [0, 00), such that for any T > 0 limit result (23) is valid. 

It follows from the definition of the generalized solution that each classical 
solution of the problem (1)-(2)-(3) is also its generalized solution and for 
the existence of the generalized solution the following conditions must be 
satisfied: F is continuous in Z(G) with respect to £ on [0, co), uy € C(G), 
grad u € A(G), and u, E€ Z(G). 

We shall now establish other properties of generalized solutions. 

(a) The generalized solution u(x,t) of the problem (1)-(2)-(3) satisfies 
Eq. (1) in the generalized sense; that is, for any » € Z(H.) the integral 
equality 


fue, oe- se + Lp) dx dt = Í F(x, tp dx dt (24) 


is satisfied. 
In fact, let p € D(H,,); then supp ¢ € Lp for some T > 0. Multiplying 
Eq. (1’) by the function ọ and integrating over the cylinder Lr, we obtain 


Ou 
i leat aa — div(p grad u,) + qulo dx dt = = Fy dx dt 


In the integral displayed in the left-hand side of this equation, by inte- 
grating by parts we may transfer the operation of the differentiation to the 
test function g. Since y becomes zero in the neighborhood of the boundary 
of the cylinder Ir, the terms outside the integral disappear, and as a result 
we obtain 


in, Ml SP _ div(p grad g) + ap|dx at = f „ Fup dx dt, k= 1,2,. 
Allowing now that, by virtue of (23) and (22), 

u—>u and F,—F, k>oo in AU) 
and in the last equation proceeding to the limit as k —> 00, we obtain integral 


equality (24). 
(b) The generalized solution u(x, t) has the first (generalized) derivatives 
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Ou/Ot, grad u, continuous in Z(G) with respect to t on [0, co), and for all 
T>0 


ue teto, T] oe grad u, = gradu, k—œ in Z(G) (25) 


In fact, if we apply inequality (18) of the theorem of Sec. 29.2 to the 
difference u, — up, for all t € [0, T] and T > 0 we obtain 


ô 
GE Fe | SCC o — io lo + IN grad uo — grad wo | 


+ |l Mia — up || +T max || F, — Fp ID 
o<t<T 








from which, by virtue of (22), it follows that the sequence of derivatives 
Ou,/Ot, k = 1,2, ..., converges in itself in (G) uniformly with respect 
to ¢ on [0, T] for all T > 0. By Lemma 2 of Sec. 29.3 there is a function 
ü(x, t), continuous in Z(G) with respect to t on [0, co), such that for all 


T>0 
Ou, teto, . 
— > U 


z. , k>œ in Z(G) (26) 


On the other hand, it follows from (23) that u, —> u as k — œ in 2' 
(the functions u, and u are assumed to be continued as zero outside the 
cylinder [7,,). From this, using the continuity in D’ of the operation of 
generalized differentiation, [cf. Sec. 6.2, (e)], we conclude that 


Ou; Ou 


=e k>o in Z' 
tof 


Applying the result obtained to the test functions » belonging to 2 (LH) 
and using result (26), we obtain 


[tip de are f tp dxdt (So), k — œ 


from which follows the equation (cf. Sec. 5.4) 


ðu 
FA (x, t) e Uo 


In this way, by virtue of (26), the first limiting result (25) has been proved. 
The second result of (25) is proved analogously. 
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(c) The generalized solution u(x, t) satisfies the initial conditions (2) in the 
L(G) sense; that is, 


ie p= nai S5. |S -uw |—o, E (27) 


To prove this we shall proceed to the limit as k — oo in the inequality 
|| u(x, 0) — uo(x) || < || ux, 0) — u(x, 0) || + |] eo) — u(x) |I 


using the limiting results u,(x, 0) — u(x, 0) and uyo(x) > u(x) in A(G). 
As a result we obtain u(x, 0) = u(x). From this, since the function u(x, t) 
is continuous in 24(G) with respect to t € [0, c0), we see that the first 
limiting result (27) is true. Analogously, using property (b), we obtain the 
second result of (27). 

The sense in which the generalized solution u(x, t) satisfies the boundary 
condition (3) is a question subject to further explanation and more precise 
definition. 


5. Uniqueness and Continuous Dependence of the Generalized Solution. 
We shall prove that the results (12), (13), and (14) remain valid for the 
generalized solution u(x, t) of the problem (1)-(2)-(3). 

In fact, let u,(x, t), k = 1, 2, ..., be a sequence of classical solutions of 
the problem (1’)-(2’)-(3’), converging to the generalized solution u(x, t) 
in the sense of (23). Applying inequality (14) to the solutions u,, we obtain 


Im I< luo + ROf GNF, 120 8) 


where 
1 a 1 a 
FO) =x f, utr +p | grad uol’ + quio) dx +o |, pz ubedS (29) 


Using the fact that, by virtue of (23) and (22) (cf. Sec. 29.4), 


lua SS lel, [ISS F], 7T>0 is arbitrary 


|| uzo — uo lo —>0, ||| grad uzo | |] > I| | grad uo | || 


|| ur | I] |], k > 00 


and proceeding to the limit in (28) and (29), we see that result (14) is valid. 
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Results (12) and (13) are established analogously if the limiting results 
(25) are used. 

From results (12) through (14), as for the classical solution, it follows 
that the generalized solution of the problem (1)-(2)-(3) is unique and depends 
continuously on Ug, t, and F in the sense of the theorem of Sec. 29.2. 


6. Existence of the Generalized Solution. In Sec. 28.2 we constructed 
a formal solution of the problem (1)-(2)-(3) in the form of a Fourier series 
involving the eigenfunctions {X;} of the operator L, 


u(x, t) = > TDX) (30) 
where 


T(t) = a; cos ~/Ajt + b; siny/Ajt + = f : c(t) sins/A(t — t) dt (31) 
vi, 
a; = Wo, X)q b= i, X) ot = FX) (32) 


Aj 


Let the boundary S of the region G and the coefficients p, q, a, and B be 
such that Theorem 1 of Sec. 19.4 is valid. We shall suppose, moreover, 
that u E 4,, u, € Z(G) and F is continuous in A(G) with respect to t 
on [0, 00). We shall prove that in these conditions the series (30), representing 
the formal solution of problem (1)-(2)-(3), converges in 23(G) uniformly 
with respect to ¢ on [0, T] for all T > 0 and defines the generalized solution 
u(x, t) of this problem. 

In fact, using the expansion theorems 1, 2, and 3 of Sec. 19.4 (cf. note), 
we shall represent the functions uo, grad uo, u,, and F/g as Fourier series 
involving the eigenfunctions {X;} of the operator L, 


U(x) = Yi a;Xj(x) (33) 


j=l 


grad u(x) = y a; grad X,(x), u(x) = S VJ Ayb;X. W(x) (34) 
j=l 1 


j= 


F(x, t) = o(x) > cs(t)X4(x) (35) 


where a;, bj, and c,(t) are defined by formulas (32), and the functions 
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c,(t) are continuous on [0, co) (cf. Sec. 29.3). On account of this the series 
(33) converges in C(G) and the series (34) converge in Z(G). 

We shall prove that the series (35) converges in YG) uniformly with 
respect to ¢ on [0, T] for any T > 0. In fact, for each ż € [0, 00), the following 
Parseval equation (cf. Sec. 1.6) is valid for the function F(x, t)/o(x): 





came. £ F(x, t) r, F?(x, t) 
ž3w=| 5 le aay Ge) 








Each term of the series (36) is a nonnegative continuous function c(t) and 
this series converges to a continuous function (cf. Sec. 29.3). By Dini’s 
lemma (cf. Sec. 1.3), the series (36) converges uniformly on any finite interval 
[0, T]. From this, evaluating the remainder of the series (35) in A(G), 


| © GA VAX) 


j=k 


2 


o) z (DX) | < max g(x) 

















=E È SON X= CF G0 
a f= 


we conclude that this series converges in (G) uniformly with respect to 
t € [0, T] for any T > 0. 

We shall denote by uz, Uros Up, and F, the partial sums of the series 
(30), (33), (34), and (35), respectively, involving k terms, for example: 


k 
u,(x, t) = 2 T;(t)X;(x), k=1,2,... 
j= 


Since 
Tit) = ATA) + c(t), T; € C%([0, 00)) 


ð 


LX; = 4;0X;, aX; +B fet a 





X; € C(G) n CG) 
then the functions u, belonging to C?(Z,,) O CE.) satisfy Eq. (1°) 


Our 
e -ge 





k 
+ Lu, = X, (oT;'X; + T;LX;) 
j=1 


i k 
= 2 (—AjeT;X; + @¢;X; + A;0T;X;) = o 2 cX; = F,(x,t) 
j= = 
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boundary condition (3’), and initial conditions (2’) 


k 
Uy | two = > ajX;(x) = Uyo(*) 


Pi 





= č V ibi X (x) = un) 
t=+0 j= 

In this way, we have constructed a sequence u,(x, t), k = 1,2,..., of 
classical solutions of the problem (1’)-(2’)-(3’) such that the limiting results 
(22) are valid. It was proved in Sec. 29.4 that this sequence [and, conse- 
quently, the formal series (30)] converges in Z(G) uniformly with respect 
to ¢ on [0, T] for all T > 0 to the generalized solution u(x, t) of the problem 
(1)-(2)-(3). The generalized solution u(x,t) which has been constructed 
has the properties (a)-(c) which were established in Sec. 29.4. So the fol- 
lowing theorem is proved: 


THEOREM. If uo E 4, u, E Z(G), and F is continuous in Z(G) with 
respect to t on [0,00), then the generalized solution of the problem (1)-(2)-(3) 
exists and is represented as the series (30), which is the formal solution of 
this problem. 


If we impose more stringent demands on the data of the problem (1)-(2)- 
(3), then it is possible to prove that the formal solution (30) defines a 
function u(x, t) of the class C?(ZI,,) N C\(Z,,), and in this way represents 
the classical solution of this problem (cf. the exercises below). 


7. Exercises. (a) Prove: If the series (30) and the series obtained by single differen- 
tiation with respect to all the independent variables converges uniformly in any cylinder 
Ilr, while the series obtained by double differentiation converge uniformly over any 
compactum K c Lpr, then the series (30) defines the classical solution of the problem 
(1)-(2)-(). 

We shall consider the mixed problem in the half-strip Hoo = (0, J) x (0, o0) 





u 0 Ou 
@ OP ~ Ox (2 5c) — qu (37) 
0 
ulo =e) Fr | = me) (38) 
u |oo = u |i = 0 (39) 


(b) Prove: If u € 4% and u, E€ F,(0, I), then the series (30) for the problem (37)- 
(38)-(39) converges uniformly on Fo, and therefore the generalized solution u € C(Z,.). 
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(c) Prove: If uo, uy and u, belong to .4,, then the series (30) represents the 
classical solution of the problem (37)-(38)-(39). [Note: Use Exercise (a) and Mercer’s 
theorem; cf. Exercise (b) of Sec. 18.9.] 


§ 30. The Mixed Problem for an Equation of Parabolic Type 


In this section we shall consider a mixed problem for an equation of 
parabolic type (cf. Sec. 4.5) 


oS = div(p grad u) — qu + F(x, t) = —Lu + F(x, t) E 
(x, t) € Ho = G x (0,00) 

u |t=+0 = U(x), xEG @) 

u |s = v(x, t) (x, 4) € S x [0, 00) o) 


under the conditions of Sec. 28. 


1. Classical Solutions. The Maximum Principle. The function u(x,t) 
of the class C?(H) N C(I) which satisfies Eq. (1) in the cylinder H, 
the initial condition (2), and boundary condition (3) is said to be the classical 
solution of the mixed problem (1)-(2)-(3). 


The smoothness conditions 
F e C(U), u € C(G), veEC(S x [0,20)) 
and the consistency conditions 
Uo ls = v(x, 0) 


are necessary conditions for the existence of the classical solution of the 
problem (1)-(2)-(3). 

In studying boundary value problems for an equation of parabolic type 
the following maximum principle is extremely useful. 


MAXIMUM PRINCIPLE. Let the function u(x,t) of the class C?(II,,) 
NA C(I...) satisfy Eq. (1) in H~. Let T be an arbitrary positive number. 
Then, if F(x, t) < 0 in the cylinder Ly, either u < O on Ip or the function 
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u(x, t) assumes its (positive) maximum on the cylinder I[p on the lower base 
G x {0} or on the side surface S x [0, T]; that is, 


u(x, t) < max[0, max u(x,t), max u(x,t), (,oO¢ Tp (4) 
xeG,t=0 zeS,0<t<T 
Proof. Let us suppose the opposite, that is, that the function u(x, t) 
assumes positive values at certain points of the cylinder Íp but does not 
attain its (positive) maximum either on the lower base G x {0} or on the 
side surface S x [0, T] of the cylinder. This means that there is a point 
(Xos fo), Xo E G, O < to < T, such that 


u(Xo, to) > max[0, max u(x,t), max u(x,t)]=M>0 (5) 
zeĝ,t=0 zeS,0st<T 
Writing 
e€ = u(X%,%) — M>O0 (6) 


we shall construct the function 
t 


v(x, t) = u(x, t) + > T 


Then 
v(x, t) < u(x, t) + £/2, (xt € Îr 


and, by virtue of (6), for all (x, £) belonging to G x {0} or S x [0, T] we 
have 
(Xo, to) > U(xo, to) = £ + M 2 e + u(x, t) 
D> e + v(x, t) — £/2 = e/2 + v(x, t) 
From this it follows that the function v also assumes its (positive) maximum 
value on [[p at a certain point (x', t’), x! € G, 0 < t' <T, and 
v(x, t) >x t) Pet Me (7) 
We shall write out the necessary conditions for a maximum of the function 
v at the point (x’, t’): 


& 30, grad v = 0, Av<0 


From these conditions and also from inequality (7) it follows that at this 
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point 
Ou . 
e div(p grad u) + qu — F 
-o pA z e/o _ T-t 
=e- p Av — (grad p, grad v) + qv F+3(% q =) 
Ba feed i eee peo 
=u+5($ T ) = ae(1 m) >o 


which contradicts Eq. (1). This means that inequality (5) is untrue and 
therefore the opposite inequality (4) is true, as was to be shown. 


Replacing u by —u, we obtain the following minimum principle from 
the maximum principle. 


MINIMUM PRINCIPLE. Jf the function u(x,t) of the class 
CAH) N Cao) 
satisfies Eq. (1) in U. and F >0 in L~, then the inequality 


u(x, t) > min[0, min u(x,t), min u(x, t)], (x, t) € Îr (4') 
zeG,t=0 zeS,0st<T 


is true for all T > 0. 


2. Uniqueness and Continuous Dependence of the Classical Solution. We 
shall apply the maximum and minimum principles to establish the unique- 
ness and the continuous dependence of the classical solution of the 
mixed problem (1)-(2)-(3). 

Let u(x,t) be the classical solution of the problem (1)-(2)-(3) and 
F e C(I). We shall fix T > 0 and write 


M= Il F loim» M, = ||" llewsxto,r»» Mo = || uo lle@ 
We construct the function 


xx, t) = u(x,t) - 241, o= min (x) > 0 (8) 
Qo ze 


The function y is the classical solution of the mixed problem (1)-(2)-(3) 
with a change of F and v to F — (@/0.)M — (q/0o)Mt and v — (M/o,)t, 
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respectively. Allowing that 


F-& M-L M0, (t) elr 
Qo Qo 


ys, (x,t) Ee S x [0, 7] 
0 


and using inequality (4), we obtain the result 
x < max(M,, Mı) 


that is, by virtue of (8), 
M = 
u(x, N< T+ max(Mo, M), (51) € Or 
0 
Analogously, introducing the function 
M 
Xx, t) = u(x, t) + Pr 
0 


and using inequality (4’), we obtain the opposite result 


# 


u(x,t) = — T- max(Mo, Mi), (%1) € Dr 
0 
So, if u(x,t) is the classical solution of the problem (1)-(2)-(3) and 
F e C(Ī), then for any T > 0 result 
T 
|lu lott» < max[|] uo lo, Ilr lloeisxozrn] + P IF lop ©) 


is true. 
Using this result we shall prove the following theorem. 


THEOREM. The classical solution of the problem (1)-(2)-(3) is unique and 
depends continuously on u, v, and F in the sense that if 


IF- Plop e luo — tleas eo le — F llewsxtorn <& (10) 


then the respective (classical) solutions u(x, t) and ii(x, t) satisfy the inequality 


x T 
lu —@ llecitpy < Max(Eq, &) + tin: E (11) 
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Proof. The uniqueness of the solution follows from the fact that, by 
virtue of result (9), the homogeneous problem (1)-(2)-(3) (for u = 0, 
v = 0, and F = 0) has only a zero classical solution (cf. Sec. 1.9). 

To prove continuous dependence we shall construct the difference 
n = u — ŭ. The function 7 is the classical solution of the problem (1)-(2)- 
(3) with a change of F, u, and v to F — F, uw — i), and v — 3, respectively. 
Applying inequality (9) to the function 7 and using results (10), we obtain 
result (11). The theorem is proved. 


3. The Generalized Solution. As with the equation of hyperbolic type, 
we shall introduce the concept of a generalized solution. 
Let there be sequences of functions F, € C(I7,,), v, € C(S x [0,00)), 


and uy € C(G), k = 1,2, ..., such that for k — oo 

F,—>F in C(Īr) v—-v in C(S x [0,T) 12) 
for any T>0; wuy—>u in C(G) 

and for each k = 1, 2, ..., there is a classical solution of the mixed problem 
Ou ‘ 
e -gp = Lin + Fel, t) (1) 
Ux |r-+0 = u(x) (2') 
Uz |s = v(x, t) 68) 


We shall prove that there is a function u(x, t) continuous in the cylinder 
I], and such that for any T > 0 


uy —> U, k—oo in C(Hr) (13) 


The function u(x,t) is said to be the generalized solution of the problem 
(1)-(2)-(3). 

In fact, if we apply inequality (11) of the theorem of Sec. 30.2 to the 
difference u, — up, for all T > 0 we obtain 


|| u — Up lom < max[|| uzo — Upo lo» I| ve — vp llocsxorn] 


T 
+ — || F; — Fp llor 
Qo 


from which, by virtue of (12), it follows that the sequence {u,} converges 
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in itself in C([7p). Therefore there is a function u(x, t) continuous in [7,, 
and such that the sequence {u,} converges to u in C(I[7) for any T>0 
(cf. Sec. 1.3). 

From the definition of the generalized solution of the problem (1)-(2)-(3) 
it follows that (cf. Sec. 29.4): Each classical solution of this problem is 
its generalized solution; for the existence of the generalized solution the 
following conditions must be satisfied: 


Fe CH), vE c(s x [0, 00)), Up E C(G), v(x, 0) = Uo |s 


the generalized solution satisfies initial condition (2) and boundary condition 
(3) at each point; the generalized solution satisfies Eq. (1) in a generalized 
sense, that is, for any py € Z (Ll) the integral equality 


fuc, n(—e a $ Ly) dx dt = | F(x, t)p dx dt (14) 


is satisfied. 


4. Uniqueness and Continuous Dependence of the Generalized Solution. 
We shall prove that result (9) remains true for the generalized solution 
u(x, t) of the problem (1)-(2)-(3). 

In fact, let u(x, t), k = 1,2, ..., be the sequence of classical solutions 
of the problem (1)-(2)-(3) converging uniformly to the generalized solution 
u(x, t) on any cylinder Îr. Applying result (9) to the solutions u;,, for all 
T > 0 we obtain 


T 
|| uy, loir < max[|| uzo llo» I| ve llesxornl + Eo || Fe loim (15) 


Allowing the limiting results (12) and (13) and proceeding to the limit in 
inequality (15) as k — oo, we see that result (9) is valid. 

The uniqueness of the generalized solution of the problem (1)-(2)-(3) and 
its continuous dependence on uo, v, and F in the sense of the theorem of Sec. 
30.2 follow from Eq. (9). 


5. Existence of the Generalized Solution. We shall prove the existence 
of the generalized solution of the mixed problem (1)-(2)-(3) for F = 0 
and v = 0: 

ou 


e a — Lu, u |i=+0 = U(x), uly =0 (16) 
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In Sec. 28.3 we constructed the formal solution of problem (16) in the form 
of a Fourier series involving the eigenfunctions {X;} of the operator L, 


co 


u(x, t) oe p> aje~*'X (x), 4; = (uo, Xe (17) 


Let the boundary S of the region G and the coefficients ọ, p, and q be 
such that Theorem 1 of Sec. 19.4 is valid. We shall suppose moreover that 
Uo E M. We shall prove that in these conditions the series (17), representing 
the formal solution of problem (16), converges uniformly on any cylinder 
Ir and defines the generalized solution u(x, t) of,this problem. 

In fact, if we use the expansion theorem 1 of Sec. 19.4 (cf. note), we may 
represent the function uo in the form of a Fourier series uniformly con- 


verging on G involving the eigenfunctions of the operator L, 


co 


u(x) = D a;X;(x) (18) 


We shall denote by u, and uzo the partial sums of the series (17) and (18), 
respectively, over k terms. The functions u,, k = 1, 2, ..., are the classical 
solutions of problem (16) with a change of uo to uzo, and Ugo —> Uy as k —> CO 
in C(G). In Sec. 30.3 it was proved that the sequence {u,} [and, conse- 
quently, the formal series (17)] converges uniformly on each cylinder [Tp 
to the generalized solution u(x, t) of problem (16). So the following theorem 
has been established. 


THEOREM. If uo € 4, then the generalized solution of problem (16) 
exists and is represented by series (17), which is the formal solution of this 
problem. 


Note. Using the fact that the fundamental solution & (x, t) of the heat 
conduction equation is infinitely differentiable for (x, t) 4 (0, 0) (cf. Sec. 
14.1), and proceeding as for the case of harmonic functions (cf. Sec. 21.7), 
it may be shown that each continuous function which satisfies the heat 
conduction equation in the generalized sense in a certain region is infinitely 
differentiable in this region (cf. also S. L. Sobolev (J, Chap. XXII); cf. 
with Note 1 of Sec. 14.4]. It follows from this that in the conditions of the 
theorem of this subsection, the generalized solution of the mixed problem 
for the heat conduction equation belongs to the class C(L.) and is, there- 
fore, the classical solution of this problem. 
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Dirichlet, internal problem, 307 

Distributions, 75 

Du Bois Reymond’s lemma, 72 
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E 


Eigenfunctions of a kernel, 202 
Eigenfunctions of an operator, 24 
Eigenvalues of a kernel, 202 
Eigenvalues of an operator, 24 
Elliptic equation, 380 

Elliptic type, equation of, 40, 49 
Energy integral, 259 

Euler’s equation of motion, 35 


F 


Fourier coefficients, 16 
Fourier method, 263, 373 
Fourier series, 16 
Fourier transform of convolution, 129 
Fourier transform of functions belonging 
to. Z, 121 
Fourier transform of generalized functions 
belonging to 7”, 123 
Fredholm’s alternative, 225 
Fredholm integral equations, 201 
adjoint, 201 
homogeneous, 201 
Fredholm theorems, 233, 225, 226, 227, 229 
Fubini’s theorem, 11 
Fundamental solution, 141, 147 
of the Cauchy-Riemann operator, 154 
of the heat conduction operator, 148 
of the Helmholtz operator, 153 
of the Laplace operator, 151 
of the transport operator, 154 
of the wave operator, 149 
Function with compact support, 4 
Functional, linear, 21 


G 


Generating function for Legendre polyno- 
mials, 337 

Generalized Cauchy problem for heat con- 
duction equation, 197 

Generalized Cauchy problem for wave 
equation, 172 


INDEX 


Generalized function, 69 
regular, 72 
singular, 72 
of slow growth, 116 
Generalized harmonic function, 287 
Generalized solution of linear differential 
equation, 140 
Green’s first formula, 256 
Green’s formula, 279 
Green’s second formula, 257 
Green’s function, of a boundary value 
problem, 274 
of a Dirichlet problem, 318, 358 
construction, 322 
of an operator, 273 


H 


Hadamard’s example, 60 

Harmonic function, 278 

Heat conduction equation, 31, 44 

Heine-Borel lemma, 3 

Helmholtz equation, 33, 362 

Helmholtz equation, homogeneous, 363 

Hilbert-Schmidt theorem, 237, 240, 247, 
249 

Holder continuous function, 5 

Huygens principle, 179 

Hydrodynamics, equations of, 35 

Hyperbolic homogeneous equation, 374 

Hyperbolic inhomogeneous equation, 376 

Hyperbolic type equations, 40, 46 


Influence, function of, 141 
Interior point of a set, 2 
Integral equation, 201 
with degenerate kernel, 217 
Fredholm, 201 
with Hermitian kernel, 202 
with polar kernel, 211 
Volterra, 209 
Iterates of a function, 204 


INDEX 


J 


Jentsch’s theorem, 249 


K 


Kellogg’s method, 251 
Kelvin’s transformation, 309 
Kernel, 21 
continuous, 202 
degenerate, 217 
Hermitian, 231 
of integral equation, 201 
of positive type, 246 
polar, 211 
Volterra, 209 
weakly polar, 211 
Kernels, Hermitian adjoint, 202 
iterated, 206 
symmetric, 249 
Kirchhoff’s formula, 176 
Klein-Gordon equation, 38 
Kowalewski’s theorem, 59 


L 


Laplace equation, 33 

Laplace’s formula, 343 

Lebesgue integrable function, 5, 6 
Lebesgue integral, 5, 6 

Lebesgue theorem, 8 

Legendre polynomials, 335 
Liapunov surface, 297 

Linear normed space, 4 

Lipschitz continuous function, 5 


M 


Maximum principle, 283, 285, 405 
Maxwell’s equations, 36 

Mean value theorem, 283 
Measurable function, 6 

Minimum principle, 406 

Mixed problem, 54, 57 

Mixed type, equation of, 41 
Multiplicity of an eigenvalue, 24 
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N 


Neumann, external problem, 307 
internal problem, 307 

Neumann series, 204 

Normalized function, 15 

Normally hyperbolic type equation, 40 

Normally parabolic type equation, 40 


o 


Operator, bounded from M to S, 20 
Cauchy-Riemann, 94 
continuous from M to S, 20 
Hermitian (Lagrange self-adjoint), 25 
Laplace 4, 30 
linear, 20 
differential, or order m, 22 
integral, 21 
integrodifferential, 22 
positive, 26 
wave (D’Alembert Oa), 30 
Orthogonal functions, 15 
Orthonormal system of functions, 15 


P 


Parabolic type equations, 40, 49, 378 
Parseval’s equality, 17 
Poisson’s equation, 33, 44 
Poisson’s formula, 186, 325, 326 
Potential, double layer, 111, 293, 302, 303 
heat with density f, 194 
logarithmic, 110, 350 
Newtonian, 110, 291 
Newtonian, physical sense, 296 
retarded, 163 
Robin’s, 316 
Robin’s, physical sense, 317 
simple layer, 111, 293, 300, 304 
surface retarded, 167 
Potentials, 365 
Principle, of limiting absorption, 368 
of amplitude, 369 
Propagation of waves, 178 
Property fulfilled almost everywhere, 5 
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Quadratic form, 25 


R 


Reflections, method of, 322 
finite string, 191 
semi-infinite string, 198 
Region, 3 
Regularization of generalized functions, 
108 
Riesz-Fischer theorem, 14 
Resolvent, 207 


S 


Schmidt’s formula, 244 
Schmidt’s orthogonalization process, 16 
Schrodinger’s equation, 37, 379 
Schwartz’s theorem, 115 
Sequence, converging, 2 
in itself, 2 
Sequence of functions, converging in the 
mean, 13 
Set, bounded, 2 
closed, 2 
connected, 2 
equicontinuous functions, 5 
of functions continuous in Z, (G), 13 
measurable, 6 
of measure zero, 6 
open, 2 
Small longitudinal vibrations of a rod, 29 
Small transverse vibrations of a membrane, 
30 
Small transverse vibrations of a string, 29 
Sokhotski’s formula, 75 
Sommerfeld radiation conditions, 362 
Space, C?, p > 1, 3 
C? (G), 3 
C? (G), 3 
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C (T), T closed, 4 

2, 66 

DBD’, 69 

2 (G), 4 

Z, 113 

Z’, 114 

SF 2 (G), 12 
Spherical function, 333, 345 
State, equation of, 35 
Steklov’s theorem, 277 
Sturm-Liouville problem, 270 
Sufficiently-smooth surface, 310 
Summable function, 6, 8 
Superposition of waves, principle of, 179 
Support of a generalized function, 70 
Support of a piecewise continuous func- 

tion, 4 


T 


Telegrapher’s equation, 36 
Test functions, 63, 65, 113 
Transformation, Fourier, of convolution, 
129 
of the function belonging to Z, 121 
of the generalized function belonging 
to Z’, 123 
Transport equation, 33 
Tricomi’s equation, 41, 51 
Types of equations, 40 


Vv 


Vibration equations, 27 

Vibration of a fixed membrane, 383 
Vibration of a spherical volume, 384 
Vibration of a string, 381 


Ww 


Wave equation, 29 
Weak convergence, 70 
Weierstrass theorem, 5 


